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Chapter 6

Multivariate Distributions

6.1 Introduction

In the previous chapters, we have discussed models for a single random variable. We need to expand
our univariate results to higher dimensions.

Motivation:
1. Sampling: In any experiment, data is collected on a large group of items/individuals.
2. Multivariate Data: several measurements are taken on the units.

We need models that describe the behaviour of more than one random variable at a time.

Definition: An n—dimensional random vector X is a function from the sample space S into R",
n—dimensional Euclidean space.

Definition: A vector each of whose components is a random variable is called a random vector.

If we let n = 2, then every outcome in the sample space is associated with an ordered pair (x,y) €
R?. This defines a two-dimensional or bivariate random vector (X,Y).

Definition: In 2-dimensional Euclidean space R? or the plane, the Borel field B* is generated by
rectangles of the form
{(z,y);a <z <bec<y<d}

It is also generated by product sets of the form
By X By = {(z,y);x € B,y € Ba}

where By, By € B.

Definition: Let X and Y be random variables on (S, F, P). The random vector (X,Y’) induces a



probability measure v on B? as follows:

V AeB?  v(d) = P{X,Y)e A}
P ({s;(X(s),Y(s)) € A}).

Here v is the probability distribution of (X,Y).

Definition: The joint cumulative distribution function of (X,Y) is the function F'(z,y) defined by
F(z,y) = PIX <2,Y <y] (6.1)

for all (z,y) € R?.

Definition: A two-dimensional or bivariate random vector (X, Y') is discrete if it assumes a count-
able number of values. The function p(x,y) : R* — [0, 1] defined by

plr,y) =P(X =zand Y =y) (6.2)
is called the joint pmf of (X,Y).

For any set A € B?, we have

P[(X,Y) e Al= > plzy).
(z,y)eA

Theorem 6.1.1. A function p(x,y) is a joint pmf iff
(a) plx,y) 20 Y(z,y);

() >, >, p(x,y) =1
|
The joint pmf completely defines the probability distribution of the random vector (X,Y).

Once we have specified the joint probability model, we may want to find probabilities involving one
of the random variables, say X. The pmf of X is called its marginal distribution.

Theorem 6.1.2. Let (X,Y) be a discrete bivariate random vector with joint pmf p(x,y). Then the
marginal pmfs of X and Y, denoted by px(.) and py(.) respectively, are given by

px(e) =3 pla,y)

yeER

py(y) = _plw,y).

TER

Proof:



px(zr) = PX=2)=PX=1z-0<Y <)

Remarks:
1. The joint pmf completely specifies the marginals.

2. The converse is not true.

Example: Consider the experiment of tossing two tetrahedra (4-sided dice). Let X be the number
observed on the lower face of the first tetrahedron. Let Y be the larger of the two lower faces. Find
the joint pmf and the marginals.

We have the joint pmf:

p<1’ 1) :p(l,z) = p(173) :p(1’4) :p(273) = p(274) :p(3’4) = i
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p(2,2) = %;p(S,S) - %;p(4,4) =%
p(2,1) = p(3,1) = p(3,2) = p(4,1) = p(4,2) = p(4,3) = 0.

From the joint pmf, we have the two marginal pmfs

px(1) = px(2) = px(3) = px(4) = %
pr(1) = 1_165’”(2) N %%PYG) = %;py(l) = 1—76

Suppose we were given the marginals. Is the joint pmf uniquely determined?
Consider the joint pmf p*(z,y) with

1 1
PL3) =p(24) = 5 —6p (L4) =p"(23) = ¢ +e

(e >0), and

p*(z,y) = p(z,y)
for all the other pairs. Clearly. p*(.,.) is a valid joint pmf.
However, the two pmfs generate the same marginals.

When X and Y are continuous random variables, we may define the joint probability density
function f(z,y).



Definition: A function f(z,y): R* — R is called a joint probability density function of the

continuous bivariate random vector (X,Y) if

P[(X,Y)e A] = // f(z,y)dxdy, (6.3)

for any set A € B2.
Theorem 6.1.3. A function f(x,y) is a joint pdf iff

(a) flz,y) =0  V(x,y) € R

m)/ /‘fxy¢My—1

Example: Assume that for a certain type of washer, both the thickness and the hole diameter vary
from item to item. Let X denote the thickness, and let Y denote the diameter. Assume that the

joint pdf of X and Y is given by
llz4y) 1<2<24<y<5
=6 =T =42 =Y =
f(z,y) {O o

Find the probability that a randomly chosen washer has a thickness between 1 and 1.5 mm and a

diameter between 4.5 and 5 mm.

Definition: Let (X,Y’) be a continuous bivariate random vector with joint pdf f(z,y). Then the
marginal pdfs of X and Y, denoted by fx(.) and fy(.) respectively, are given by

-/ Zf(w,wdy
= /: f(x,y)dx

Definition: Let (X,Y’) be a continuous bivariate random vector with joint pdf f(x,y). Then the



joint cdf is given by
oy
F(z,y) = / / f(s,t)dsdt.

O*F (z,y)
0xdy

We have

flz,y) = (6.4)

for all (x,y) that are continuity points of f(x,y).

Example: A bank operates both a drive-up facility and a walk-up window. On a randomly selected
day, let X represent the proportion of time the drive-up facility is in use, and Y represent the
proportion of time the walk-up window is in use. The joint pdf is given by

Sr+9?), 0<a<1,0<y<1;
— 5 ) ) )
fl,y) {0 ow.

Find the probability that neither facility is busy more than one-quarter of the time. We need to
find

l()<X<10<Y<1 =

.25 7
Ydxdy =
/ / x—l—y ray = 640

Find the marginal pdf’s of X and Y.
|

=
s

Example: ABC cans of deluxe mixed nuts contain almonds, cashewnuts, and peanuts. The net
weight of each can is exactly 1 kilo, but the weight contribution of each type of nut is random. Let
X be the weight of almonds, and Y the weight of cashews. The joint pdf is given by

flz,y) = 24y 0<zr<l0<y<l,0<z+y<l.

For a fixed z, f(z,y) increases with y. The pdf should be large near the upper boundary and small
near the origin.

Compute the probability that the two types of nuts together make up at least 50% of the can.
Find the marginal pdf’s.



6.2 Expectation

The concept of expectation extends to random vectors in a straightforward manner. Let (X,Y') be
a random vector, and U = ¢g(X,Y’) be some real valued function. Then U is a random variable and
we can compute its expectation by finding its distribution. We can also find the expectation by
using the joint distribution of (X, Y).

Definition: Let (X,Y’) be a bivariate random vector. The expected value of the random variable
U=g(X,Y) is given by

Z Z g(z, y)p(x,y), (X,Y) discrete;
Flg(X,Y) 65

= z oy
//g(av,y)f(x,y)da:dy, (X,Y) continuous

provided the sum or integral exist. If E|g(X,Y’)| = oo, we say that E(g(X,Y)) does not exist.
All the properties of expectation hold.

If g(X,Y) = X, then

Elg(x. V) = B0 = [ [ap(e.dsdy = [ afc(oyis

Definition: Let (X,Y’) be a bivariate random vector. The joint mgf is given by
Mxy(ti,ty) = Ele" XY (6.6)

provided the expectation exists in a nonempty rectangle containing (0, 0).
Clearly
M_)Qy(t,O) = Mx(t); Mxyy(o,ﬂ = My(t)

The partial derivatives of the joint mgf yield joint moments of the random vector (X,Y).

The r—th moment of X(Y') may be obtained from My y (t1,t2) by differentiating the function r
times with respect to ¢;(t2) and then evaluating the derivative at t; = t; = 0. Product moments
such as E[X"Y?] can be obtained by differentiating the joint mgf r times with respect to t; and s
times with respect to t5 and then evaluating the derivative at t; = t; = 0.

Definition: The expected value of a random vector X is the vector E(X), whose i —th component

is the expected value of the ¢ —th component of X. The expected value of X exists if the expected
values of the components exist.

6.3 Conditional Distributions

Definition: Let (X,Y') be a discrete bivariate random vector with joint pmf p(z,y), and marginal
pmfs px(x) and py(y). Let « be a point in the support of X, i.e. px(z) > 0. The conditional



pmf of Y given that X = x is the function of y denoted by py|x(y|z) defined by

prix(ols) = PY =3lX =) = HE2), 67)

Let y be a point in the support of Y, i.e. py(y) > 0. The conditional pmf of X given that Y =y
is the function of x denoted by pxy(z|y) defined by

pxp(zly) = P(X = 2|Y = y) = (6.8)

Clearly
pyix(ylx) > 0; pxjy(zly) > 0.

oy opx(z)
nglx(mx) = ; px (@) = px(@) =1.

So the functions defined in equations 6.7 and 6.8 are valid pmf’s.

We also have

Example: Consider the experiment of tossing two tetrahedra (4-sided dice). Let X be the number
observed on the lower face of the first tetrahedron. Let Y be the larger of the two lower faces. Find
the conditional pmfs.

When X and Y are continuous, we have P(X = 0) = 0 for all z. So the definition given above
needs to be modified.

Definition: Let (X, Y") be a continuous bivariate random vector with joint pdf f(x,y), and marginal
pdfs fx(x) and fy(y). For any z such that fx(x) > 0, the conditional pdf of Y given that X = x
is the function of y denoted by fy|x(y|z) defined by

~ flz,y)
frix(yle) = o) (6.9)

For any y such that fy(y) > 0, the conditional pdf of X given that Y = y is the function of z
denoted by fx|y(z|y) defined by

_ fz,y)
Ixpy (zly) = ) (6.10)




Clearly
frix(lz) >0, fxy(zly) > 0.

We also have -
f(x,y) 4

x)dy =
So the function defined in equations 6.9 and 6.10 are valid pdf’s.

y=1.

Example: X and Y are continuous random variables with joint pdf given by

k(x+1y?) 0<2<1,0<y<1
f<ﬂf>={o( 7S rEhesy

(a) Find k.

(b) Find the marginal densities of X and Y.
(c) Find the conditional density of X given Y = .

6.3.1 Conditional Expectation
Definition: The conditional expectation of g(Y) given that X = x is

Zg(y)pyp((y\x)? (X,Y) discrete;
Elg(Y)lz] =4 %
/g(y)fyx(y|x)dy, (X,Y) continuous

(6.11)

E(Y|x) is the expected value of the conditional distribution f(y|z). The variance of the conditional

distribution f(y|x) is called the conditional variance of Y given X = x.

We have
Var(Y|z) = BE(Y?z) — [E(Y|2)]%

9



Theorem 6.3.1.
E(Y)=FE[E(Y|X)]. (6.12)

Proof: F(Y|X) is a random variable whose value depends on the value of X. If X = z, the value
of the random variable E(Y|X) is E(Y|z). We will illustrate the proof for the case of continuous
random variables. The proof for the discrete case is similar with integrals replaced by summations.

We have
EY) = //yf(%y)dl“dy

-/ [ / yf<y|x>dy] Fx(w)da

- / E(Y|2)fx(x)dz
— E[E(Y|X)).

|
Theorem 6.3.2.
Var(Y) = E[Var(Y|X)] + Var[E(Y|X)]. (6.13)
Proof: Consider the RHS of (6.13).
EVar(Y|X)| + Var[E(Y|X)]

E[E(Y?|X) — (B (Y\X))]
)

+ E{B(Y]|X)*} - [B(E(Y|X))]
- E(YQ)—[E(Y)]
= Var(Y).

Example: A certain mouse is placed in the center of a maze, surrounded by three paths that open
with varying widths. The first path returns him to the center after two minutes; the second path
returns him to the center after four minutes; and the third path leads him out of the maze after
one minute. Due to the differing widths, the mouse chooses the first path 50% of the time, the
second path 30% of the time, and the third path 20% of the time. Determine the expected number
of minutes it will take for the mouse to escape.

Solution:
We have

E(T|P=1)=2+E(T); E|P=2)=4+E(T); ETP=3)=1.

Therefore
ET)=05x2+E(T)]+03x[4+E(T)]|+ 2x1= E(T)=12.

10



Example: Let
2, 0<x<y<l;

f(z,y) :{ 0. ow.

Find the marginal and conditional pdfs.

Find P(Y > 5|z = .5) and P(X > 1/3|y = 2/3).

Find E(Y|X = z).

1
Y 1+
E(Y|w):/ 1_xdy: 5

6.4 Independent Random Variables

Definition: Let (X,Y’) be a bivariate random vector with joint pdf f(z,y) (or joint pmf p(z,y))
and marginal pdfs (pmfs) fx(z)(px(x)) and fy(y)(py(y)) respectively. The random variables X
and Y are said to be independent if

fley) = fx@)fy(y) forall (z,y) € R? (6.14)
(p(z,y) = px(x)py(y))- (6.15)

If (6.14) does not hold, we say X and Y are dependent.
If X and Y are independent, then the conditional pdf of ¥ given X = x does not depend on the
value of x, i.e.

fley) _ Ix@) ()
Fx@) ~ fx(@)

The knowledge that X = x does not give us any additional information about Y.

frix(ylz) = = fy(y). (6.16)

Lemma 6.4.1. Let (X,Y) be a bivariate random vector with joint pdf f(x,y) (or joint pmfp(zx,y)).

11



Then X and Y are independent random variables iff there exist functions g(x) and h(y) such that
f(z,y) = g(x)h(y) forallz € R and y € R. (6.17)
Proof: If X and Y are independent, we may define
g9(x) = fx(z)  hy) = fr(y),
and use (6.14). To prove the ”if” part, suppose that

f(x,y) = g(x)h(y).

Let
/_:g(x)dx:c /_: hy)dy = d.
Then
exd - _Zg(:c)d:c) (/_Zh(y)dy)
_ /: /_ig(x)h(y)d:vdy
_ /_Z/_Zf(x,y)dwdy
= 1.
We have
Fete) = [y
= [ s@htwdy =gty
and

These results imply
f(2,y) = g(2)hly) = g(x)h(y)ed = fx(z) fv (),

showing that X and Y are independent.
Replacing integrals with sums proves the result in the discrete case.
|

Theorem 6.4.2. Let (X,Y) be a bivariate random vector with joint cdf F(x,y). Let X andY have
the marginal cdfs Fx(z) and Fy(y) respectively. Then X andY are independent random variables

if
F(z,y) = Fx(x)Fy(y) for all (z,y) € R*. (6.18)

12



Theorem 6.4.3. Let (X,Y) be a bivariate random vector with joint mgf Mx y (t1,t2). Then X and
Y are independent random variables iff

My (ty, t2) = M(t;,0)M(0, t5) = My (t) My (2), (6.19)

i.e. the joint mgf factors into the product of the marginal mgfs.

Theorem 6.4.4. Let X and Y be independent random variables. Then
(a) For any ACR and BC R
P(X €AY eB)=P(X € AP(Y € B).

(b)

Theorem 6.4.5. Let X and Y be independent random variables with moment generating functions
Mx (t) and My (t) respectively. Let Z = X +Y. Then

My(t) = My (t) My (t). (6.20)

Example: Let X and Y be independent Poisson random variables with parameters A; and Ay
respectively. Find the distribution of X + Y.

13



6.5 Bivariate Transformations

Let (X,Y) be a bivariate random vector with a known joint distribution. Consider the bivariate
random vector (U, V) where U = ¢;(X,Y) and V = ¢o(X,Y’). Here ¢1(.,.) and ga(.,.) are specified
functions. We want to find the joint distribution of (U, V) in terms of the joint distribution of

(X,Y).
For any B € R?, we have
PIULV) € B = PI(X,Y) € 4],

where A = {(z,y) : (¢1(x,y), 92(x,y)) € B}.

If (X,Y) is a discrete random vector with joint pmf p(x,y), let A be the set of (x,y) for which

p(z,y) > 0, i.e the support of (X,Y’). Then
C= {(U,U) U= gl(xa/y)av = 92<x7y) for some (xvy) S A}

is the support of (U, V). For any (u,v) € C, define

Aw =A{(7,y) € A: g1(2,y) = u, g2(2,y) = v}

Then
vav(U,U) = P(U = u, V = U) = Z pX,Y(x7y)'

(z,y)EAuv

Example: Let X and Y be independent geometric random variables with pmf’s

r—1

px(x) = pq xr=12,...
py(y) = pg’ y=1,2,...
respectively.

Let U =min(X,Y), V=X -Y.
For v > 0, we have X > Y. Therefore

pov(u,v) = PU=u,V =)
PY =u,X=u+v)
— pquflpunrvfl

_ 2 2u+tv—2
= P4q .

For v < 0,

puv(u,v) = PU=u,V =0v)
= PX=uY=u—v

— pqu—lpqu—v—l
— p2q2u7v72.

14



For v = 0, we have X =Y and

puyv(u,v) = P(
= P(

Example: Let X and Y be independent Poisson random variables with pmf’s

e *a”

px(x) = . r=0,1,2,...
e By

respectively.

Let U=X+Y,V =Y. We have

puv(u,v) = PU=u,V =)
P(X=u—vY =v)
et v e BpBY
(u—ov)! 0!
e—(a+B) ju—v BY

= o)l v=0,1,..

The marginal pmf of U is

pu(u) = Z

— (u—v)lv!
~(atp) v
= - u! ;(u —u;)!v!au_yﬁv
_ e—:!w) Zu; ( Z ) ot 3
_ 6*(a+5)(a+ﬁ)u7 o
u!

which is the pmf of a P(a + /) random variable.
The pmf of U can also be obtained using Theorem 6.4.5.
[

Theorem 6.5.1. Let X ~ P(a),Y ~ P(() be independent random variables.

Pla+p).
n

15

gu=v,o+1,....

Then X +Y ~



Theorem 6.5.2. Let X ~ fx(z) and Y = g(X), where g is a monotone function. Suppose fx(z)
is continuous on X and g~'(y) has a continuous derivative on ). Then

fr(y) = { fxlg™(y)] ‘%g’l(y)), yeY:

0, 0.W.

In many applications, the function g may be neither increasing nor decreasing. However, the
function may be monotone over certain intervals. It may be possible to divide X" into sets Ay, ..., Ay
such that ¢(.) is monotone on each set. We can then modify the previous theorem:

Theorem 6.5.3. Let X ~ fx(z) and Y = g(X). Suppose there ezists a partition Ao, Ax, ..., Ak
of X such that P[X € Ag] =0 and fx(x) is continuous on each A;. Suppose there ezist functions
g1(x), ..., gx(x) defined on Ay, As, ..., Ay respectively satisfying

(i) g(z) = gi(z), v € Aj;
(i) gi(z) is monotone on A;;

(111) The set Y ={y:y = g;(x) for some x € A;} is the same for each i =1,... k; and

(iv) g; '(y) has a continuous derivative on' Y for each i =1,2,... k.
Then
- d
1 1
. — Q0. , c }.
07 0.w.

Here Ag represents the exceptional set.

Let (X,Y) be a bivariate continuous random vector with joint pdf fxy(z,y). We can write the
joint pdf of (U, V) in terms of fxy(z,y). Let A denote the support of (X,Y) and C denote the
support of (U, V).

Let us assume the transformations U = ¢;(X,Y) and V = ¢g2(X,Y") are one-to-one from A onto C.

Let
r = hy(u,v) y = ha(u,v)

be the inverse transformations. The Jacobian of the transformation is the determinant of the matrix
of partial derivatives:

oo o
=% % |
ou  Ov
The joint pdf of (U, V) is given by
fU,V<u7 U) = fX,Y[hl(ua U)a hQ(u7 U)]|J|

If the transformations are not one-to-one, we can partition the space A as before.

16



Example: Let X and Y be independent random variables with X ~ G(aq,),Y ~ G(as, 8). Let

X

= V=X+Y
X+Y *

Find the joint pdf of (U, V') and the marginals.
Solution: We have A as the positive quadrant of R?. Then C = {(u,v);0 < u < 1,v > 0}. The
transformations defined above are one-to-one from 4 onto C. We have

r=uv y=v(1—u),
and the Jacobian is v. We have
v U
7! :’ —v (1 —u) ‘ =
We have
1 a1—1 as—1 uv
Joy (u,v) T(o1)T(g) for+ee (uv) [v(1 — )] exp {_F}
‘e p[ v(l—u)}v
X _——
B
1 1 -1 1 -
= aq 1 — a2 a1taz—1_—v/B
T(a1)D(ag)fortos (1—u)* v e

for 0 < u < 1,v > 0. The joint pdf factors as the product of two functions, which implies U and V
are independent. We have U ~ Beta(ay,az) and V ~ G(aq + ag, ).

17



Example: Let X and Y be independent standard normal random variables. Let

X
U= v V=1Y].
Find the joint pdf of (U, V') and the marginals.
We have A = R%. Therefore C =R x RT.
If Y =0, we can define U and V' to be any value since P(Y = 0) = 0. The transformation is not
one-to-one, since (z,y) and (—x,—y) are both mapped to the same (u,v). We can partition the
support A into three regions

Al = {(:c,y),y > O}a -/42 = {(J:,y),y < 0}7 -AO = {(:c,y),y = O}

We have P[(X,Y) € Ay] = 0. The image of A; under the transformation is {(u,v),v > 0}. The
image of A under the transformation is also {(u,v),v > 0}. The inverse transformations on A; are

T = —uv y=—v
The Jacobians are both v. We have
1 2 2
fov(u,v) = gexp [— (u;) } exp {—%} v
1 (—uv)? (—v)?
+ o €XP { 5 } exp {— 5 |v|
2 1 2
= gexp{—(u —; )v], v>0ueR

The marginal pdf of U is
00 2 1 2
folu) = / Y exp [_u} dv
0

T 2
1
 orl4u?

which is the pdf of a Cauchy random variable.

18



The marginal pdf of V' is

fv(v) =

which is the Folded Normal distribution.
[ |
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Example: Let X and Y be independent U(0,1) random variables. Let U = X +Y,V = X — Y.
Find the joint pdf of (U, V') and the marginals.

We have A as the unit square. The space C is given by the figure below.

The transformation is clearly one-to-one. We have

X:U+V Y:U_V.
2 2
The Jacobian is 1/2.
We must have n
u+v uU—v
0< 5 <1 0< < 1,

which leads to
ut+v>0u—v>0ut+v<2u—v<2

Therefore,
fov(u,v) =5
over the region C.
The marginal pdf of U is
“1
fo(u) = / §d1}:u 0<u<l,

27u1
fo(u) = / §dvz2—u l<u<?2.
u—2

20



6.6 Covariance and Correlation

In the previous section, we have discussed the notion of independence of random variables. If two
random variables are dependent, can we measure the strength of their relationship?

In order to quantify the relationship, we introduce the ideas of covariance and correlation.
Definition: Let X and Y be two random variables with finite variances. The covariance of X
and Y is defined as

Cov(X,Y) = E[(X — px)(Y — py)] = E(XY) — pxpy- (6.21)

Cov(X,Y) will be positive when X — uy and Y — py tend to have the same sign with high
probability. Cov)X,Y") will be negative when X — pux and Y — py tend to have opposite signs with
high probability. Therefore, the sign of the covariance provides information about the relationship
between X and Y. However, the magnitude of the covariance does not in itself provide information
on the strength of the relationship since it depends on the variability.

Remark: Equation (6.21) defines an inner product on the linear space spanned by X and Y. We
have
<X, X >=||X|? Cov(X,X)=Var(X).

Definition: Let X and Y be two random variables with finite variances. The correlation of X
and Y is the number defined by

p(X,y) = ZXY) (6.22)

0x0y

The value p(X,Y) is called the correlation coefficient.

Example: Let
2, O<xrx<y<l;

fley) = { 0, ow.
Find p(X,Y).

21



Example: Let
1, O<z<liz<y<z+1;
OW.

Find p(X,Y).

We have fx(z) = 1;0 <z < 1. This implies ux = 1/2,0% = 1/12. The marginal of Y is

_J Y 0<y<l
fY(y)_{Q_y, 1§Z/<2-

We have iy = 1,02 = 1/6. Further E(XY) = 7/12. The correlation is 1/v/2.

22



Theorem 6.6.1. If X and Y are independent, then Cov(X,Y) =0 and p(X,Y) = 0.
Proof: If X and Y are independent,
COU(X, Y) = E(XY) — Ux Uy

E(X)E(Y) — pxpy
0.

If Cov(X,Y) =0, then clearly p(X,Y) = 0.
|
The converse of the result is not true. If p(X,Y) = 0, X and Y may still exhibit some form of

dependence. Covariance and correlation measure a particular kind of linear relationship between
X and Y.

Examples: Consider the random variable X with pmf

p(X=-1)=P(X =0)=P(X =1) =

Let Y be a random variable defined as follows:

[0, X £0:
Y—{ 1 if X =0

Then XY =0. E(XY) =0, E(X) =0. This implies
Cov(X,Y) = 0.

However, X and Y are clearly dependent.
[

Theorem 6.6.2. If X and Y are two random variables and a,b are constants, then
Var(aX +bY) = a’Var(X) +b*Var(Y) 4+ 2abCov(X,Y). (6.23)
|

From the theorem we see that if X and Y are positively correlated, the the variation in X + Y is
greater than the sum of the variations in X and Y. If the correlation is negative, the variance of
X +Y is smaller than the sum of the variances.

Theorem 6.6.3. For any random variables X and Y,
(a) =1 < p(X,Y) < 1.

(b) |p(X,Y)| =1 if and only if there exist numbers a # 0 and b such that P(Y = aX +b) = 1. If
p(X,Y) =1, thena >0, and if p(X,Y) = —1, then a < 0.

Proof: Without loss of generality, let ux = py = 0. Consider the function A(t) defined by

h(t) = E[(tX —Y)*] = E[I?’X? - 2tXY +Y? > 0.
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Since the quadratic function h(t) > 0 for all ¢, the discriminant must be negative. This implies

A[E(XY)]* —4E(X*)E(Y?) <0
< [2Cou(X,Y)
<

( — 4050y <0
& [p(X,Y)]

J?
1.
This proves part (a) of the theorem.

We also note that |p(X,Y)| = 1 if and only if the discriminant is equal to 0. This implies the
function A(t) has a single root. We see that h(t) = 0 if and only if

EI(X — Y)?] =0,
which implies
PtX-Y =0=1<PtX=Y]=1< PlY =aX]=1.

The root ¢ is Cov(X,Y)/0%. Therefore a has the same sign as the correlation coefficient.
|

Remark: If there is a line y = ax + b, a # 0 such that the values of (X,Y’) have a high probability
of being near this line, then the correlation between X and Y will be near +1. Therefore, the
correlation measures the strength of the ”linear relationship” between X and Y.

Example: Let
10, 0<z<lz<y<z+ &

= { 903
Find p(X,Y).

We have

2+1/10 |
feta) = [ fgin=

for 0 <x < 1,ie. X ~U(0,1). This implies pux = 1/2,Var(X) = 1/12. The conditional pdf of ¥’
given X = x is

1
flylz) =10 r<y<zT+ —,

10
ieY|r =z~ U(x,x +1/10). Therefore
E(Y|t) =+~
) =2+ —.
20
Using Theorem 6.3.1,
1
p=E(Y) = [ BYIX)fx(a)
0
1
= /(x+.05)d
0
_Lo1_u
2020 20



The conditional variance of Y given X = x is

Var(Y|X =z) = 500"

From Theorem 6.3.2, we have

1 1 11

2
- i Var (X ) =
o= Ta00 © a’r( +20) 1200 12

We also have

z+1/10
E(XY) = // 10zydydx

9 (z+1/10
= /10xy—
0 2,

- /Ol(x +20>dx

1 N 1 43
340 1207
Therefore 13 ] 1 1
XY)=—"-—x=—==—
Cou(X,Y) = 156 = 5 X 55 = 13
and

= 100

/_ 101
1200 + 12

Compare this with the previous example. Why are they so different? In both examples, there is a
linear relationship between X and Y, However, the relationship is much stronger for this example,

because knowing that X = z gives us more information about the value of Y.
|

1.0

0.8

0.4
I

0.2
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6.7 Multivariate Distributions

In the previous sections, we have considered bivariate distributions. We will now extend the defini-
tions given earlier to the case of three or more random variables.

Let X = (X,...,X,) be an n—dimensional random vector. Then X is a function defined from
the sample space S into R".

If the sample space of X is countable, then we can define the joint pmf by

plx)=P(Xi=x1,...., X, =x,)

for each @ = (z1,...,2,) € R". For any A € B",

P(X € A) = Zp(az

TecA

If X is a continuous random vector, then the joint pdf is a function f(z1,...,z,) that satisfies

P(XEA):/.../f(xl,...,xn)dazl...d:z:n.
A

The joint pmf and pdf satisfy the standard properties: they are non-negative functions and either
sum to one or integrate to one.

The joint cumulative distribution function is defined as
Flx)=P(X; <zy,..., X, <ux,).

If X is continuous, then the joint pdf is obtained as

an

Let g(x) be a real valued function defined on the sample space of X. Then ¢g(X) is a random
variable and

Elg(X)] = / T / T @)@ EgX)= Y px),

eR™

for the continuous and discrete cases, respectively. The properties of expectation carry over to the
case of multiple random variables.

We can define the marginal pmf or pdf of any subset of the random vector. We have

f(wl,...xk):/oo /00 flxy, ... xy)dxgyy ... dzy,

as the marginal distribution of (Xi,..., X}). The discrete case can be similarly defined.
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The conditional pdf of a subset of random variables given the values of the remaining variables is

defined as
flxy, ..., x,)

flzy,. . o)’

f(xk—i-lu SR ,$n|$17 .- Ik) -

provided the denominator is not zero.

6.7.1 The Multinomial Distribution

Consider the following experiment:

1. The experiment consists of n identical trials.
2. Each trial can result in one of k possible outcomes.
3. The probability of the i—th outcome is p; and remains constant from trial to trial.

4. The trials are independent.

We have .
i=1

Let X; be the random variable that records the total number of times outcome 7 is observed in the
n trials. We have

=n.

k
=1

(2

Then

P(Xllea---7Xk:$k): :[;1’ xQ,---,xk 1 ---Vr > 79 (624)
0, owW.

n n!
T1, To,..., Ty x1! ... xp!

is called a multinomial coefficient.
(X1,...,X}) is said to have a multinomial distribution with n trials and probabilities (py, ..., px).

where

To show the probabilities sum to one, we have an extension of the Binomial Theorem:

Theorem 6.7.1. Multinomial Theorem.

n!
n __ ZT1 Tk __
(p1+...pw)" = EA P TURT L SRR 1,
where A is the set of vectors (x1,...,x,) such that each x; is non-negative and _ x; = n.
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Theorem 6.7.2. The marginal pmf of X; is Bin(n,p;), i=1, ..., k.

Proof:
n! - v
T2,T3, s Tk
n!
— i 1 X

which is the pmf of the Binomial distribution with parameters n and p;.
Here we use the fact that o+ ...+ 2z, =n—xand ps+ ... +pr =1 — py,
|

Theorem 6.7.3. The joint mgf of X is given by

Mx (t) = E[et X] = (pre"™ + ... + pre™)™.
Here t X = t:X1 + ... + t1.X,.
Proof: We have

MX (t) — E[6t1X1+---+thk]

_ tiz; n 1 Tk
= E e pit.. Dy
Ty, T2,..., Tk

£
n xX xX
D 1 (N L e
= (pre™ + ...+ pre™)",

for all (¢1,...,t;) € R*. The last step follows from the Multinomial Theorem.
[ |

Remarks:

1. Letting all the t;.s equal 0, except for ¢;, we have

My.(t) = M(0,...,0,t0,...,0)
= (p+pe+...p)"
(1—p; +pz‘€t)n = (¢ +pi€t)nv

which is the mgf of a Bin(n, p;) random variable.
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MX17X2 (tb t2) = MX(tl, tg, .. ,O)
= [pie! + pae® + (1 — py — pa)]™,

which is the mgf of the Trinomial Distribution.

3. Using the form of the joint mgf, we have

0
a_tMX (t) = n(pletl 4+ ... +pk€tk)n_1p1€t1
1

82
Ot1tsy

Mx(t) = n(n—1)(pre"™ + ...+ pre™)"*preipye’.

Letting t; = 0, we have

Letting t; = t5 = 0, we have
E[XlXQ] = n(n — ].)plpg

4. Using the results in the previous step, we have

Cov(X1, X2) = n(n — 1)pips — n°pipa = —npipa,

indicating a negative correlation between X; and Xs.

Definition: Let X,..., X, be random vectors with joint pdf f(xi,...,x,). Let fx,(x;) be the
marginal pdf of X;. Then X,..., X, are said to be mutually independent random vectors
if, for every (xy,...,x,),

flay,. . mn) = ] fx (@),
i=1
If the X,’s are all one-dimensional, then Xi,..., X, are called mutually independent random
variables.

The definition for discrete random variables is similar.

Mutual independence implies that any pair of random variables are pairwise independent. It is a
much stronger statement than pairwise independence.

Theorem 6.7.4. Let Xq,...,X, be mutually independent random wvariables. Let gy, ..., g, be real
valued functions such that g;(x;) is a function of only x;,i =1,...,n. Then

Elg1(X1) ... ga(Xn)] = Elg1(X1)] . .. E[gn(Xn)].

Theorem 6.7.5. Let X1,..., X, be mutually independent random variables with moment generating
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functions Mx, (t), ..., Mx, (t) respectively. Let Z = X1+ ...+ X,,. Then
My(t) = Mx, (t)... Mx, (t). (6.25)
If all the n random variables have the same distribution with mgf Mx(t), then

My (t) = [Mx(t)]". (6.26)

Theorem 6.7.6. Let Xy,..., X, be mutually independent normal random wvariables with X; ~
N(ui,02). ThenY = a1 X1 + ... + a,X,, is normally distributed with mean

Py = a1y + ...+ Gpln

and variance
2

2 _ 2 2 2
oy =aj01 +...+a,0,.

Example: Let X, ..., X,, be mutually independent gamma random variables with X; ~ G(ay, ).
Then Y =X +...+ X, ~GO_ ay, 5).
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6.8 The Multivariate Normal

Let Y1,...,Y, be p random variables. Let Y be a p x 1 column vector, with the i— th element equal
to Y;. Then Y is a random vector.
Let p be the p x 1 vector

This is called the mean vector. The dispersion matrix or variance-covariance matrix is given by

o1 012 ... O1p
S=E(Y -y —pt)= | T
Opt Op2 --v Opp
where
oy =02 = Var(Y;)
and

045 = CO’U(Y;‘ Y)

=]

The dispersion matrix is a symmetric p X p matrix, with ¥ being non-negative definite (nnd). We
have
'3 = Z inxjaij =Var(x:Y1+ ... +2,Y,)
i
which is > 0 and =0 if ;Y7 + ...+ 2,Y, = 0..
The correlation matrix is given by

L pr2 P1ip
| a1 P2p
ppr Pp2 - 1

where
pij = Corr(Y;,Y;).

Let Zy,...,Z, be iid N(0,1) random variables. Let
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The joint pdf of 73, ..., Z, is given by

1 p/2 1 p )
f(zla"-azp) = (%) exp{—ﬁzzi}
p/2 -
= (%) exp {—%sz}
We have
E(Zy)
E(Z,)
E(Z)=| .| =0,

E(2,)

the zero vector. The dispersion matrix is given by
S=F[ZZ" =1
This is the pdf of Z, the p—variate standard normal N,(0, I).
Theorem 6.8.1. Let Z ~ N,(0,I). The moment generating function of Z is

my(t) = Blet Z) = cap(t't)2),  teRP

Proof:

my(t) = E(t)
E(et121+...+thp>

p p
_ E( tiZi) _ t2/2
e =l

Dot

= eXim 2 = exp(t't)2)
for all t € R”.

Theorem 6.8.2. Let Z ~ N,(0,I). Let o be any non-zero vector of constants and B a scalar.
Then
X=aZ+p~Np aa).

Definition: A random vector Y is said to have a multivariate normal distribution with mean
vector p and dispersion matrix ¥ (nnd) if it has the same distribution as that of u + AZ, where
Z ~ N,(0,I) and A is any nonsingular (or such that p(A) = p(X) = K > 0) matrix such that
AA =3 [If 3 > 0, then A is of rank p and square; otherwise, A is of order p x K and of rank
= K.) We write Y ~ N,(p, X).
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Theorem 6.8.3. Let Y ~ N,(p,X). The moment generating function of Y is
my (t) = exp [tlu + %tIEtl :
Proof:
my () = Bt Y)
_ E(et'(wAZ)
_ et'uE(e(t/A)Z)
_ et/“E(e(A,t)lZ) _ et/“E(el/Z)
= et/“exp(l,l/Q) = et/“exp{(t,AAlt/Q)}
= exp [tlu + 1t/Et}

2

To obtain the density of the multivariate normal, we use the theory of transformations. Let A be
nonsingular, which implies X is positive definite. If

Y=pn+AZ
then Z = A™'(Y — ). The Jacobian of the transformation is

0Z
Jl=|~|=1A7""=[="
7] ’E)Y (A7 =[]

The pdf of Y is then given by

Theorem 6.8.4. Distribution of a linear combination. LetY ~ N,(u,X). Let B be a p x ¢ matric
of constants and b a q x 1 vector of constants. Then

V =BY +b~ N, (Bu+b,BEB).

The proof uses the mgf of Y.
|

Theorem 6.8.5. Let Y ~ N,(0,0°I). Let V.= PY, where P is orthogonal. Then

V ~ N,(0,0°1).
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[
An orthogonal transformation preserves the distribution.

Theorem 6.8.6. Reproductive Property: LetY ; ~ Ny(p;, %;),i = 1,...,n. Then for fived constants
ai,...,0,, we have

V=Y +...+aY,~N, (Z a;p;, Z a?Ei> .
|
Corollary 6.8.7. Let Y; ~ N, (n,X),i =1,...,n be iid random vectors. Then

— Y,+..4Y, 1
vyttt NNp<y,,—E>.
n

n

6.8.1 Marginal and Conditional Distributions

Let v
Yp><1 = |: Y; :| )

where Y is a ¢ X 1 vector. Partition g and 3 appropriately.
Theorem 6.8.8. If Y ~ N,(u,X), then

Y~ NQ(I“'h 2311)-

Proof
Choose the ¢ x p matrix B = [I,+, : 0]. Using the previous result, we have

BY = Y1 ~ Nq(/,bl, 211).
[

Theorem 6.8.9. IfY ~ N,(p,X), then Y| and Yy are independent iff
212 == 07 221 =0.

Proof: We have

my(t) = EeY)

Xt N ADMPY N t, Y01t N t’2222t2}

= exp |:t1/'l’1 +topy + 5 5 5 5

If 315 = 0 and X5, = 0, then the moment generating function reduces to

t,Yo0ts
2 b

/

t, 3t

my (t) = exp {tlllﬁl + ] exrp {téﬂz +
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implying independence.
If they are independent, then the covariances must be 0. l

6.8.2 Conditional Distributions

Theorem 6.8.10. Let Y ~ N,(u,X), with R(X) = p. The conditional distribution of Y1 given
YQ = CQ 18
Nq(ﬂ,l + 21222_21<CQ — HQ), 2112),

where
Y2 =21 — 21222721221-

Proof: The joint pdf of Y1, Y, is the distribution of Y:

27

fly) = ( ! )m IETl/zexp{—%(Y —u)2NY - u)}.

We have .
-1 _ X1 X _ (X1 — 21222_21221]_1 —21_1121222_21,1
o1 o _22_2122121_11.2 22_21.1 .

The quadratic form in the exponent of the pdf may be written as

(Y - N)lE_I(Y - N) = (Yl - Hl) E1_11.2(Y1 - llq)
- (Yl - Hl) 21_1121222_21.1(02 - N2)
- (02 - N2) E2_21.122121_11(Y1 - #1)
+ (Cy— py) 3551 (Ca — py)
= Ql-
We have )
Y
Yily, =Co) = — =~
f( 1’ 2 2) fYQ(CQ)

The marginal distribution of Yo ~ N,_,(ft9, X22). Therefore

1\%? | 30| 1/2 1 A
f(Yilys) = Gy I=[1/2 exrp —§Q1+(02—H2) 35 (Co—py) ¢

We have |X| = |3gs| |2112]. The term in the exponent reduces to

[(Yl - M1) - 21222_21(02 - /’LQ)]Izl_llQ[(Yl - Nl) - 21222_21<C2 - HQ)]-
For Y5 fixed at C5, the term
py E1222_21(02 - H2)

is fixed. Therefore
Y1|Y3 ~ Ny(py + 21285, (Ca — py), Bi12),
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The equation
ElY1|Y 3 = Ca] = py + 21255, (C2 — p1,)

is called the regression of Y'; on the variables in Y.
[ |

Remarks: The mean of the conditional distribution depends on the Cs, but the conditional variance
is the same for all values of Cs.
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