MPRI 2-9-1
“Algorithmic Aspects of WQO Theory”
Nov. 12th, 2020: Hardness of LCM verification



COUNTER MACHINES ON A BUDGET
Mon_budget aka Mb
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Ensures:
1. MP - (¢,B,a)
2. MP - (¢,B,a)
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rel (£,B,a’) implies B +|a] =B’ +]a’|
rel (E’B/’a/) Implles M= (B,a) i>re| (e/’a/)

e
3. f MF ((,a) S ((,a’) then IB,B’: MP F (£,B,a) g (¢/,B',a’)

4.1f MP + (¢,B,a) = (¢,B,a’)

then MP + (¢,B,a) 2 (,,B’,a’) iff B+|a| =B’ +|a’|



THE FAST-GROWING HIERARCHY

Fork € N, Fi. : IN — N is defined by:

def

Fo(n) =n+1, n+1 times
defrm+1, .y _
Fk+1(n) = Fk (n) —Fk(Fk(...Fk(n)... )



THE FAST-GROWING HIERARCHY

Fork € N, Fy. : IN — NN is defined by:
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n-+1 times
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Yiel and : times.
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Further ensures Fy. (n+1) > Fi.(n) and Fyc 1 (n) > Fi (n).



THE FAST-GROWING HIERARCHY

Fork € N, Fy. : IN — NN is defined by:

def

Fon) =n+1, n+1 times
def - +1 —
Frp1(n) = FR i) =F (Fi (.. Fie(n)..),
Fi(n)=2n+1

Yields and

2
}n times.

Further ensures Fy. (n+1) > Fi.(n) and Fyc 1 (n) > Fi (n).

Fa(n) = (n+1)2n 1 —1 F3(n) > 22

Every Fy is primitive-recursive. Every primitive-recursive function is
dominated by some Fy,.

Ackermann’s function, Ack(m) def Fm (m), is not primitive-recursive.



FAST-GROWING VS. HARDY HIERARCHY

def def
Fo(n) S n+1 n+1 times Ho(n)  n
def - +1 j N def
Foar1(n) =FE (M) =Fa(Fual...Fa(n)...)) Hytr1(n) = Hy(n+1)

Fa(n) ©'Fy, () Ha(n) £ H,, (n)

with An given by (v + w*+ 1), £y + wk - (n+1)
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FAST-GROWING VS. HARDY HIERARCHY

def

o) Enel L imes Ho(n) ' n
def ni1 — def
Fat1(n) = | (M) =Fa(Fal...Fx(n)...)) Hgt1(n) = Hy(n+1)
Fa(n) ©'Fy, () Ha(n) £ H,, (n)

with An given by (v + w*+ 1), £y + wk - (n+1)

Prop. Hy«(n) =Fy(n) for all x and n

Nb. H,(n) can be evaluated by transforming a pair
H H H H .
o, = Xg,Tg — &1, — X2, Tl — + -+ — K, Ny With
®g > «1 > «p > --- until eventually o, =0 and n = Hy(n) Y%
tail-recursion!!

We compute fast-growing functions and their inverses

. H H_
by encoding a,n = a/,n’ and a’,n’ 51 a,n



H
LCM WEAKLY COMPUTING — FOR o < w?®

Write a< w™*1 in Cantor normal form with coefficients
x=wmam+w™ Lan_14-+wap.
Encoding of ais [am,...,ag] € N™+1,
l[am,...,a0+1],n E) l[am,...,agl,n+1 %Hyr1(n)=F

l[am,...,ax +1,0,0,...,0],n E> [am,...,a,,n+1,0,...,0,n %Hy(n)=H,,

Recall (y + w**1), =y +wk: - (m+1)
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LCM WEAKLY COMPUTING — ! FOR ot < w®

[am,...,agl,n+1 Efl l[am,...,a0+1],n %Hq 1 1(n) =Hgl

l[am,...,a,n+1,...,0,n B [am,...,axk+1,0,...,0,n %Hx(n) =H,, (n



H
LCM WEAKLY COMPUTING — ! FOR ot < w®

l[am,...,agl,n+1 A l[am,...,ag+1],n %Hy1(n) =Hgl

[am,. s @on+1,...,0,n B an, ., a+1,0,...,0,n %Hx(n) =H,, (n

ap:=0 ap:=0 ay,_1:=0

ajt+ ap+t aytt
A J

Prop. [Robustness] a <a’ and n <n’imply Hj,;(n) < Hp(n’)



M(m): WRAPPING IT UP
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M(m): WRAPPING IT UP
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Prop. M(m) has a lossy run
(g, am :1,0,...,n:m,0,...) = (¢4-1,1,0,...,m,0,...)
iff M(m) has a reliable run
(g,am :1,0,...,m:m,0,...) i>,e| (ly-1,am:1,0,...,m:m,0,...)

iff M has a reliable run from ¢, to {;, that is bounded by H,m (m),
i.e., by Ackermann(m)



M(m): WRAPPING IT UP
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Prop. M(m) has a lossy run
(g, am :1,0,...,n:m,0,...) = (¢4-1,1,0,...,m,0,...)
iff M(m) has a reliable run
(g,am :1,0,...,m:m,0,...) i>,e| (ly-1,am:1,0,...,m:m,0,...)

iff M has a reliable run from ¢, to {;, that is bounded by H,m (m),
i.e., by Ackermann(m)

Cor. LCM verification is Ackermann-hard



