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Complexity of wqo Algorithms

I well-quasi orders (wqo): tools for proving
termination

I generic complexity upper bounds

I enormous complexities

I what about “natural” lower bounds?
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Overview

Theorem
Coverability and termination in enriched nets are
Fωωω(n+O(1))-complete.

Contents

Enriched Nets
Hardy Computations
Robust Encoding
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Enriched Nets

I classes of colored Petri nets:
timed-arc Petri nets: clocks in R

constrained multiset rewriting systems: natural
numbers

data nets: elements of some linear-ordered
dense domain

I equal expressiveness (Abdulla et al., Bonnet et al.)
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Petri Data Nets (PDNs)

Example (weak copy)
` h a b

f

t

start copyend
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F
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F F

F

T

T T

tatb
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T

H

F ′

T ′

tnext : F< F
′ <H<T < T ′

T

HH

H ′

tend : T <H ′

` aa,ff b3b3,fb2,fb,fb a h̀ taa,t tb,tb2,tb2 h
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Coverability

input a Petri data net N and a place p of N

question does there exist a reachable marking
with at least one token in p?

Proposition (Lazić et al.)
Petri data net coverability is Fωω-hard.

Proposition
Petri data net coverability is in Fωωω(n+O(1)).
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Hardy Hierarchy

Ordinal-indexed hierarchy of functions
(Hα:N→N)α<ε0:

H0(x) = x Hα+1(x) =Hα(x+ 1) Hλ(x) =Hλx(x)

where

(γ+ωβ+1)x = γ+ω
β · x (γ+ωλ)x = γ+ω

λx

Intuitively: “transfinite iteration of x 7→ x+ 1”
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Hardy Hierarchy

H0(x) = x Hα+1(x) =Hα(x+ 1) Hλ(x) =Hλx(x)

(γ+ωβ+1)x = γ+ω
β · x (γ+ωλ)x = γ+ω

λx

Example
H1(x) = x+ 1 Hω(x) = 2x Hω

2
(x) = 2xx

Hω
3

non elementary

Hω
ω

non primitive-recursive

Hω
ωω

non multiply-recursive

Fωωω =Hω
ωω

ω

this talk
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Hardy Hierarchy

H0(x) = x Hα+1(x) =Hα(x+ 1) Hλ(x) =Hλx(x)

(γ+ωβ+1)x = γ+ω
β · x (γ+ωλ)x = γ+ω

λx

Example
Let Ω=ωωω

ω

and k > 0 then

Ωk =ω
ωω

k

(Ωk)k =ω
ωω

k−1·k

Fωωω(k) =H
Ω(k) =H(Ωk)k(k)
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Hardy Computations

H0(x) = x Hα+1(x) =Hα(x+ 1) Hλ(x) =Hλx(x)

(γ+ωβ+1)x = γ+ω
β · x (γ+ωλ)x = γ+ω

λx

Rewrite system over Ωk×N:

π+ 1,n→ π,n+ 1 (h1)

π+ωα+1,n→ π+ωα ·n,n (h2)

π+ωα+ωβ+1
,n→ π+ωα+ωβ·n,n (h3)

π+ωα+ωβ+ω
m+1

,n→ π+ωα+ωβ+ω
m·n

,n (h4)
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Hardy Computations

Rewrite system over Ωk×N:

π+ 1,n→ π,n+ 1 (h1)

π+ωα+1,n→ π+ωα ·n,n (h2)

π+ωα+ωβ+1
,n→ π+ωα+ωβ·n,n (h3)

π+ωα+ωβ+ω
m+1

,n→ π+ωα+ωβ+ω
m·n

,n (h4)

A Hardy computation:

π0,n0→ π1,n1→ ·· · → 0,Hπ0(n0)
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Hardness of Coverability in PDNs

I Reduction: from the halting problem of a
Minsky machine M with sum of counters
bounded by HΩ(|M|+O(1)) =HΩ(k)

: NM

I weak computation of HΩ(k): some smaller
value could be reached

: NH[k]

I also perform a weak computation of the inverse
(HΩ)−1

: NH−1[k]

8/13



Enriched Nets Hardy Computations Robust Encoding

Hardness of Coverability in PDNs

I Reduction: from the halting problem of a
Minsky machine M with sum of counters
bounded by HΩ(|M|+O(1)) =HΩ(k): NM

I weak computation of HΩ(k): some smaller
value could be reached: NH[k]

I also perform a weak computation of the inverse
(HΩ)−1: NH−1[k]

8/13



Enriched Nets Hardy Computations Robust Encoding

Hardness of Coverability in PDNs

NH[k]

start rewr Mstart

h1 h2 h3 h4

k bn0n1nm̀n ′0n
′
1n
′
` ′

Mhalt

NM

Simulate M
with budget b

m6 n`

(Ωk)kπ0π1π0̀π ′0π
′
1π
′
` ′

(Ωk)k,k= π0,n0(Ωk)k,k= π0,n0
h−→ π1,n1(Ωk)k,k= π0,n0
h−→ π1,n1

h−→ ·· · h−→ π`,n`

n` 6HΩ(k)(Ωk)k,k a π ′` ′ ,n
′
` ′

0,m0 = π ′0,n ′00,m0 = π ′0,n ′0
h−1
−−→ π ′1,n ′10,m0 = π ′0,n ′0
h−1
−−→ π ′1,n ′1

h−1
−−→ ·· · h

−1
−−→ π ′` ′ ,n

′
` ′

NH−1 [k]

rewr−1end

h−1
1 h−1

2 h−1
3 h−1

4
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Cumulative Ordinal Encoding

I ordinals <ωk as vectors v inNk:

β(v) =ωk−1 · v[k− 1] + · · ·+ω0 · v[0]

I ordinals <ωωk as vector sequences V= v1 · · ·vp:

α(V) =ωβ(v1)+ · · ·+ωβ(vp)

I ordinals <Ωk as #-separated vector sequences
x=V1#V2# · · ·#Vm# (aka codes):

π(x) =ωα(V1···Vm)+ωα(V1···Vm−1)+ · · ·+ωα(V1)
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Encoded Hardy Computations

Work on codes instead of ordinals:

Example

π+ 1,n→ π,n+ 1 (h1)

is encoded as

#x,n→ x,n+ 1 (r1)

10/13



Enriched Nets Hardy Computations Robust Encoding

Encoded Hardy Computations

Example
Let k > 1; the initial step of the encoded Hardy
computation for HΩ(k) is

x0,k
h4−→ x1,k

with codes

x0 = (1k−1)
k# ; π(x0) = (Ωk)k =ω

ωω
k−1·k

x1 = (1k−1)
k−1(1k−2)

k# ; π(x1) =ω
ωω

k−1·(k−1)+ωk−2·k
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Properties

Proposition (Correctness)
x,n→ y,m and x pure imply
Hπ(x)(n) =Hπ(y)(m).

Proposition (Robustness)
Let x,x ′ be pure codes and n ′ > 0. If x ′ is n ′-trim
and x,n @ x ′,n ′, then Hπ(x)(n)<Hπ(x

′)(n ′).
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Why Cumulative Encodings?

Non-Robustness of Cantor Normal Form

Encoding as “+̇”-separated sequences
p=V1 +̇ · · · +̇Vm with

χ(p) =ωα(V1)+ · · ·+ωα(Vm)

Example
For k= 1:

χ(1 +̇ 0) =ωω+ω χ(10) =ωω+1

Hχ(1+̇0)(n) =Hω
ω+ω(n)

<Hω
ω·(n−1)+ωn(n) =Hχ(10)(n)
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Concluding Remarks

I answers the open complexity questions on
enriched nets

I first “natural” problem complete for Fωωω

I also expressiveness corollaries (see paper)
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