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OUTLINE

> vector addition systems with states
and alternating branching extensions (c.f. Kopylov, 2001)

and its affine and contractive variants

between counter systems and substructural logics

on counter systems
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ALTERNATING BRANCHING VASS,
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BVASS ExXAMPLE
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SoME APPLICATION DoMAINS oF AVASS

substructural logics
» undecidability of propositional linear logic
(Lincoln et al., 1992)
» (@®,1)-Horn linear logic (Kanovich, 1995)
» ACKERMANN-completeness of R_, A
(Urquhart, 1999)

energy games (Brazdil et al., 2010; Chatterjee et al.,
2010)

regular VASS simulations (Abdulla et al., 2013; Courtois
andS., 2014)



SoME APPLICATION DoMAINS oF BVASS

computational linguistics (survey in S., 2010)
» dominance links (Rambow, 1994)

» abstract categorial grammars (de Groote,
2001)
» minimal grammars (Salvati, 2011)

linear logic inter-reductions with MELL (de Groote et al.,
2004; Lazi¢ and S., 2015)

protocol verification Horn deduction modulo AC (Verma
and Goubault-Larrecqg, 2005)

data logics for XML FOZ(<,—|—1,~) (Bojanczyk et al., 2009;
Dimino et al., 2013)

parallel programming (Bouajjani and Emmi, 2013)



ABVASS; REACHABILITY

Given A =(Q,d, Ty, T, Ts,T2), 4r € Q, Q¢ € Q
Does there exist a deduction tree rooted by (;,0 and with
every leaf in Qg x {0}?



ABVASS; REACHABILITY

Given A = <Q; d;Tule;Ts;Tz>; qr € Q: QE - Q
Does there exist a deduction tree rooted by (;,0 and with
every leaf in Qg x {0}?

THEOREM (LINCOLN et al., 1992)
AVASS Reachability is

Minsky machine AVASS
Vit~ SO—>0)qe
B Oq1 Q

qé< = qo< Oaq

0492 092



ELIMINATING FULL-ZERO TESTS

Proposition
ABVASS, Reachability <-FI;TIME ABVASS Reachability

PROOF IDEA.
Let A=(Q,d, T, T, Ts, T2), gr € Q, Q¢ € Q. Define for all X C Q

Root 4 (X) d:ef{q € Q| 3 derivation s.t. root = q,0 A\ leaves € Qg x {0}}

Then ABVASS Reachability is equivalent to g € Root 4 (Qg).

let A’ % (Q,d, Ty, T¢, T, 0): Root 4/(X) can be computed using |X|
calls to an oracle for ABVASS Reachability. Then we can compute in
polynomial time relative to the oracle:

Root 4 (Q¢) = uX.Root 4/(Q¢) U RootA/(XUTgl(X)) O



Lossy REACHABILITY
New deduction rule: Vq € Q,v € Nd1<i<d
q,v+eq
q,v
Given A=(Q,d, Ty, T, T, T.), 4r € Q, Q¢ € Q

Lossy REACHABILITY
Does there exist a deduction tree rooted by q,0
and with every leaf in Qg x {0}?

(loss)

Lear COVERABILITY
Does there exist a deduction tree rooted by (,0 and with
every leaf in Qg x IN“?

LEMMA
Lossy reachability and leaf coverability coincide in
ABVASS (without full zero-tests).



| ossy REACHABILITY

LEMMA

Lossy reachability and leaf coverability coincide in
ABVASS (without full zero-tests).

PROOF OF LOosSsY REACHABILITY —> LEAF COVERABILITY.
Rewrite derivations to perform losses at the leaves:

q,v+ei
q,v
q',v+u

(loss)
(unary)

q,v+ej
(unary)
q /,v +ute;
(loss)
q /,v +u

q,v+ei
Qv
q1,v qp,v

(loss)
(fork)

q,Vl +V2+E.‘L

(loss)
q,v1 +v2

(split)
q2.v2

Avytvote

(split)

A2, +e;
A T (loss)
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LEMMA
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PROOF OF LOosSsY REACHABILITY —> LEAF COVERABILITY.
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GAINY / EXPANSIVE REACHABILITY
New deduction rules: Vq € Q,v € N4 1<i<d

q,v . q,v+eq
——— (gain) -
q,v+e; q,v+ 2e;

Given A = <Q, d,Tu,Tf;Ts;Tz>; gr € Ql Qf - Q

GAINY REACHABILITY
Does there exist a deduction tree rooted by (r,0
and with every leaf in Qg x {0}?

(expansion)

EXPANSIVE REACHABILITY
Does there exist an deduction tree rooted by
gr,0 and with every leaf in Qg x {0}?



WELL-STRUCTURED SYSTEMS

LEMMA (DicksON’s LEMMA)
Q x N4 js :in any infinite sequence

(qO;VO);(ql;Vl),---; EI) <ks.t q; = dx andv]- < Vi
componentwise

THEOREM (USING E.G. FINKEL AND SCHNOEBELEN, 2001)

Lossy (resp. gainy, resp. expansive) ABVASSy Reachability
is .



WELL-STRUCTURED SYSTEMS

LEMMA (DicksON’s LEMMA)
Q x N4 js :in any infinite sequence

(qO;VO);(ql;Vl),---; EI) <ks.t q; = dx andv]- < Vi
componentwise

THEOREM (USING E.G. FINKEL AND SCHNOEBELEN, 2001)

Lossy (resp. gainy, resp. expansive) ABVASSy Reachability
is .

THEOREM (USING E.G. FIGUEIRA et al., 2011)

Lossy (resp. gainy, resp. expansive) ABVASSy Reachability
is decidable in time.



PrRoOPOSITIONAL LINEAR LOGIC

SINGLE-SIDED SEQUENT CALCULUS
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PrRoOPOSITIONAL LINEAR LOGIC

SINGLE-SIDED SEQUENT CALCULUS
A,B,C formule; T, A of formulae
FAALM™
multiplicatives
FT,A,B - FILA FAB FT N
FT,A%B FTLAA®B © FT,LT F1

1

additives
FILbA  FT,B FT,A FT,B

.
FTA&B =~ FTA®BLTA®GB. FrT

exponentials
FT,A T FT,700, F2?TA
?D W ?2C ?
FT,?2A =T, FT, 2T IA

P



PROVABILITY

Given a formula F, is - F provable?
THEOREM (LINCOLN et al., 1992)

Provability in propositional linear logic is undecidable.

PROOF.
By a reduction from AVASS Reachability!



AFFINE / CONTRACTIVE LINEAR LOGIC
AFFINE LINEAR Loaic (LLW)

T W
FT,A

THeoreMm (KopyLov, 2001; LAFONT, 1997)
LLW Provability is decidable.

CoNTRACTIVE LINEAR Locic (LLC)

FT,AA
FT,A

THEOREM (OKADA AND TERUI, 1999)
LLC Provability is decidable.
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INTER-REDUCTIONS
THEOREM (LL To ABVASS; LAzIE AND S., 2015)

1. LL(W / C) Provability <3z, .. ABVASSy (Lossy / Expansive)
Reachability

2. MELL(W /C) Provability <pgt,,.. BVASSy
(Lossy / Expansive) Reachability
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INTER-REDUCTIONS

> WN

THEOREM (LL To ABVASS; LAzIE AND S., 2015)

. LL(W / C) Provability <Jz., .. ABVASS (Lossy / Expansive)

Reachability

MELL(W / C) Provability <pc.,... BVASSy
(Lossy / Expansive) Reachability

THeEOREM (ABVASS( To LL; LAzZIE AND S, 2015 & S., 2015)
ABVASS (Lossy) Reachability <[, q.,.. LL(W) Provability
BVASS (Lossy) Reachability <[\ s.,.. MELL(W) Provability
ABVASS Expansive Reachability<{7 c.,..MALLC Provability

BVASS Expansive Reachability <[ ... MLLC Provability



ABVASS Substructural Logics Reductions Computational Complexity

FROM LL To ABVASS, (1/2)

» subformula property

16/24
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» subformula property

» given a formula F, set
S; = ?-Subformula(F), S = Subformula(F)\S;, d=IS|.

» all the sequents in a proof of - F are of form - ?¥, A
» ?W¥is a multiset over S;
» Ais a multiset over S
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FRoM LL To ABVASS, (1/2)

» subformula property

» given a formula F, set
S; = ?-Subformula(F), S = Subformula(F)\S;, d=IS|.

» all the sequents in a proof of - F are of form - ?¥, A
» ?W¥is a multiset over S;; write o(?V¥) for its support set
» Ais a multiset over S

> define a state set Q D 2%
» associate to - ?¥, A the configuration o(?¥),va € Q X INGS

» ABVASS, rules implement LL



FRoMm LL TO ABVASS, (2/2)

init

HAAL

FILA  FAB
FTLALA®B

FILA FT,B
FT,A&B

F2TA
?

?P
rd BVN

FT,AA

FT,A ¢



FRoOM LL TO ABVASS() (2/2) Assuming A,B€S,q,q’ €2%

m init ‘ —€A —€pl

FILA  FAB

- 0 —C€ARB \
FT,AAQB © O< e
FT,A - FT,B

Dot TP —e

FT,A&B (:>—B>A& O< eB@

O—>
F2TA -p e . 2 e
FT,ALA .
C Ve (expansion)

l_r;A q,V+2€1'_



A Tower UrPPER BOUND

TowerR COMPLEXITY
TOWER = U DT|ME(2 } “”‘es)

ecFELEM

THEOREM (LAZIC AND S., 2015)

ABVASS Leaf Coverability is in TOWER; it is in d-ExPTIME for
fixed dimension d > 0, and in PTIME for fixed d = 0.



A Tower UrPPER BOUND

TowerR COMPLEXITY
TOWER = U DT|ME(2 } t'”‘es)

ecFELEM

THEOREM (LAZIC AND S., 2015)

ABVASS Leaf Coverability is in TOWER; it is in d-ExPTIME for
fixed dimension d > 0, and in PTiME for fixed d = O.

» Rackoff (1978)’s technique: small derivation property
» matching lower bound already for BVASS

COROLLARY
LLW Provability is in TOWER.
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» root label q,v

» enforces leaf coverability: every leaf labelled by some state
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» allows negative values on coordinates i <j < d



ProoF PLAN FOR UPPER BoOuUND

» if coverable, then d small derivation of height
~ 2~'.2n}dtimes
» induction on dimension:
» root label q,v

» enforces leaf coverability: every leaf labelled by some state

€ Qe

» allows negative values on coordinates i <j < d

» Hj: bound on SUPq,y of the heights of
i-derivations for (q,v)



SMALL DERIVATIONS: BASE CASE

No state can appear twice along a branch of a minimal
O-derivation:

Ho =1Q)|



Computational Complexity

SMALL DERIVATIONS: INDUCTION STEP

an (i+ 1)-derivation D



SMALL DERIVATIONS: INDUCTION STEP
By & || Tuloo - 2"

qv

C
< B3}

q1,v1 qn,vn

o ®

DN /D

an (i+ 1)-derivation D= C[Dq,...,Dy]
V1<j<n3dl <k <dyj(k) =B



SMALL DERIVATIONS: INDUCTION STEP

Bi = || Tulloo - 2™

qv 9.v
C C
< B3}
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s » 7z S
Dl Dn 4_;j“ DJ{ @L
=

an (i+1)-derivation D=C[Dy,...,D,,] Dt =C[DI,..., DI
V1<j<n3l<k<dvi(k)>B;
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Bi = || Tulloo - 2™

qv 9.v
C C
< B3}
q1.v1 qn,vn > q1,vV1 qn,vn
s » 7z S
Dl Dn 4_;j“ DJ{ @L
=

an (i+1)-derivation D=C[Dy,...,D,,] Dt =C[DI,..., DI
V1<j<n3l<k<dvi(k)>B;

1418 101> (0)u



SMALL DERIVATIONS: INDUCTION STEP

Bi = || Tulloo - 2™

qv v
C C
< B3}

q1,v1 qn,vn >

° . s/ .

v/
D1\ /Dn gi DI\ /Dl

an (i+1)-derivation D=C[Dy,...,D,,] Dt =C[DI,..., DI
V1<j<n3l<k<dvi(k)>B;

1+1 |Q| BH—l +H

1418 101> (0)u

"M+ A DS (Ja)u



COMPLEXITY OF REACHABILITY

VASS BVASS ABVASS, AVASS

ExpSpace <7 < F 3 Tower <7 < 2(13 pRY
(Lipton, 1976; Leroux and S., 2015) (Lazi¢ and S., 2015) (Lincoln et al., 1992)

Lossy \ ——— TOWER ——— 2ExPTIME

(Lazi¢ and S., 2015) (Courtois and S., 2014)
ExPSPACE
. (Lipton, 1976; Rackoff, 1978)
Gainy 2ExPTIME ——— ACKERMANN ———

‘ (Demri et al., 2013) (Urquhart, 1999)




COMPLEXITY OF PROVABILITY

MLL MELL LL MALL
NPTiME  Tower <’ < Ztl) Z(lj PSpPacEe
(Kanovich, 1991) (Lazi¢ and S., 2015) (Lincoln et al., 1992) (Lincoln et al., 1992)
+W ? ————— TOWER ———— ?

(Lazi¢ and S., 2015)

+C — 2ExPTIME ——— —— ACKERMANN
(S., 2015) (Urquhart, 1999; Lazi¢ and S., 2015)




CoNCcLUDING REMARKS

» long-known connections between
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CoNCcLUDING REMARKS

» long-known connections between
counter systems and linear logic
(Lincoln et al., 1992; Kanovich, 1995; Kopylov, 2001; de Groote et al.,
2004)
» also relevance logic (Urquhart, 1999)

» also BBI & separation logic (Larchey-Wendling and Galmiche,
2013; Brotherston and Kanovich, 2014)

» extract statements from inter-reductions
» counter systems provide an backdrop

» to learn more: references in the next slides and
http:// arxiv.org/abs/1401.6785 (Lazi¢ and S., 2015)
http:// arxiv.org/abs/1402.0705 (S., 2015)


http://arxiv.org/abs/1401.6785
http://arxiv.org/abs/1402.0705
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RooT COVERABILITY

MeeT BVASS
Replace fork semantics by meet semantics:

q;V1 |_|V2

di1,vi q2,vV2

viMva(i) Z min(vy(i),v2(i)) (meet)

Given A=(Q,d, Ty, Tr, T, T2), qr € Q, Qe € Q

RooT COVERABILITY
Does there exist a deduction tree rooted by (,v for some
v € N and with every leaf in Qg x {0}?

LEMMA
ABVASS gainy reachability coincides with meet BVASS
root coverability (without full zero-tests).
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