
Advanced Complexity Exam 2022-23

All written documents allowed. No Internet access, no cell phone. You can answer in
French or in English. Every result you use must be properly cited (e.g., « by Shamir’s Theo-
rem », or « by Question 4 », not « by a theorem of the lecture notes », not nothing either).

1 Merlin in polynomial space
Question 1 By an analysis of the Shen-Shamir protocol, show that QBF can be decided by an IP

protocol in which Merlin computes his answers in polynomial space (in the length of
the input formula).

Question 2 Deduce that, if PSPACE ⊆ P/poly, then PSPACE = MA.

2 The Zachos-Heller theorem
Let Σ = {0, 1}. All our random tapes r, r1, r2, . . . , are strings over Σ.
Take L ∈ BPP, so that :
— if x ∈ L then Prr[M(x, r) accepts] ≥ 1− 1/2n,
— if x 6∈ L then Prr[M(x, r) accepts] ≤ 1/2n,

whereM is a deterministic Turing machine working in polynomial time p(n), and using q(n)
random bits (meaning that the size of r is q(n)).

For a bit b ∈ Σ, say thatM(x, r) = b to abbreviate « either b = 1 andM(x, r) accepts,
or b = 0 andM(x, r) rejects ».M(x, r) 6= b is the negation ofM(x, r) = b. Let Rxb be the
set of those r such thatM(x, r) 6= b.

Let also b = (x ∈ L) mean « either b = 1 and x ∈ L, or b = 0 and x 6∈ L », and
b 6= (x ∈ L) be its negation.

Question 3 Let L′ be the language of all tuples (x, b,H) such that Rxb has a collision for H, where
b ∈ Σ and H = (h1, · · · , h`) is a tuple of linear hash functions from Σq(n) to Σm′ , and
where ` and m′ are polynomials in the size n of x, ` ≥ m′, to be determined later.
Show that L′ is in NP.

Question 4 We define the following algorithm. On input x, we draw b and H (as described above)
at random, uniformly and independently. Then we test whether (x, b,H) ∈ L′. If so,
we return the special symbol fail, otherwise we return b.

1



(a) Show that if b 6= (x ∈ L), then that algorithm must return fail. . . under a
constraint on n, `, and m′ that you will give explicitly. We will name that
constraint (A).

(b) Show that if b = (x ∈ L), then the probability that the algorithm returns fail is
smaller than or equal to 1/2`−m′+1 . . . under a constraint on n, `, and m′ that
you will give explicitly. We will name that constraint (B).

(c) We simply take ` = m′. Show that, for n large enough, one can find m′ so that
(A) and (B) are satisfied, and such that m′ is bounded by a polynomial in n.

Question 5 Conclude that BPP is included in the class ZPPNP of languages that can be decided
in expected polynomial time with zero error, on a randomized Turing machine with
access to an NP oracle.

3 EXPSPACE does not have polynomial circuits
We fix k ∈ N. For each n ∈ N, let Cn be the set of all circuits with n inputs of size exactly

nk+1 (yes, the same n). As usual, circuits are represented by their netlists, written in binary.

Question 6 Let us fix n ∈ N. We enumerate the n-bit words as x1, . . . , x2n ; xi is just i mod 2n

written in binary. Let Rn
0

def
= Cn. By induction on i ∈ {1, · · · , 2n}, we say that :

— xi is in if and only if C[xi] = 0 for at least half of the circuits C in Rn
i−1 ;

— if so, then Rn
i is the collection formed by the remaining circuits C in Rn

i−1, namely
those such that C ∈ Rn

i−1 and C[xi] = 1 ;
— if, on the other hand, xi is out (namely, not in), then Rn

i is the collection of all
the circuits C ∈ Rn

i−1 such that C[xi] = 0.
Let L=n be the set of n-bit words that are in. Show that Rn

i = ∅ for every i ≥ nk+1 +1.
Question 7 Let n be so large that nk+1+1 ≤ 2n. Let C ∈ Cn. C is right on xi if and only if C[xi] = 1

and xi ∈ L=n, or C[xi] = 0 and xi 6∈ L=n. Show that, for every i ∈ {0, · · · , 2n},
Rn

i = {C ∈ Cn | C is right on x1, · · · , xi}. Conclude that there is a word x of length n
on which C is not right ; so no circuit C ∈ Cn can decide L=n.

Question 8 Let L def
=

⋃
n∈N L

=n. Show that L ∈ PSPACE.

Let SIZE(p(n)) denote the class of languages decided by families of circuits of size
p(n), for any function p. (They are defined analogously as for P/poly.) L is in PSPACE
by Question 8, but not in SIZE(nk+1) by Question 7. Hence we obtain Kannan’s theorem :

Theorem 1 For every k ∈ N, PSPACE 6⊆ SIZE(nk+1).

Exponential in n means O(2p(n)) for some polynomial p. EXPSPACE is the class of
languages that one can decide on a deterministic Turing machine in exponential time.
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Question 9 Show that the complement L of L is the padding of some language L′, namely : the
words of length n in L are exactly the words x that we can write as a string of n−f(n)
zero bits followed by an f(n)-bit word in L′, for n large enough ; f(n) is a function that
you will make precise, and which is an O(log n). We recall that xi is the word obtained
by writing i mod 2n in binary, and we agree that we write bits from left to right, so
that the numbers less than or equal to, say, 2m, have n−m leading zero bits.

Question 10 Show that L′ ∈ EXPSPACE.
Question 11 Show that L′ 6∈ P/poly.

Hence we obtain the following theorem.

Theorem 2 EXPSPACE 6⊆ P/poly.

4 MAEXP does not have polynomial circuits
Let MAEXP be defined just like MA, except that Arthur works in exponential time and

Merlin can give answers of exponential length. Explicitly, L ∈ MAEXP if and only if there
is a language D ∈ P such that for every input x, of length n :

— if x ∈ L, then there is a y of length 2p(n) such that Prr[x#y#r ∈ D] ≥ 2/3 ;
— if x 6∈ L, then for every y of length 2p(n), Prr[x#y#r ∈ D] ≤ 1/3 ;

where the probabilities are taken on all the random tapes r of length 2q(n), and p(n) and
q(n) are polynomials. For simplicity, we only consider an error of 1/3.

Question 12 Show that PSPACE ⊆MA implies EXPSPACE ⊆MAEXP.
Question 13 Using Theorem 2 and Question 2, among other things, deduce that MAEXP 6⊆

P/poly. (That is an improvement over Theorem 2.)
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