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Scrambling
(Becker et al., 1991; Rambow, 1994a; Lichte, 2007, . . . )

dass Peter den Kühlschrank zu versuchen zu reparieren verspricht
that Peternom the fridgeacc to try to repair promises

dass den Kühlschrank Peter zu versuchen zu reparieren verspricht
that the fridgeacc Peternom to try to repair promises

dass den Kühlschrank Peter zu reparieren zu versuchen verspricht
that the fridgeacc Peternom to repair to try promises

dass den Kühlschrank zu reparieren Peter zu versuchen verspricht
that the fridgeacc to repair Peternom to try promises

∗ dass den Kühlschrank zu versuchen Peter zu reparieren verspricht
that the fridgeacc to try Peternom to repair promises
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Unordered Vector Grammars with
Dominance Links
UVG-dls (Rambow, 1994a,b)
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Directly Related Formalisms

I D-tree substitution grammars (Rambow et al.,
1995, 2001),

I graph-driven adjunction grammars (Candito
and Kahane, 1998),

I tree description grammars (Kallmeyer, 2001),
I interaction grammars (Guillaume and Perrier,

2010),
I vector tree adjoining grammars (Becker et al.,

1991; Rambow, 1994a),
I . . .
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Multiset-valued Linear Indexed
Grammars
MLIGs (Rambow, 1994a,b)
Tuples G = 〈N,Σ,P, (S, x0)〉:
I N: a finite set of nonterminal symbols,
I Σ: a finite terminal alphabet, disjoint from N,
I V = (N×Nn) ] Σ: the vocabulary,
I P: a finite set of productions in (N×Nn)× V∗,
I (S, x0) ∈ N×Nn: the axiom.

Productions are more easily written as

(A,x)→ u0(B1,x1)u1 · · ·um(Bm,xm)um+1 (?)

with each ui in Σ∗ and each (Bi, xi) in N×Nn.
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Multiset-valued Linear Indexed
Grammars
MLIGs (Rambow, 1994a,b)

(A,x)→ u0(B1,x1)u1 · · ·um(Bm,xm)um+1 (?)

The derivation relation⇒⊆ V∗ × V∗:

δ(A,y)δ ′ ⇒ δu0(B1,y1)u1 · · ·um(Bm,ym)um+1δ
′

for some δ, δ ′ ∈ V∗, if
1. x 6 y,
2. ∀1 6 i 6 m, xi 6 yi,
3. y − x =

∑m
i=1 yi − xi.



Linguistic Motivations Computational Motivations Complexity Survey References

Multiset-valued Linear Indexed
Grammars
MLIGs (Rambow, 1994a,b)

The language of a MLIG is the set of terminal strings
derived from (S, x0), i.e.

L(G) = {w ∈ Σ∗ | (S, x0)⇒∗ w}
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Example
A 4-dimensional MLIG with productions

(S ′, 0, 0, 0, 0)→ dass (VP, 0, 0, 0, 0)

(NPnom, 0, 0, 0, 0)→ Peter
(NPacc, 0, 0, 0, 0)→ den Kühlschrank

(VP, 0, 0, 0, 0)→ (VP, 0, 0, 0, 0) (VP, 1, 0, 0, 0)

(VP, −1, 0, 0, 0)→ zu versuchen
(VP, 0, 0, 0, 0)→ (NPacc, 0, 0, 0, 0) (VP, 0, 1, 0, 0)

(VP, 0, −1, 0, 0)→ zu reparieren
(VP, 0, 0, 0, 0)→ (NPnom, 0, 0, 0, 0) (VP, 0, 0, 1, 0)

(VP, 0, 0, 0, 0)→ (VP, 0, 0, 0, 0) (VP, 0, 0, 0, 1)

(VP, 0, 0, −1, −1)→ verspricht
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Equivalence with UVG-dls

Theorem (Rambow, 1994b)
Every MLIG can be transformed into an equivalent
UVG-dl in logarithmic space, and conversely.

Proof idea: from UVG-dls.

1. Convert the UVG-dl to strict form, with vectors
of productions connected by the dominance
links,

2. each coordinate inNn encodes a dominance
link. �
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Equivalence with UVG-dls
Proof idea: to UVG-dls.

1. Convert the MLIG to ordinary form: all
coordinates in vectors hold values in {0, 1},

2. convert now to restricted index normal form:
I (A,0)→ α, α ∈ (Σ ∪ (N× {0}))∗,
I (A,0)→ (B,ei), or
I (A,ei)→ (B,0);

3. I pair in UVG-dl vectors productions of forms
(A,0)→ (B,ei) and (C,ei)→ (D,0);

I productions of form (A,0)→ α result in singleton
vectors. �
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Related Formalisms (1)

MLIGs are exactly the same as
I vector addition tree automata (de Groote et al.,

2004), and

I branching vector addition systems with states
(Verma and Goubault-Larrecq, 2005).

I They are indeed a natural generalization of Petri
nets/vector addition systems.
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Related Formalisms (2)

MLIG emptiness and membership reduce to
I emptiness and membership in UVG-dls (and

related formalisms),

I provability in multiplicative exponential linear
logic (de Groote et al., 2004),

I emptiness and membership of abstract
categorial grammars (de Groote et al., 2004;
Yoshinaka and Kanazawa, 2005),
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Related Formalisms (3)

MLIG emptiness and membership reduce to
I emptiness and membership of Stabler (1997)’s

minimalist grammars without shortest move
constraint (Salvati, 2010),

I satisfiability of first-order logic on data
trees (Bojańczyk et al., 2009).

I Their decidability is a central open problem.
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Related Formalisms (3)

MLIG emptiness and membership reduce to
I emptiness and membership of Stabler (1997)’s

minimalist grammars without shortest move
constraint (Salvati, 2010),

I satisfiability of first-order logic on data
trees (Bojańczyk et al., 2009).

I Their decidability is a central open problem.
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Summary

Problem Lower bound Upper bound
MLIG Emptiness,
MLIG Membership

2ES (Lazić,
2010)

Not known to be
decidable

kb-MLIG Emptiness,
kb-MLIG Membership

ET (this talk) ET (this talk)

{MLIG`, kb-MLIG`}

Membership
NPT (Koller and
Rambow, 2007)

NPT (trivial)

kr-MLIG {Emptiness,
Membership}

PT (Jones and
Laaser, 1976)

PT (this talk)

MLIG Boundedness 2ET (Demri
et al., 2009)

2ET (Demri
et al., 2009)

MLIG k-Boundedness ET (this talk) ET (this talk)
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k-Ranked MLIGs

A MLIG derivation

α0 ⇒ α1 ⇒ · · · ⇒ αp

is of rank k for some k > 0 if no vector with a sum of
components larger than k can appear in any αj.

A MLIG is k-ranked (noted kr-MLIG) if any
derivation starting with α0 = (S, x0) is of rank k.
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k-Ranked MLIGs
Lemma
Any n-dimensional k-ranked MLIG G can be transformed
into an equivalent CFG G ′ in time O(|G| · (n+ 1)k

3
).

Proof idea:
1. Convert to extended two form:

terminal (A, 0)→ a, (A, 0)→ ε,
nonterminal (A, x)→ (B1, x1)(B2, x2),

(A, x)→ (B1, x1),
2. at most |N| · (n+ 1)k nonterminals (A, y) in
N ′ ⊆ N×Nn with

∑n
i=1 y(i) 6 k,

3. at most (n+ 1)k
3

choices of nonterminals in N ′

for a production (A, x)→ (B1, x1)(B2, x2). �
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Summary

Problem Lower bound Upper bound
MLIG Emptiness,
MLIG Membership

2ES (Lazić,
2010)

Not known to be
decidable

kb-MLIG Emptiness,
kb-MLIG Membership

ET (this talk) ET (this talk)

{MLIG`, kb-MLIG`}

Membership
NPT (Koller and
Rambow, 2007)

NPT (trivial)

kr-MLIG {Emptiness,
Membership}

PT (Jones and
Laaser, 1976)

PT (this talk)

MLIG Boundedness 2ET (Demri
et al., 2009)

2ET (Demri
et al., 2009)

MLIG k-Boundedness ET (this talk) ET (this talk)
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k-Bounded MLIGs

A MLIG derivation

α0 ⇒ α1 ⇒ · · · ⇒ αp

is k-bounded for some k > 0 if no vector with a
coordinate larger than k can appear in any αj.

A MLIG is k-bounded (noted kb-MLIG) if any
derivation starting with α0 = (S, x0) is k-bounded.
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k-Bounded MLIGs
Lemma
Any n-dimensional k-bounded MLIG G can be
transformed into an equivalent CFG G ′ in time
O(|G| · (k+ 1)n

2
).

Proof idea:
1. Convert to extended two form,
2. N ′ ⊆ N× {0, . . . ,k}n, |N ′| 6 |N| · (k+ 1)n,
3. I (A, x)→ (B1, x1)(B2, x2),

I (A, y) ∈ N ′,
I 0 < i 6 n,

result in 6 k+ 1 ways to split (y(i) − x(i)) 6 k

into y1(i) + y2(i) in production
(A, y)→ (B1, x1 + y1)(B2, x2 + y2). �
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k-Bounded MLIGs

Theorem
Emptiness and membership for k-bounded MLIGs are
ET-complete, even for fixed k > 1.

I lower bound: by encoding computations of
alternating Turing machines running in
polynomial space,

I upper bound: by the previous lemma.
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PT (this talk)
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et al., 2009)

2ET (Demri
et al., 2009)

MLIG k-Boundedness ET (this talk) ET (this talk)
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Boundedness

A MLIG is
I bounded if ∃k s.t. it is k-bounded,
I ranked if ∃k s.t. it is k-ranked:

bounded ⇔ ranked

Theorem (Demri et al., 2009)
Boundedness for MLIGs is 2ET-complete.
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k-Boundedness

Corollary
Let k > 1; k-boundedness for MLIGs is
ET-complete.

I lower bound: by the ET-hardness of
emptiness and membership in 1-bounded
MLIGS,

I upper bound: by converting into a CFG.
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2010)

Not known to be
decidable

kb-MLIG Emptiness,
kb-MLIG Membership

ET (this talk) ET (this talk)

{MLIG`, kb-MLIG`}

Membership
NPT (Koller and
Rambow, 2007)

NPT (trivial)

kr-MLIG {Emptiness,
Membership}

PT (Jones and
Laaser, 1976)

PT (this talk)

MLIG Boundedness 2ET (Demri
et al., 2009)

2ET (Demri
et al., 2009)
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Lexicalized MLIGs

A terminal MLIG derivation

α0 ⇒ α1 ⇒ · · · ⇒ αp = w

is c-lexicalized for some c > 0 if p 6 c · |w|.

A MLIG is lexicalized if there exists c such that any
terminal derivation starting from (S, x0) is
c-lexicalized.

Note: This captures lexicalization in UVG-dls.



Linguistic Motivations Computational Motivations Complexity Survey References

Lexicalized MLIGs

Theorem (Koller and Rambow, 2007)
Uniform membership of 〈G,w〉 for G a 1-bounded,
lexicalized, UVG-dl with finite language is
NPT-hard, even for |w| = 1.

By a reduction from the normal dominance graph
configurability problem (Althaus et al., 2003).



Linguistic Motivations Computational Motivations Complexity Survey References

Summary
Problem Lower bound Upper bound
{MLIG, MLIG`}

Emptiness, MLIG
Membership

2ES (Lazić,
2010)

Not known to be
decidable

{kb-MLIG, kb-MLIG`}

Emptiness, kb-MLIG
Membership

ET (this talk) ET (this talk)

{MLIG`, kb-MLIG`}

Membership
NPT (Koller and
Rambow, 2007)

NPT (trivial)

kr-MLIG {Emptiness,
Membership}

PT (Jones and
Laaser, 1976)

PT (this talk)

{MLIG, MLIG`}

Boundedness
2ET (Demri
et al., 2009)

2ET (Demri
et al., 2009)

{MLIG, MLIG`}

k-Boundedness
ET (this talk) ET (this talk)
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Concluding Remarks

About mild context-sensitivity:
1. support for limited cross-serial dependencies:

seems doubtful, Rambow (1994a) conjectures
Lcopy = {ww | w ∈ {a,b}∗} is not derivable,

2. semilinearity: does not hold, from the Petri net
literature,

3. polynomial recognition: only for k-ranked
grammars.

But all 3 hold e.g. for k-ranked V-TAG.
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