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Introduction

The second year internship in the ENS offers the possibilty to get a better understanding of
one particular domain of informatics. In my case, it was the occasion to see more of game and
automata theories. Thanks to the advice of D. Berwanger and N. Fijalkow, I contacted N.
Piterman who offered me to work on p-automaton, a kind of automata that uses games in its
acceptance condition.

p-automata were created by N. Piterman, M. Huth et D. Wagner in 2010 in [I]. This new
type of automata generalises alternating automata to read Markov chain. The acceptance
condition is a two player game that checks whether the paths of the input Markov chain satisfy
the p-automaton. As p-automata are recent, they are still evolving a little.In [2], N. Piterman
simplifies the acceptance game.
My internship aimed to deal with an important question about p-automata: the emptiness
problem (Given one p-automata, is the accepted language of this automaton empty?).

An application of p-automata can be found in verification. In [I], it is proved that given a
PCTL formula, we can create a p-automaton that accepts the Markov chains that satisfy the
formula. Thus the satisfiability problem (Given a PCTL formula, does there exists a Markov
chain satisfying that formula?) can be easily reduced to the emptiness problem.

N. Piterman made me learn the concept of p-automaton by successive steps, by proving the-
orem on structures increasingly close to p-automaton. In the first part, I will describe some of
those steps.

Then, you will learn what a p-automaton is and I will describe the main problem that was tackled
during the internship: the emptiness problem for qualitative p-automaton.

Some problems were interesting but could not be finished in time, I will describe them in the last
part.



1 From word automaton to p-automaton

1.1 Automata on infinite words

Automata on finite words were supposed to be known, so the first thing I had to learn was the
generalisation to infinite words. Automata on infinite words (called w-automata) mostly use four
different acceptance conditions: Biichi, Rabin, Street and Parity conditions.

Definition 1: An infinite word on an alphabet X is a function from N to X.

Definition 2: A non-deterministic Biichi Automaton over words is a tuple M = (X,S,1,p, F),
where S is a finite set of states, ¥ is an alphabet, p: S x ¥ — 2° is the transition relation,
I C S is the set of initial states, and F' C S is the set of final states.
A run of a non-deterministic Biichi Automaton M = (X,S,1,p, F) on a word w is a word
m on S such that m(0) € I and for all i € Nym(i+ 1) € p(m(3),w(q)).
A run m on w is accepted iff there is an infinite number of ¢ € N such that m(i) € F.
The language accepted by a non-deterministic Biichi Automaton M is the set L(M) of all
infinite words w such that there is an accepting run of M on w.

Definition 3: A deterministic Rabin automaton over words is a tuple M = (X, S, so, p, F'), where
S and X are the same as in the definition of non-deterministic Biichi automaton, p: Sx ¥ —
S is a partial function called the transition relation, sy € S is the initial state, and F is a
set of pair of set of states F = {(E1, F1), ..., (En, Fy)}.
A run of a deterministic Rabin automaton M = (X, S, so, p, ') on a word w is a word m on
S such that m(0) = sp and for all i € N,m(i + 1) = p(m(i), w(i)).
A run m on w is accepted iff there exists i such that Fj; is visited infinitely often whereas E;
is not. The language accepted by a deterministic Rabin automaton M is the set L(M) of all
infinite words w such that there is an accepting run of M on w.

Theorem 1: Let M = (3,5,1,p, F) be a non-deterministic Biichi automaton, there exists a
deterministic Rabin automaton M’ = (X, 5, so, p, F') such that L(M) = L(M').

The proof that I made of this theorem can be found in the appendix 1. This theorem was
previously prooved by S. Safra in [3]. An interesting fact is that non-deterministic Biichi, Rabin,
Street, Parity automata and deterministic Rabin, Street and Parity automata recognize the same
languages but deterministic Biichi automata are strictly weaker. Proofs of these can be found in

[4].
1.2 Automata on trees

We want to get an automaton that reads Markov chains, as words are far from Markov chain, the
next kind of automaton I worked with read trees. Deterministic automaton on trees are really

A A

weak, they cannot for example recognize the language @ ; @ @

/
Hence instead of making a determinisation theorem, I made a link between non-deterministic
automata and alternating automata (which are one step closer to p-automata).



Definition 4: Let D C N be the set of arities such that if d € D then for every 0 < d' < d we
have d' € D. A D-tree is a set T C D* such that if x.n € T, for x € N*,n € N, then x € T,
ne€Dand x.m e T for all 0 <m < n.

A Y-labeled D-tree is a pair (T, V), where T is a D-tree and V : T — 3.

An infinite path or branch on a D-tree T is a set P C T such that ¢ € P and for every x € P
there exists a unique ¢ € N such that z.z € P.

In a tree (T,V), we define for every node of T arity(x) = [{i|z.i € N}|.

Definition 5: A non-deterministic Biichi Automaton over D-trees is a tuple M =
(X,D,S,I,p,F), where S is a finite set of states, ¥ is an alphabet, p is the transi-
tion relation such that for every s € S,0 € ¥, and d € D we have p(s,0,d) C (S9)*, I C S
is the set of initial states, and F' C S is the set of final states.
A run of a non-deterministic Biichi Automaton M = (X, D, S, 1, p, F) on a ¥-labeled D-tree
(T, V) is a S-labeled D-tree (T, r) such that r(¢) € I and for all z € T',3d € D, x has arity
d and (r(x.1),...,r(z.d)) € p(r(z),V(z),d).
We focus on two acceptance conditions of a run:

e Finite tree acceptance : a run (T,r) is accepting if and only if there is no infinite path
and every leaf x verifies r(z) € F and no false transition are taken.

e Biichi acceptance : a run (T,r) is accepting if and only if there is no finite path and for
every infinite path P in (T, r), there exist infinitely many x € P such that r(z) € F
and P does not take any false transition.

The language accepted by a non-deterministic Biichi Automaton M is the set L(M) of all
Y-labeled D-trees (T, V) such that there is an accepting run of M on (T, V).

Definition 6: Let BT(S) be the set of formulae using true, false, V, A and propositional vari-
ables from S.
An Alternating Biichi Automaton over D-trees is a tuple A = (X, D, S, so, p, F'), where S is
a finite set of states, X is an alphabet, D is the set of arities of nodes, F is a set of accepting
states, sp € S is an initial state and p: S x X x D — BT(N x S) is the transition function
such that p(s,0,d) € BT ({1,...,d} x S). .
A run of an alternating Biichi Automaton A = (X, D, S, s¢, p, F') on a X-labeled D-tree (T,
V) is a T x S-labeled tree (7}, 7) such that:

1. e € T, and r(g) = (e, s0)-

2. ify € T, with r(y) = (z, ) and p(s,V(z),n) = 0 (where n is the arity of x), then there
is a (possibly empty) set H = {(c1,51), ..., (¢n, $n)} € N x S, such that the following
hold:

e H satisfies 6, which means that 0 is true if we set every state in H as true and
every state in S\H as false.
o forall 1 <i<mn,y.i€T,, and r(y.i) = (z.c;, $;).

We focus on two acceptance conditions of a run:

e Finite tree acceptance : a run (7, 7) is accepting if and only if there is no infinite path
and every leaf x veryfies r(x) € F and no false transition are taken.

e Biichi acceptance : A run (7, 7) is accepting if and only if for every infinite path P
in (T,,r), there exist infinitely many = € P such that r(z) € Fand every finite path
either reads a transition true or ends on an accepting state.



The language accepted by an Alternating Biichi Automaton A is the set L(A) of all 3-labeled
D-trees (T, V) such that there is an accepting run of A on (T, V).

Alternating automata and non-deterministic automata recognize the same languages. The
proofs of the three following theorems are in the appendix 2.

Theorem 2: For every non-deterministic Biichi automaton on D-trees A, there exists an
alternating Biichi automaton on D-trees A" such that L(A)= L(A").

Theorem 3: For every alternating Biichi automaton on D-trees with finite tree acceptance A,
there exists a non-deterministic Biichi automaton on D-trees with finite tree acceptance A’
such that L(A)= L(A").

Theorem 4: For every alternating Biichi automaton on D-trees with Biichi acceptance A, there
exists a non-deterministic Biichi automaton on D-trees with Biichi acceptance A’ such that

L(A)= L(A).

Once again, those results were already known, check [5] for an alternative proof.

1.3 Emptiness problem for alternating Biichi tree automata

p-automata are an adaptation of alternating automata to Markov chain. It was thus natural
to work a little on the emptiness problem of alternating Biichi tree automata (ABT). For this
purpose, we created a game such that the input automaton accepts a tree if and only if player 0
has a winning strategy. It is left to decide whether player 0 has a winning strategy but this has
already been done for games with Biichi condition (see [6]).

Definition 7: An arena is a triplet A = (Vp, V1, E) where V is the set of vertices of the player
o, Vo and Vp are disjoint, we denote V =1y U V) and E C V x V is the edge relation.
The set of successors of v € V is vE = {v' € V|(v,v) € E}.
An infinite play in an arena is a path 7 = vgvi... € V¥ such that for all 4, v;41 € v; F.

Definition 8: A game G = (A,W) is defined by an arena A and a winning set W C V<.
player 0 is called the winner of a play « iff 7 € W, otherwise player 1 is the winner.
Let X : V — C be a function mapping the vertices to a finite number of colors C. This func-
tion is called the coloring function. We extend X to play such that X (7) = X (z9) X (z1)....
The winning set Wx derived from the Biichi condition is the set that consists of all the
infinite plays m where Inf(X (7)) N F' # () for a chosen set F' C C of accepting colors.
The winner of a finite play is the player whose opponent is unable to move.

Definition 9: Let A be an arena, o € {0,1}, and f, : V*V, — V a partial function. A prefix of
a play m = vgvy...v; is said to be conform with f, if, for every i with 0 < ¢ < [ such that



v; € Vg, the function f, is defined at vg...v; and we have vi11 = fy(vg...v;). We call f, a
strategy on U C V if it is defined for every prefix of a play that is conform with it and
starts in a vertex in U.

For a game G = (A,W), a strategy f, on U is a winning strategy if all plays that are
conform with f, and start in a vertex in U are winning for player o (i.e. in W iff 0 = 0).

Let A= (%, D,S,so,p, F) be an alternating Biichi automaton.
We construct the game G4 = ((Vo, V1, E), W) where:

o Vo = {((a1, .. k), (st -oap)) Vi, ; € BT (N x S) and Ji,o; & {true} U {false} UN x
S}U{((ﬁla 75k’) (Bk-l—laﬁk”)‘vza/ﬁz € S}U{f@lse}
o Vi ={((a1,...,p), (g1, ...apr))|Vi, ; € {true} U{false} UN x S} U {true}

o E={(((v, ) 1y )5 (V1 %)s Vg i )
3i€N7m227¢17"-¢m€B+(NXS)77i: \/ ¢n and Elj,fy{:gijn#zyy;:'yZ}

n=1..m

UL o 8)s it - 7m)) s (V15 -0 Vh)s Vs -7k )))
JieN,m>2¢1,..0m €BT(NxS), v = /\ bn and ¥ = ¢1, B2, ooy G V0 # i,y = i}

U{(((a1y vy @), (@t 1y eeetr), ((By eey Br)s (5n+1,. L)) Vi, o € {true} U{false} UN x S,
and there exists 4, {f1, ..., On} = {g;l7 < k and o = (4,¢;)} and {Bn41, ..., B } = {qjl7 > k
and o = (i aj)}}

U{(((a1y ey @), (Qhot1, -c0r)), false)|TFi, a; = false}
U{(((a1y ey @), (Qpg1, o)), true) Vi, o = true}
U{(((q1, - ,qk) (st ), (P15 ooy D)y (Grt1, --- Pk )))| there exists a € X of arity d such

that for all ¢, there exists j such that ¢; = p(g;, a,d) and either k>0 then we have j > n iff
i>korg €F or k=0 then we have j <n} .

e The winning condition in this game is derived from a Biichi condition, the coloring function
is X such that X(s) =0 iff s = ((), (s1, ..., S)) for some s1,...,5, € S and k € N*. 0 is the
only accepting color.

Theorem 5: The language of the automaton A is not empty iff player 0 has a winning strategy
starting from the state ((so), ())-

The proof is in the appendix 3.



2 The emptiness problem of qualitative p-automata

2.1 P-automata and acceptance games

Definition 10: A p-automaton A is a tuple (3, Q, 6, ™", ), where ¥ is a finite input alphabet,

Q is a finite set of states, 6 : Q — BT(Q U [Q]), where [Q] = {[¢]>o0, [¢]>1lq € Q}, is the
transition fuction, ¢ € B*([Q]) the initial condition and o C @Q an acceptance condition.

Intuitively, a state ¢ € @ of a p-automaton and its transition structure model a probabilistic
path set. So [¢]sp holds in location s if the measure of paths that begin in s and satisfy ¢ is > p
(a path is winning if it visits « infinitely often).

Formally, for a p-automaton A = (3, @, d, ¢, o) and a Markov chain M = (S, P, L, s™), we decide
whether A accepts M by a reduction to a turn-based stochastic Biichi game with obligations (this
reduction was introduced in [2]).

We construct a game Gy, 4. A configuration of Gys 4 corresponds to a subformula appearing in the
transition of A and a location in M. Configurations with a term of the form [g[u, correspond to
obligations. All other configurations have no obligations. Let Gyra = ((V, E), (Vo, V1, V}), &, G),
where :

o V=25xc(6(Q,%)) with cl(®) = Z cl(p) for @ a set of formulae and for ¢ a formula cl(y)

pcd
is the set of subformulae of .

o Vo ={(s,¢1Vipo)ls € Sand 1 Vs € c(d(Q, X))}

o Vi ={(s,91 ANpa)|s € S and 11 Ahs € cl(6(Q,X))}.

eV, = S x (QU[Q]) represents the set of probabilistic states. From ¢ € V,, we have a
probability x(c,c’) to go in ¢'.

o B = {(s,91 A2); (s, ¢))li € {1,2}} U {(s, 91 V 4ha); (s, 9))i € {1,2}}U
{(s, [aloap), (5", 0(q, L(s))))|s" € succ(s)} U{(s,q), (s',6(q, L(s))))|s" € succ(s)}.

o x((5:9); (5',6(q, L(5)))) = K(s, [alop), (5, 6(gq, L(s)))) = P(s, ).
e G = (d,0), where

— For g € Q and p € [0;1] we have (s,q) € &' & g€ a, (s,[q]wp) €' & g€ .

— For ¢ € Q and p € [0;1] we have O(s, [¢]p) = >p. For every other configuration ¢, we
have O(c) = L. An obligation raised in a configuration (s, [¢]sp) is satisfied if, with
the chosen strategy, the measure of paths starting in this configuration and that reach
a satisfied obligation or that visit o infinitely often without raising a new obligation
is > p.

The Markov chain is accepted if and only if player 0 has a strategy from the configuration (¢™; s)
in Gz such that the first obligation raised (there is one as ¢'™ is a conjonction of elements of
[Q]) is satisfied. The language of A is L(A) = {M|M is accepted}.

We call qualitative a p-automaton were < p is restricted to {> 0;> 1}.

Theorem 7: Given a p-automaton A = (X, Q, 5, ¢, a), its language L(A) is well defined.

Theorem 8: Let A = (3,Q, 6, $™, a) be a p-automaton, there exists a finite set of p-automata
Ai = (3,Q,8,6™, ) such that ¢{" is a conjunction over [Q] and L(A) # 0 iff Ji, L(A;) # 0.
Furthermore, the number of automata A; is at most exponential in the number of states
of A.



Theorem 9: Let A = (X,Q,d,¢™, a) be a qualitative p-automaton where ¢ is a conjunction
over [Q] then there is a p-automaton A’ = (3,Q U {qo},d, 9", ) such that L(A) # ) iff
L(A") # () and ¢™ is a conjunction over [Q] that contains at most one literal in {[q]<o|q €

Q}.

From now on, when dealing with a qualitative p-automaton, we assume that ¢™ is a conjunction
over [Q] and contains at most one literal in {[¢]solq € Q}.

Definition 11: A choice is G € 29%(@UIQD | For a choice G and q € Q, let G(q) = {c|(¢,c) € G}.
For an automaton 4 = (X,Q,0,¢™, a),G C Q x (Q U [Q]) is feasible for a letter a iff

Vg € Q,G(q) =0 or G(q) = (g, a).
Let & denote the set of all feasible choices.

Definition 12: A p-obligation over a set of states () and an alphabet X is a label of the form
(O, Z, k) where O, Z are subsets of QU [Q], k € X.
Clearly the number of such p-obligations is exponential in the number of states of () and
linear in the size of 3.

2.2 A complex emptiness game
Let A= (%,Q,6,¢™, a) be a qualitative p-automaton.
We construct the game G4 = ((Vp, V1, E), W) where:
o Vo = 20UIRL 5 92QUIRL  {¢ n} x 2@%(QUIRD y 2@UIR] % 2QUIRL x {¢,n} x .

o V1 = 2QUIRL 5 9QUIRL x {p} x .

oE =
OZkG)(OZpl, ’aEZ}
1oz 3[q] 0€0UZ 7 ={q},
{ (0,Z,p1,a),(0', 2", n,a)) O'=>OH(QU[[Q]]21)UZQ[[Q]}21 }
a7 Z,:ZﬂQ,
@ Zmn@.2560)| 67N o vzl

k € {c,n},G is a choice feasible for a where for allt € OU Z,
g=tiftcQ, gl =tift € [Q], G(q) = d(g,a)

2" = Uyeznq Gla)

0 = (UteOmQ G(t)) U (qu(OUZ)ﬂ[[Q]]Zl G(q))

Intuitively, configurations of the form (O, Z, k, G) are player 0 states, which correspond to
a location of a Markov chain. From such configurations, player 0 chooses a letter to label
the location.

In such a configuration, player 0 needs to show that all the unbounded states in O accept
with probability 1, that all the unbounded states in Z accept with positive probability, and
that all bounded states in both O and Z satisfy their obligations.

Accordingly, after player 0 chooses the letter, the configuration is a player 1 configuration of
the form (O, Z, p1,a) and it is the choice of player 1 whether to continue with the same >0
obligation (going to a configuration of the form (O, Z, ¢, a)) or to follow a new >0 obligation
(going to a configuration of the form (O, Z,n,a)).

After the choice of player 1, it is the turn of player 0 to choose how to satisfy the transitions
of all the states of A she is following simultaneously. player 0 does this by making a choice
G feasible for a and moving to a configuration of the form (O, Z, k, G).

U ((07 Z’ k? a)?(0/7 Z/’ k? G))




e Consider a play
™ = (Oo, Zo, C, @), (Oo, Z(),pl, ao), (06, Z(/), kl, a()), (01, Zl, k1, Gl), (01, Zl,pl, al)(O’l, Zi, kl)
A run totqty... is possible in 7 iff Vi > 0,t; € O; U Z; and for t; = ¢; or t; = [¢i]sep we have
(¢, tiv1) € Gig1.

A run tgtite... is bounded iff it is possible in 7 and t; = [g¢i]p infinitely often
(>ap € {>0,>1}).

A run tptqto... is unbounded iff it is possible in 7 and there exists i such that Vj > i,t; = g;.
That is, a run is unbounded iff it is not bounded.

A run totits... is existential iff it is possible in 7, unbounded and the last time that ¢; € [Q],
we have t; = [¢:]>o.

A run tptits... is universal iff it is possible in 7, unbounded and the last time that ¢; € [Q],
we have t; = [[QiHZL

A play is winning for player 0 if all of the following hold:

1. Every bounded run totits... verifies t; € a U [a] infinitely often.
2. Every existential run tgtite... verifies t; € a U [«] infinitely often.

3. Every universal run tgtito... verifies t; € a U [«] infinitely often or k; = n infinitely
often.

Otherwise it is winning for player 1.

Theorem 10: The language of A is not empty iff player 0 has a winning strategy starting from
a location (O, 0, ¢, 0) where O |= ¢™.

It is the most important result of my internship, you can find the proof in the appendix 4.

2.3 Translation to a Parity game

Unfortunately, this game does not follow an usual winning condition. We decided to transform it
to a parity game by making the product of G4 with an automaton on words that reads the play,
decides if the play is winning and follows a parity condition.

We first construct three automata, each checking one kind of run.

Part 1: the bounded runs

We construct the non-deterministic Parity automaton on words B, = (X', Q’, 4, sg, F') where :

b Ql = (Q X {1), b}) U {507 Sreject}
o X =WuW

e For ¢ € Q, a p-obligation (O, Z, k), a choice G and a € ¥,

8 (s0,(0,Z,k,G)) = {(¢,0)|[¢]lsp € O} if (0,Z,k,G) = (0,0,¢,0) where O |= o,
8" (50, (0, Z,k,Q)) = {Sreject} in the other case.
"((q,v),(0,Z,k,G)) ={(d',v)ld" € G(q) N QY U{(¢,0)|[¢]op € G(a)}-
'((¢,0),(0,2,k,G)) = {(d,v)lg € aandq € G(q) or [¢']oep € G(g)} UA{(d,0)lg ¢
aand ¢ € G(q) or [¢'Tep € G(g)}-
5,(37‘eject7 (07 Z; k7 G)) = {Sreject}~
For i € {v,b}, 6'((¢,7), (0, Z, k,a)) = {(q,7)}.
we are in (g, b) if we raised a new obligation recently, we are in (g, v) if we visited « recently.



o Q) x {v} has parity 3, @ \ a x {b} has parity 2 and «a x {b,v} has parity 1.

Theorem 11: Let 7 be an infinite play, the word associated to 7 is accepted by By iff there is a
bounded run in 7 that is winning for player 1.

Part 2: the universal runs

We construct the non-deterministic co-Biichi automaton on words B, = (X', Q’, 8, so, F') where :

i Q, = (Q X {b7 C,TL}) U {307 Sreject}
o X =1puW

e For ¢ € Q, a p-obligation (O, Z, k), a choice G and a € X,
5/(5()’ (0,7, k} G)) = {(q, b)H[Q]]Np € 0} U {(q, C)|[[Q]]21 € 0t it (0,Z,k,G) = (O, 0,c, (D)
where O |= ¢, §(s0, (0, Z,k,G)) = {Sreject} in the other case.
"((q,0), (0,2, k,G)) ={(¢,0)|¢" € G(g) N Q or [¢]oep € G(0)} U{(d, 0)[d']>1 € G(a)}-
'((q,¢),(0,Z,k,G)) ={(d,0)ld' € G(g) NQ,k #n}U{(d',n)|¢' € G(g) NQ,k = n}.
"((q,n),(0,Z,k,G)) ={(d’,0)ld’ € G(a) N Q, k #n} U{(d ,n)ld’ € G(g) NQ, k =n}.
5/(3reject7 (07 Z,k, G)) = {Sreject}~
For i € {b,e,n}, §'((¢,1), (0, Z,k,a)) = {(q,1)}.
we are in (gq,b) until we raise the obligation that player 1 wants to follow, then we are in
(g,m) or (q,c) depending on if the last location visited had k = n or not.

o F=(Q x{bn})U(ax{c})

Theorem 12: Let w be an infinite play, the word associated to 7 is accepted by B, iff there is
an universal run in 7 that is winning for player 1.

Part 3: the existential runs

We construct the non-deterministic co-Biichi automaton on words B, = (X', Q’, ', so, F') where :

o Q' = (Q x{be})U{so,sreject}
e X =1uW

e For g € Q, a p-obligation (O, Z, k), a choice G and a € ¥,
5/(807 (07 Zv ky G)) = {(Q7 b)’[[‘l]]mp € O} U {(q7 e)]ﬂqﬂ>0 € O} if (Ov Z7 kv G) = (07 (Da ¢, @)
where O = ¢, 0'(s0, (0, Z,k,G)) = {sreject} in the other case.
6'((¢,0),(0,Z,k,G)) = {(d',b)|ld" € G(q) N Q or [¢']p € G(q)} U{(d,e)l[¢']>0 € G(q)}.
§'((g,€),(0,Z,k,G)) = {(d;e)ld € G(a)}-
6/(5reject7 (O, Z,k, G)) = {Sreject}~
For i € {b,e}, §'((q,1),(0,Z, k,a)) = {(q,7)}.
we are in (q,b) until we raise the obligation that player 1 wants to follow, then we are in
(g,e).

o F'=(Qx{b})U(ax{e})

10



Theorem 13: Let 7 be an infinite play, the word associated to 7 is accepted by B, iff there is
an existential run in 7 that is winning for player 1.

Part 4: application to the game

Let C be the automaton resulting of the complementation of the union of By, B, and B,,.

Theorem 14: Let 7 be an infinite play, the word associated to 7 is accepted by C'iff this play is
winning for player 0.

Theorem 15: The language of A is not empty iff player 0 has a winning strategy in G4 x D
starting from a location ((O,0, ¢, ), sg) where O |= ¢™.

As this game follows an usual acceptance condition, there already exists an algorithm solving
this kind of game.
So, what is the complexity of the algorithm we made for the emptiness problem? If we can prove
that player 0 has a winning strategy in G 4 x D if and only if he has a memoryless winning strategy
(we are convinced that it is true but we did not prove it yet), then this algorithm is in EXPTIME.
Moreover, [I] gives a polynomial reduction of the satisfiability problem of a PCTL formula to
the emptiness problem of a p-automaton. As the satisfiability problem for qualitative PCTL is
EXPTIME-complete (see [7]), this implies that the emptiness problem for qualitative p-automaton
is EXPTIME-hard. Thus, assuming that our conjecture holds, it is EXPTIME-complete.
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3 Linked problems

The former theorem gives an algorithm that decides if a Markov chain is accepted by a qualitative
p-automaton. We then tried to make games that give a more precise answer.

3.1 Emptiness game, finite case

Can we change the former game so that player 0 would have a winning strategy in the game if
and only if the p-automaton accepts a finite Markov chain? Here is the game that we created to
answer this question.

Let A= (%,Q,6,¢™, a) be a qualitative p-automaton.
We construct the game G4 = ((Vo, V1, E), W) where:

[ ] ‘/0 = QQU[[Q]] X 2QU|IQ]] X {C"n/7 Ce,ne} X QQX(QUHQH) U 2QU[[Q]] X 2QU|IQ]] X {C’n’ce’ne} X E
o 1 =2QUIRL 5 2QUIRl x {p) 0,e} x .
o F =

.2, k,G), (0, Z,pl,a))’ ke{en}aes }
0, Zk G),(0,Z,0,a)) ‘ ke{c,n},aeclx }
/ 7'=72nQ,
021,007 | 5~ 610 (U101 0 20 [0l |
(0, Agls0 € OV Z, 2" = {4},
O'=0n(QU[Q[>1) U ZN[Q]>1
k € {c,n},G is a choice feasible for a where for all t € OU Z,
g=tiftte Q,[qlp =tift € [Q],G(q) E (g, a)
7' = quZmQ G(q)
0 = (UteOmQ G(t)) U (qu(osz)m[[Q]]21 G(q))
7'=7ZNQ,
O'=0nQU[Q]>1)UZN[Q]>
1ol g]s0 € OUZ, Z" = {q
O Z, o, a O 24, a)) O[E ]]: on (QU HQ]]EI){U}ZD [[Q]]Zl }

((0,Z,0,a),(0",Z",0, ce, ))‘Z/:ZOQ’ }

U Z,p1,a), (0,72 ,n,a))

0,7,k a),(0, 7' k,G))

U

-

0'=0n(QU[Q]>1) U ZN[Q]>1
O ZOCL O/ Z/ Z// n67 )) Z :ZHQ7E|[[Q]]>0€OUZ7Z :{q}a }

0'=0nN(QU[Q]>1)UZN[Q]>
(0,21, Z2,k,G),(0,Z1, Za,e,a)) | k € {ce,net,a€X }
Z'=7;NQ
/ ! ! 7 ? 9
(0.2 226,00 A Zyewa)| 6 580G Ut Uz el )
Z1=211Q,3q]>0 € OU Z1 U Zy, Zty = {q},
0,7,2 0,7, 7 ne 1= 21 2
1, 42,¢€, a) ( y 415 495 T 7a)) O — OQ(QUHQHZQ (Z1UZz)ﬁ [[Q]]Zl
k # e, G is a choice feasible for a where for all
teOUZ1 U Zy,
UQ (0,21, 22, k,a),(0', 21, Z4, k., G)) | a=tift € Q, gl = tif t € [Q), G(q) = (g, 0)
Z; = quZ,nQ G(q)
0 = (UteOmQ G(t)) U (qu(0uzluz2)m[[Q}]Zl G(q))

U
U
U

U

bt

o

E
u{ ((0,Z,0,a), O’Z’ca))‘
L

L

L

{((

1

L

The game starts similarly as the previous one: in (O, Z, k, G), player 0 chooses a letter that
leads to (O, Z,p1,a) where player 1 chooses the >0 obligation that he wants to follow and
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in (O, Z,k,a), player 0 creates the choice feasible for a.

But from a configuration (O, Z, k,G), player 0 can also go to a configuration of the form
(O, Z,0,a). This offers the choice to player 1 to either continue the first phase by going to
a location (O, Z', k,a) with k € {¢,n} or to go to the second phase by choosing a location
(0", Z', 7" k,a) with k € {ce,ne}. From this point onwards, the only configurations visited
have the form (O, Z1, Z2, k,a) and (O, Z1, Zs, k,G) with k € {c, ne, e} corresponding to an
end component of the input Markov chain. Player 0 chooses a letter in (O, Z1, Zs, k, G) and
a choice in (O, Z1, Za, k,a) with k € {ce,n.} and player 1 chooses which obligation he wants
to follow in Zs. It is similar to the previous game except that player 1 can not change the
obligation in Z; and he can add another obligation in Zs, player 0 has to follow Z; and Zs
simultaneously.

e The definitions of play, possible, bounded, unbounded, universal and existential run are as
before.
A play is winning for player 0 if all of the following hold:

1. If there is an existential run in this play, there exists ¢ € N such that k; = e or k; = o
infinitely often.

2. Every bounded run tyt;ts... verifies t; € U [e] infinitely often.

3. Every existential run ¢ptits... verifies ¢; € a U [] infinitely often.

4. Every universal run t¢gtits... verifies t; € o U [o] infinitely often or k; = n or k; = n,

infinitely often.

Otherwise it is winning for player 1.

We are currently trying to prove the following conjecture: the language of A contains a
finite Markov chain iff player 0 has a winning strategy starting from a location (O, 0, ¢, )
where O = ¢

3.2 Emptiness game, bounded case

A bounded Markov chain is a potentially infinite Markov chain such that there exists € > 0
inferior to the probability of every transition of the Markov chain. So the question is now : can
we change the former game so that player 0 would have a winning strategy in the game if and
only if the p-automaton accepts a bounded Markov chain? Here is the game that we created to
answer this question.

Let A= (%,Q,6,¢™, a) be a qualitative p-automaton.
We construct the game G4 = ((Vp, V4, E), W) where:

° Vb — QQU[[Q]] XQQUHQ]] X 2QU[[QH X {p(l)ap(%} X2QX(QU[QH)U2QU[QH XQQU[[Q]] XQQUHQ]] X {p(l)’p%} X 3.

o Vi = 20001 x 200101 x 20U100 x (p] ) x %

13



o [/

P p \
{((07 Z? (D?p%)? G)?(O7 Z7 ®7 %’a’))
G is a choice feasible for a where for all t € O U Z,
=tift € Q,[qlwp =t if t € [Q], G(q) = 6(q,0)
0727 ) 17 ) 0,72,7 ) 17G 1 Y
(( 0 Py, @), ( 0 Py, G)) 7! — quZmQ G(q)
O// = (UteOmQ G(t)) U (qu(ouz)lm[[Q]]21 G(q))
Z'=7ZN0Q or Jq]s0o € OU Z,Z" = {q}, }
0.7 1 O/ VA 1
{(( ) 7®7p1>a)7< ) a(bap()va))‘ O/:OQ(QUHQHZI)UZH[[Q]]ZI
{((0’217227p(2)5G)7 (Oazl’ZQ’p%’a)) ’ a€x }
Zizzl OFZ{:ZQ
or 3[[6]]]>0 eOuzZ; U ZQ,Z{ = {q}
and Zy = Zy or Zy =)
or 3[[@[]]>0 eOuzZ; U Zg,Zé = {q}
G is a choice feasible for a where for all t € OU Z,
g=tift € Q,[ql=p =tif t € [Q],G(q) = d(q;a)
Ul ((0, Z1, Z2,p3,a), (O, 2}, Z4, p3, G i’
(0,21 22000 (O 20 206 OV | 21 = (U C(@): 2 = Uezang G@)

0" = (Uyeono G(@) U (U[[qﬂzle(wzluzz) G(q))

{(
u
U
u
U

U ((O,Zl,Zg,p%,a),(O’,Z{,Zé,p%,a))

This game has two phases. In the first phase, player 0 chooses the letter and creates the
choice while player 1 decides which >0 obligation he wants to follow. It is as before except
that we do not check whether the >0 obligation is a new one or the continuation of an old
one. Thus we only use pj and pi to determine if it iss a player 0 or player 1 location.
After a finite time, player 0 decides to start the second phase by going in a configuration
of the form (O, Z, 0, p?,a) from a configuration of the form (O, Z,0,p}, G). In this second
phase, player 1 can follow a second obligation in Zs. player 0 must be able to win (by
visiting « infinitely often in every run) if player 1 decides to keep only Z; or Z,.

e The definition of play, possible, bounded, unbounded, universal and existential run is as
before.
A play is winning for player 0 if all of the following hold:

1. There exists i € N such that k; = p?.
2. Every possible run tgtito... verifies t; € a U [« infinitely often.

Otherwise it is winning for player 1.

We are currently trying to prove the following conjecture: the language of A contains a
bounded Markov chain iff player 0 has a winning strategy starting from a location (O, 0, @,p(l), 0)
where O = ¢".

3.3 Emptiness game for p-automata

We made games for qualitative p-automata, can we make a game for automata without the
qualitative hypothesis? Here are some ideas to prove the question undecidable. My goal was to
reduce the acceptance of p-automata to a variant of the Post Correspondence Problem.

Let X be an alphabet.

14



We define a function h such that for w € ¥* a € 3, f, ¢ functions from ¥* to {1;2}* and k =
mazaes ve(sigy (10(a)| +1), h(f,9,€) = 0 and h(f, g,aw) = i(f(a)) + "L (1= i(f(a) — i(g(a)))

n
1 ai

31
10

where for a;...a, € {1;2},i(ay...a,) =

The following conjecture is close to the Post Correspondence Problem but we were not able
to prove it for now.

Conjecture: The following problem is undecidable: Given two morphisms f and g from words on
a finite alphabet X to {1;2}*, does there exist n € N, words w1, ...w, € X7 and probabilities
ai...a, € RY such that aqh(f, g, w1) + ...anh(f, g, w,) = a1h(g, f,w1)...anh(g, f,w,)?

For two morphisms f and g from words on a finite alphabet ¥ to {1;2}*,k =
maxaeg’ve{f;g}(\v(aﬂ + 1), we create the p-automaton A = {{p,p’,c,, f, f'} UX,Q,8,¢™, 0}
where:

o Q={a.4,q5,95,4c, 9 @, Qe » 1}
o ¢" = lal>1 Alalss AldT51

e (q, f) = 0(q,p) = d(q,c) = true = (¢, f') = d(¢',p") = 0(d, )
Va € %,6(¢q,a) = q,6(¢,a) =¢
6(qy, ) = true = 6(qp, f') = 6(qe, ¢) = 6(qer, &) = 8(qp, ) = S(qp, P')
For every a c 27 5((]1, a) = *(Hqc]]zh(f,g,a)a [[qd]]zh(g’f’a)a HZQP]]>¥ lfh(f,g,u)kfh(g,f,u)a
- 3

[[QP/]]>3k—1 1-h(f,g, a)fh(g f,a) [[QI]] 1-h(f,g, a)*h(g f a)) V *([[%]]>h fg a [[qd]]>h g f.a )

[[qp]]>sk 11- h(fqa) h(qfa)v[[‘]p]]>5k 11— h(fqa) h(qfa)u[[‘]f]] 1— h(f@@) h(@f@):[[Qf]] M)
3k 243k

Every non notlﬁed transition is false

Theorem 16: The p-automaton A recognizes a Markov chain iff there exist wi,...w, € X1,
at,..,an, € RT such that aih(f,g,w1) + ... + anh(f,g,ws) = aih(g, f,w1) + ... +
anh(g,f, wn)-

Thus if the previous conjecture is right we get:

Corolary: The emptiness problem for p-automaton is undecidable.

While trying to prove the conjecture we discovered the two following theorems.

Theorem 17: There exist n € N*, wq,..w, € ¥7 and o, ...,a, € R" such that

arh(f, g, w1) + ... + anh(f,g,wn) = aqrh(g, f,w1) + ... + anh(g, f,wy)

iff there exist m € N* and wq, ...w,,, € ¥, such that
h(f,g,w1) + ... + h(f,g,wm) = h(g, f,w1) + ... + h(g, f, wm).

Quick proof: As the words are finite, Vw € ¥* h(f, g, w) € Q. Consequently, if there exist n,q;
and w; such that a1 h(f, g, w1) + ... + anh(f, g, wn) = a1h(g, f,w1) + ... + anh(g, f,wy,), we
could choose such «; in Q. By multiplying both sides by the denominator, the «; could be
in N. We could thus emulate a; by repeating w;.
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Theorem 18: If the alphabet ¥ (used by f and g) is possibly infinite, then for every n € N,
the following question is undecidable: does there exist m < m,wi,...w,, € ¥, such that

h(f).ngl) + ot h(fagawm) = h(g>f7w1) + ot h(gvfawm)? .

Quick proof: Let ¥ a finite alphabet. Let f,g : ¥* — {1,2}* be two morphisms. The words
on ¥ are numerable. We give them an order: ¥* = {w;, wo, ...}, we will call the alphabet
where the w; are the letters ¥'. We create two morphisms f’ and ¢’ from ¥’ to {1,2}* such
that f/(w;) = 1max(f(@)llg(wl) nymaz(|f(w)llgw2)) n  ymaz(|f(wi-1)llgwi-1)D 17 f ().
There exist words m < n and wy, ..., wy, € ¥’ such that h(f’, ¢, w1) + ... + h(f', ¢, wm) =
hg, fowr) + ... +h(g', f/, wp) iff there exists one word w € X such that f(w) = g(w).
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Conclusion

We made the first algorithm dealing with the emptiness of a qualitative p-automaton. This
algorithm is likely to be in EXPTIME, thus the problem would be EXPTIME-complete. This
algorithm can also be used to decide the satisfiability problem of a qualitative PCTL formula.
But the question for a general p-automaton stays open. That is not surprising as the satisfiability
problem for PCTL formulae is a long-standing open problem. There is still a lot to do on this
one and some optimization can still be done in the qualitative case.

This internship not only allowed me to confirm my interest in game and automata theory but
also to see the importance of writing clearly the proofs. As we aim to write an article around the
emptiness problem for p-automaton when the bounded and finite case will be dealt with, we had
to make sure that our proofs were good obviously but also easy to understand. Thus I had to
redo my drafts again and again. And I am still redoing them now.
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Appendix 1: Determinisation on infinite words.

Theorem 1: Let M = (3,5,1,p, F) be a non-deterministic Biichi automaton, there exists a
deterministic Rabin automaton M’ = (X, 5, so, p, F') such that L(M) = L(M').

In order to get rid of the non-determinism, we have to follow all the runs of the automa-
ton (which already implies an exponential blowup of the number of states). But we also
want to see clearly which run visits an accepting state, which is a "good" thing, and which
run cannot be followed anymore and gets erased, which is a "bad" thing. We keep this infor-
mation in memory in the form of a tree; a node gets a son when it goes through an accepting state.

Definition: A memory tree over a set of states S is a tree whose nodes have names in
{1,...,|S|} and labelled in (2%\ @) x {0;1}, if (u,n) is a label of a node and (v,m) the label of one
of its children then v C u and two brothers have disjoint labels.

Theorem: Those trees are well defined; they can not have more than [S| nodes.

Proof: We proceed by induction on n = |S].

If n=1, the only possible memory tree is the root labelled by the only state of S.

If the theorem is true for n € N, let T be a memory tree on S where |S| = n+1. Let s be the root
of T and (s1, ..., sx) be his children. The subtrees T; of T whose roots are s; have disjoint labels.
Thus we can create sets of states Si, ..., Sk, such that Vi # j,.5;NS; =0, S; C S and T} is a memory
tree over S;. By induction, as |S;| < n, the subtree T; has at most |S;| nodes. As the label of s is a
strict superset of the label of its children, |S1|+|S2|+...4|Sk| < n. Thus T has at most n+1 nodes.

Corollary: There is a finite number of memory trees over a set of states S.

Theorem: Let M = (X,S5,1,p,F) be a non-deterministic Biichi automaton, there exists
a deterministic Rabin automaton M’ = (X, 5, sq, p/, F') such that L(M) = L(M').

Proof:
We construct an equivalent deterministic Rabin automaton M’ = (2,5, sg, p/, F') where :

e S’ is the set of memory trees over S. We assume that S = {1,...,n}.
e 30 is the memory tree with only the root labelled by (I,0).
e We realize the transition p’ at a state ¢ for an input a following these steps :

1. Replace the label (u, k) of every node by(U p(q,a),0).

qeu

2. For every node with label (u, k) where u N F # ), we create a new child whose name
has to be higher than all existing brothers and label is u N F'. We can temporarily give
a name that’s over n.

3. If s and t are brothers with label (u,k) and (v,m) and s is the older one (its name is
smaller), we replace v by v — u. We also remove the states in u from the labels of the
descendants of t.

4. Remove the nodes with empty label.

5. If a node s with label (u, k) verifies u is equal to the union of the first term of the labels
of its children, remove its descendants and replace k by 1.
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6. Change the name of the nodes so as to leave no gaps while conserving the order (this
way a node’s name can only decrease).

o FF = {(Ey, F),..,(E,, F,)} where E; is the set of memory trees without node ¢ and F; is
the set of memory tree where the label (u, k) of the node i verifies k = 1.

The transition function gives a memory tree. Indeed, step 3 assures that brothers have
disjoint labels, step 4 assures that every label is in 2\ (), step 5 assures that a father is a proper
superset of its children and step 6 puts their names in {1,...,n}.

Moreover, the language of M and M’ are the same.

L(M) C L(M'): let o be an accepting run of M on a word w. The root always exists as he always
contains at least the state of the run o. If the label (u,k) of the root verifies infinitely often
k = 1, the run of M’ on w is accepting. If not, there exists a time ¢y after which k¥ # 1. As o
visits infinitely many accepting states, the root will have at least one child after ¢y, let us say at
a time t;. From this moment onwards, the root will always have at least one child. Indeed, the
older child can not be removed except through the application of 5 which would assign k& to 1.
The states followed by the run ¢ can move with the application of 3 to an older brother only. It
will thus end in a node that will never be removed. By repeating this process, if we do not find a
node with label (v,m) such that v is infinitely often equal to 1, we get a tree with infinite depth.
The depth of the tree is bounded as there is a finite number of memory trees. Therefore we reach
such a node and the run is accepting.

L(M') C L(M): Let o’ be an accepting run of M’ on a word w. There is in ¢’ a node v
with label (u(t),k(t)) at time t that has infinitely often k(f) = 1 and is finitely often removed.
Thus there exists a time ¢y such that v always exists after ¢y and k(tp) = 1. As v is labelled by
the iteration of application of p and the deletion of some of the elements created, for every state
s € u(tp), there exists a run o on M such that o(tg) = s. Let ¢; be a time posterior to typ where
k = 1. For every state t € u(t1) there exists a run o such that o(ty) € u(ty),o(t1) =t and o
visited F between ty and ¢; because k(t1) = 1 = k(to).

Let tg,t1, ... be the time where k = 1. By iterating the process, for every n € N and state s € ¢,
we can construct a run o such that o(t,) = s and o visited F at least n times. By taking the
limit, we can create a run visiting F infinitely often; w € L£L(M).

Appendix 2: Equivalence between alternating and non-
deterministic automata on trees
L(non-deterministic) C L(alternating)

Theorem: For every non-deterministic Biichi automaton on D-trees A there exists an alternating
Biichi automaton on D-trees A’ such that L(A)= L(A’).

Proof:
Let A= (X,D,S,S% p, F) be a non-deterministic Biichi automaton on D-trees.
We construct an equivalent alternating Biichi automaton A" = (X, D, S U {so}, so, ¢/, F') where

o F'=Fif S°NF =0, otherwise F/ = F U {so}.

o for s € S,a € ¥ of arity k, p(s,a,k) = U{sl,... 1
j=l..n
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we set p'(s,a,k) = /\ (z,s{)
j=l..ni=1..k

and p(sg,a, k) = /\ (Z,SZ)
{${7~~~,Si}€p(s,a),seso i=1...k

A’ is an alternating automata on D-trees and L£(A’) = L(A). This construction works for finite
and infinite trees. Indeed, except for the initial state, the run trees are identical. The tree ¢ is
accepted in A iff it is accepted in A’ (we added sg to F if it was necessary).

L(alternating) C L(non — deterministic)
Finite acceptance condition

Theorem: For every alternating automaton on finite D-trees A there exists a non-deterministic
automaton on D-trees A’ such that L(A)= L(A’).

Proof:

Let A= (X%,D, S, sg, p, F') be an alternating automaton.

We construct an equivalent non-deterministic Biichi automaton A" = (X, D, S’ {{so}}, 0/, F’)
such that

o S/ =925
o [/ =2F,

e For every Q € §',a € ¥ and arity k € D,

p,(Q7a7k) = {(Qla >Qk)|E|Y - D x S,Y ): /\ p(Q7a7k) and QZ = {S’(di7s) € Y}}
qe@

L(A) = L(A).
Indeed : let (T,V) be a ¥—labelled D-tree and (7%, f) an accepting run tree on (T,V) of A.
Let (T,r) the labelled D-tree over S’ such that :

o r(e) = {s0}
e Let x a node of T. There exists Y = {(c1, 1), ..., (c1, 87"), ..., (¢n, 87} such that
Vser(z),Y E p(s,V(x)). And Vi = 1...n,r(x.i) = {s € S|(¢c;,s) € Y}.

This labelled D-tree over S’ is a possible run of (T,V) in A’.

Conversely, we can convert a run of A’ to a run of A :
Let (T,V) be a X —labelled D-tree and (T, r) an accepting run tree on (T,V) of A’
Let (T}, f) be the T' x S—labelled D-tree such that :

* f(e) = (&, 50)

e Let x a node of T, f(x) = (b,a). There exist S, ..., S, such that p(a, V(b)) = (S1, ..., Sn).
And D; = {(i,s)]s € Si}. D = |J Di = ((c1,1), (c2,52), .., (ck, 5%)). Finally, Vi =

i=1..n

1.../{7, f(l’l) = (b.Ci, Si).
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This labelled D-tree over T' x S is a possible run of (T, V) in A.

This run is accepting in A iff it is accepted in A’ : Vo € T, r(z) = {s € S|(z,s) € T¢}. Thus
every leaf is accepting in (T,r) iff every leaf is accepting in (17, f).

Biichi acceptance condition

Theorem: For every alternating Biichi automaton on D-trees A there exists a non-deterministic
Biichi automaton on D-trees A’ such that L(A)= L(A’).

Proof:

Every branch must either stop by reading true or visit infinitely many accepting state. But
nothing ensures that they visit the accepting state at the same time. We change the automaton
so that it remembers which branches recently went through an accepting state and when every
one went through an accepting state of the previous construction, they visit an accepting state
of the new automaton. If every branch visits an infinity of previously accepting state, the new
branches will visit an infinite number of now accepting state.

Let A= (3,D, S, sp, p, F') be an alternating Biichi automaton.

Let A" = (2,D, 5, ({s0},0), p', F’) such that

o &/ =25 %25
o F/ = {@}XQS

eFor U # O,V C S JWUV),ak) = {U,V")] thereexist X;,¥; C
S such that (X1,..., Xj) € o' (U,a, k) and (Y1, ..., Y%)
0 (V,a, k) with the p’ defined in the finite case. And 3, U’ = X;NF,V’ = YU(XHF)}DU{.
p((0,V),a, k) ={(U', V)| there exist Y; C S such that (Y1,...,Ys) € p/(V,a, k) with the p/
defined in the finite case. And U/ =Y, N F,V' =Y, N FN ﬁl’}

m

Remark: As we only use the state (U,V) such that U NV = (). We can reduce S to only have

Z <k>2" F = (24 1)k = 3% states.
k=0

Then L(A") = L(A):
Let (T,V) a labelled D-tree over ¥. (T, f) the run tree of (T,V) in A.
Let (T,r) the labelled D-tree over S’ such that :

r(e) = ({s0},0)

e Let x be a node of T, r(x) = (P,Q). There exists X = {(c1, 1), ..., (c1, 87"), ..., (cny sT) }
such that , )
Vs € P, X | p(s,V(z)), Y ={(c],s}), .. (cl,sllml), o (&, sy} such that
¥s € Q.Y = pls, V(z))
If P=0, then Vi=1..n,r(z.i) = ({s €S — Fl(ci;,s) e Y}, {s€ SN F|(c;,s) €Y}).
If P#£0, then Vi =1..n,r(z.i) = ({s€ S — Fl(c;,s) € X},{s € SNF|(¢;,s) € X} U{s €
Sl(ci,s) € Y}).
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This labelled D-tree over S’ is a possible run of (T,V) in A’.

Conversely, we can convert a run in A’ in a run in A :
Let (T,V) a labelled D-tree over ¥. (T,r) the run tree of (T,V) in A’
Let (Ty, f) the labelled D-tree over T x S such that :

1 f(g) = (5a SO)

e Let x a node of T, f(x) = (b,a). There exists Si, ..., Sp, T1, ..., T, such that p(a, V(b)) =
((S1,T0), ., (Sn, Tw)).  And D; = {(i,s)ls € SiuT}. D = |J Di =

i=1...n

~

((c1,81), (c2,82), ..., (i, Sk))- Finally, Vi = 1.k, f(z.7) = (b.c;, s;).

This labelled D-tree over T' x S is a possible run of (T, V) in A.

This run is accepting in A iff it is accepted in A’.

Indeed, let (T,V) a labelled D-tree over ¥ acceted by A. Let P be an infinite branch of (T,V). As
A accepts (T,V), for every infinite branch Q in (T%, f) of projection P on T, there exist infinitely
many z € @ such that r(x) € F. Let (T,r) the run on A’. Suppose that there exists ig such
that for every i > ig, r(x;) = (U;, V;) on z; is the ith node of the branch and U; #. Thus there
exists s € U;y+1 whose parent is in U; for every ¢ > ig. Those states represent an infinite branch of
(Ty, f) that must be accepting. Thus it is impossible. Uj is infinitely often empty.

Conversely, let (T,V) alabelled D-tree over ¥ acceted by A’. Let P be an infinite branch of (7%, f).
This branch corresponds to an infinite branch Q in (T,V) that is accepted in 4. Moreover, for
every ¢ € P, f(x) = (a,8) and s € r(a). As there are an infinity of those s that are in an accepting
state of A, this branch is accepted in A’.

Appendix 3: emptiness of alternating Biichi tree automata

Theorem 5: The language of the automaton A is not empty iff player 0 has a winning strategy
starting from the state ((so), ().

Intuitively, this game lets player 1 choose which branch of the tree to follow while player 0
chooses the letter of the tree and take care of the disjunction in the formulae. A conjunction is
not a choice of player 1: we follow all conjunctions simultaneously.

Player 1 choices are limited to a number i or a boolean. For a play m, we will denote by
w? what was chosen by player 1 up until its n’th choice in a game (i.e. : wT = b € {true, false}
if the last choice of player 1 was b and w] = €ij...i,, if player 1 chose n numbers i1, ...,4,). We
can remark that if w] is not a boolean, it directs us to the i'th node of the tree that is explored
or to the associated set of nodes in the tree representing the run of the alternating automata.

If (T}, r) is an accepting run of (T,V), then there exists a strategy f for player 0 such that for
every play m conform to f, if n is the number of times player 1 played, then the actual position is
either

e lrue,
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o ((¢1,.s D)y (Pit1y --or Gr)) where Vi, ¢; is one of the states of the nodes represented by w]
in (Tp,7)

o or ((¢1,..,bk), (Gkt1, ..y Pgr)) which verifies : let H = {qi,...,qm} be the label of the
children of w? in (T},r), for every i = 1...k', H = ¢;.

In the initial position (go is the state of ¢ = w{), player 0 can choose the letter a = V(e) € X
and goes to ((p(so,a,arity(e))),()). This formula is satisfied by the sons of € because (T),r) is
an accepting run.

If the current position is true, then we cannot move from it.

If the current position represents the states of w7 in (7}.,7): (q1,...,qr), then we can only go to
positions of the form ((p(q1,a,d), ..., p(qk, a,d)), (p(qx+1,a,d), ..., p(qrr, a,d))) where a is a letter
of arity d. As (7},7) is an accepted run and w] represents the set of states associated with one
particular node of T called x, there exists a € 3 such that all the formulae created are satisfied
by the sons of wl: a =V (z).

In the last case, if the position belongs to player 0, either all the formulae are true then we go to
true (there cannot be any false), or one formula has the form ¢; = \/ Un, as ¢; is satisfied,

n=1...m
there exists j such that ¢, is satisfied and player 0 can choose to go in this state or one formula

has the form ¢; = /\ Yy, and as ¢; is satisfied, every 1); is satisfied, we can replace ¢; by all

. n=1...m
1ts components.

If the position belongs to player 1, then player 1 will go to true or choose a direction i and keep
all the states that are in this direction. As the states are satisfied by the children of w], they are
all children of w]. Keeping the children in the direction i means keeping states represented in
(Tr,7) by wy .

This strategy is winning because for one play 7 conform to this strategy, if we do not end in
true, then we visit the branch P = {w]|i € N} of T. Every branch associated to P in T} visits
F infinitely often. Thus supposing that the play stop going to states of the form ((), (s1, ..., Sk))
(for s; € S) means there is a path that stays on the first part and do not go to any accepting
state anymore which is not possible.

If player 0 has a winning strategy f from the state ((so),()), then we create an accepting run
(T, r) where :

e the initial state is labelled (g, so).

e for a state labelled by (z,q) where x is associated to €ij...ix in T, let m be a play conform
to f such that either there exists n < k where w;; = €iy...i, and w}; = true or wj, = €iy...i.
In the first case we do not need to add children to this node, in the second we choose for
children in the direction i the states that appears in the location reached next if player 1’s
choice is i.

This run is accepting because if a branch is not acepting, then there would be a play conform to f
where this branch is followed among others and after a time, the state in this branch would never
meet an accepting state and thus stay in the left part of the position of the play making this play
a winning play for player 1.
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Appendix 4: a complex emptiness game

Theorem 10: The language of A is not empty iff player 0 has a winning strategy starting from
a location (O, 0, ¢, ) where O |= ¢™.

If the language of the p-automaton A is not empty then we can find a winning strategy for player 0.

Let M = (S, P, L,s™) be a Markov chain accepted by A. Let val(s,q) denote the value of the
configuration (s,q) in the game G 4 s showing that A accepts M. Let g be a winning strategy of
player 0 in Gaxar-

During one play, we associate every location visited in G4 with a set H of configurations in
G axnr and a path T' in the Markov chain. The initial location is (O, (), ¢, @) such that O = ¢™,
for every [¢]>1 € O,val(s™,q) = 1 and for every [q]so € O,val(s™,q) > 0. Such O exist as M
is accepted by A. We associate this location with the set H = {(s'",t)|t € O} and with the path
I' =s™ss9... such that every play in Gaxas conforming with g, which starts in locations of H
and which takes the probabilistic transitions that follow the path I, is winning.

Such a T exists. Indeed, there is at most one >0 obligation [¢]so, the measure of the set H' of
paths starting in s and winning for ¢ is a = val(s™, q) > 0 (if ¢ does not exist, then a = 1).
For every >1 obligation ¢ we remove from H' the paths that are not winning for ¢’. The set of
removed paths has measure 0 as ¢’ wins on a set of measure 1. So we remove a finite number
of set of paths from H’, every one of which has measure 0, thus we obtain a set H” which has
measure « too. As this set has strictly positive measure, it contains at least one path I'. This
path satisfies every obligation as it is in H”.

For a location (O,Z,k,G), H the associated set of configurations and T' the associated
path, player 0 has to choose a letter a. Let s be the first state of the path I". We choose the label
of s for the letter a. We associate the location reached with the same set of configuration and the
same path.

For a location (O, Z,p1,a), I' the associated path and H the associated set of configura-
tions, player 1 will choose which >0 obligation he wants to follow and thus choose a new
location (O',Z' k', a) with k' € {c¢,n}. If ¥’ = ¢, then the new associated path I' is s1ss...
with T' = sps1s2.... If ¥ = n, then there exists one path I'' = sps)s,... satisfying the new >0
obligations and all the >1 obligation, we associate the new location with IV = s)s).... We also
associate the new location with the same set of configurations where s’ is the first state of I".

For a location (O, Z,k,a) with k € {c,n}, H the associated set of configurations and T’
the associated path, player 0 has to choose a choice G feasible for a and apply this choice. For
every configuration (s,q) € H, as M is accepting, g is a winning strategy from this location.
The next step of the game can be (s',(q, L(s))) for s’ the second state of I'. From this, the
application of the winning strategy will lead to locations (s',t') where t' = ¢’ or ' = [¢']w for
some ¢ € Q. For every such location (s',t'), (¢,t') must be in G. Moreover every element of G
has to be required by a configuration of Gax .

Such choice G is feasible. Indeed for ¢ € @ either G(q) = 0 or (s,q) € H. In the second
case, G(q) E (g, L(s)) as G(q) contains (q,t') for every t' reached by the winning strategy g
in the game Gax, if it did not satisfy 6(q, L(s)), then the strategy would be losing on the
path I'. We associate the location reached with the same path I' and the set of configurations
H ={(s,q)|q € O'U Z'} where s’ is the first state of I
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This method creates a strategy f that is winning for player 0. Indeed, let 7 be a play:

e Every unbounded run of 7 is fair. Indeed, if one is not, then the path in the game G ax s
corresponding to the run does not satisfy the winning condition of the p-automaton as it
does not visit « infinitely often.

e The existential run of 7 (if there is one) is fair. If there is one, we followed a path I' that is
fair for the existential obligation in GG g4« s. Thus this obligation visits « infinitely often.

e Every universal run of this play is fair or has k¥ = n infinitely often. If we follow a >0
obligation, then as the set of paths on which this obligation is winning has strictly positive
measure, we showed that we could choose to follow a path I' so that the universal and the
existential runs are fair in Gaxps. Thus they visit « infinitely often. If there is no >0
obligation at all, then we also follow a path I' where all the universal runs are winning
in Gaxpy, thus visiting « infinitely often. The last possibility is that we change of >0
obligation infinitely often. We do not stay on one path, we have to change infinitely often
80 we may not visit « infinitely often, but it also implies that & = n infinitely often as
k = n everytime we change of >0 obligation.

In the other direction, let f: (Vo(ViVoVo)* — Vi) U (Vo(ViVoWo)*ViVo — Vo) be a winning
strategy for player 0, we can construct a Markov chain that is accepted by A.
Let M = (S, P, L,s™) be the Markov chain where:

o S=VWVi(WWh)*

e For s = wu; € S, every state s € S such that P(s,s’) > 0 verifies ' = supuju) with
ug, uy € Vo, uy € Vi, (u1,up) € E, uy = f(sup) and v} = f(sugu)-
Let s1, ..., s, be the states such that P(s,s;) > 0,
let s; = s(O,Z' ki,a)(O;, Zi, ki, Gi) (04, Zi,2,a;) and let h € N such that s €
VoVi(VoVoVi)". There exists an integer j such that kj = c. If n =1, then P(s,s1) = 1.
If not, then P(s,s;) =1 — 4,1% and for every m # j, P(s,sm) = m. We say that
the transition from s to s, for m # j corresponds to a new >0 obligation and that the
transition from s to s; corresponds to a continuation of the >0 obligation.

e For w(O,Z,p1,a) € S, L(w(0, Z,p1,a)) = a.

e The initial state is s = v, f(vg) where vg is an initial location winning with f in G 4.

This choice gives a zero probability to every path that corresponds to new >0 obligations
infinitely often and a strictly positive probability to the others.

Indeed, let I' be a path in the Markov chain. If it changes infinitely often to a new >0 obligation,
then considering the construction above, every time k = n the path took an edge that has a
probability inferior or equal to %, thus the probability of this path is 0. If it changes to a new >0
obligation finitely often, then let s be one state of the path after which every state is annoted by
k = c. There is a probability « to get to this state, & > 0 as the prefix of this path is finite, then
we take edges with probability p1,po, ... where Vi,p; > 1 — %, the path thus has a probability at
least o [Tp (1 — 75) > 0.

M is accepted by A. Indeed, we create the strategy g in Gax s that maintains the invariant:
for every configuration (s,t) reached where t € QU [Q] we have s = w.(O, Z,p1,a) and t € OU Z.
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We start in (s, ¢'"), by assumption, ¢ is a conjunction over [@Q] so player 1 chooses a location
(s,t). Moreover as s = (O, Z,¢,0)(O, Z, p1, a) is the initial state of the Markov chain, (O, Z, ¢, )
is the initial location of the game G4, thust € O U Z.

From a location (s,t) where s = w(O, Z,p1,a) and t = [q]wp or ¢ = g we reach a location
(s',0(q, L(s))) with a probabilistic transition.

If t = [g] >0, then the state s” = s(O’, Z',n,a)(0O", Z" ,n,G")(O",Z" ,p1,d’) where Z' = q satisfies
Z" = G'(q¢) E 0(¢q,L(s)) thus we can make g such that if we reach a location (s”,t') with
' e QUQ], then t' € Z". It &' # §", player 0 forfeits.

If t = [q]>1, then let s = suo(O', Z', k', G") (O, Z',p1,d"), O" |= 6(q, L(s)) thus we can choose g
such that if we reach a location (s,¢) with ¢’ € Q U [Q], then ¢’ € O’. Tt is not possible to have
O’ = 6(q, L(s)) as q appears as a >1 obligation in O or Z, and thus has to be satisfied in every
next location.

If t = ¢ then if ¢ is in O then we deal with this state as if ¢ = [¢]>1. If ¢ is in Z, then the state
s" = sug(0', 72" ,n,a)(0", Z" ,n,G")(O",Z" p1,d’) where q € Z' satisfies Z” = 6(q, L(s)) thus we
can make g such that if we reach a location (s”,t') with ¢/ € QU [Q], then t € Z". If s’ # §",
player 0 forfeits.

This strategy is winning for player 0. Indeed, let m be a play where player 0 did not forfeit,
the locations in S x (Q U [Q]) visited are (s™, tg), (51,%1),.... Let 7' be the play in G 4 such that
for every ¢ € N, s; is a prefix of /. As the choices made in the creation of the Markov chain are
conform to f, 7’ is a play conform to f, thus is winning. The run tgt1ts... is a possible run in 7’.
If this run is bounded or existential, then it visits « infinitely often, which implies that = is
winning.

If this run is universal, then it might not visit « infinitely often, it can also be winning by having
k = n infinitely often. This is not an issue as the set of paths H that visit states of M with k =n

infinitely often has measure 0, allowing universal obligation to be satisfied with probability 1.
[e.e]

Indeed, let € = H(l - %
i=1

there exists n € N such that (1 —¢)” < a. Let H® be the set of paths that verify k = 1 for at

least i states, those sets are clearly supersets of H, moreover those sets have probability inferior

to (1 — €)%

HY includes all paths and thus has probability 1.

Whenever one path I' of H? takes a transition from a state s to s’ where the location reached in

s’ isthe 7 + 1’th location marked by k = 1 of the play, then s has a successor s” that is not marked

by k = 1. From s to s” and onwards, there is a probability at least € to follow a new path I'"’ that

does not visit £ = 1 anymore. Indeed, the path that always goes to the state of M where k =0

has probability at least e from s. Thus at least a measure € of the path of H are not in H'*!.

As the measure of H? is known by induction to be less than (1 — ¢)?, the measure of H*! is at

most (1 — €)™+,

By induction, H™ has measure at most (1 — €)™ but as H" is a superset of H, H has measure at

most (1 —€)” < a which is impossible. Thus H has measure 0.

) > 0, we suppose that the set of loosing paths has probability a > 0,

In other words, the only plays that are not winning are forfeited plays and plays that fol-
low a >1 obligation and have measure 0. The forfeited plays follow a >0 obligation only, so the
measure of plays satisfying a >1 obligation is 1. Moreover, for every >0 obligation there is one
winning play, the one that only visits states with & = 0 after raising the obligation. This path
has strictly positive probability.

Thus every obligation met (in non forfeited plays) are satisfied; g is a winning strategy for
player 0.
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Appendix 5: Translation to a parity game

Theorem 11: Let 7 be an infinite play, the word associated to m is accepted by By iff there is a
bounded run in 7 that is winning for player 1.

Proof:
Let m = (00, Zo, C, @), (Oo, Zo,pl, CL(])7 (06, Z(/], ]{51, ao), (01, Zl, k?l, Gl), (01, Zl,pl, CL1)(O/1, Zi, ]{51, al)...
be an infinite play with a bounded run winning for player 1. We create the word w = . This
word is accepted by Bj:
let r = totita... be the bounded run winning for player 1. Let Vn,t, = ¢, € Q or t,, = [gn]lxp-
There exists a run on w that follows r: as tg € Op, by reading (Og, Zy, ¢,D) in sp, we can get to
(qo,b). From a state (gn,m), we can get to (gns1,m’) with m’ = b iff ¢,41 # ¢uy1 by reading
(On+1, Zn_H, kn+1, Gn—‘rl) because (qn, tn+1) S Gn+1.
As r is winning for player 1, he only visits « finitely often thus the run that follows r visits
a x {b} finitely often. Moreover, we make infinitely many bound so we visit @ x {b} infinitely
often and even @ \ a x {b} infinitely often. Thus the run following r is an accepting run of B} on
w, w is accepted by Bj.

In the other direction, let w = ugvoufuiviu]... be an infinite word accepted by the automaton
such that m = wpvoufuiviuj... is a play of G4. Then 7 is winning for player 1. Indeed, as w is
accepted, there is an accepting run r = (to, mo)(t1, m1),... on w. Vi, (g, ti+1) € G; thus totits...
is a possible run in w. Moreover r visits @ \ a x {b} infinitely often and o x {b, v} finitely often.
Thus tgtits... is bounded and visits « finitely often. Thus the run tptits... is a bounded run
winning for player 1.

Theorem 12: Let w be an infinite play, the word associated to 7 is accepted by B, iff there is
an universal run in 7 that is winning for player 1.

Proof:
Let m = (Oo, Zo, C, (Z)), (Oo, Zo,pl, (IQ), (06, Z(/), k‘l, ao), (01, Zl, /61, Gl), (01, Zl,pl, a1)<0/1, Z{, ]{,‘1, al)...
be an infinite play with an universal run winning for player 1. We create the word w = «. This
word is accepted by By,:
let r = totita... be the universal run winning for player 1. Let Vn,t, = g, € Q or t, = [gn]wp-
As this run is universal and winning for player 1, there exist ¢ and j such that ¢; = [gi]>1,
Vn > i,t, € Q and if n > j, then ¢, € a and k,, = c.
There exists a run on w that follows r: as tg € Op, by reading (Og, Zo, ¢,D) in sp, we can get to
(qo,b) (orif i =0 to (qo,c)). From a state (g,,b), if n < (i —1), we can get to (gn+1,b) by reading
(On—i-la Zn+1, ]{Zn+1, Gn+1) because (Qn, tn+1) S Gn+1. Ifn=1i— 1, then by reading (Ol, Zi7 ki, Gl),
we can go to (g;,c¢). From a state (¢n,m), m € {c,n}, for n > i, we can get to (¢n4+1, m') with
m’ = ¢ iff k = ¢ then by reading (Op+1, Zn+1, kn+1, Gnt1) because (gn, ¢ni1) € Gpi1.
After ¢, we leave definitively @ x {b} and after j we will not go to a x {c} or @ x {n} anymore.
Thus the run following r is an accepting run of B, on w, w is accepted by B,,.

In the other direction, let w = ugvoufuiviu]... be an infinite word accepted by the automaton
such that @ = wgvoujuiviu]... is a play of G4. Then 7 is winning for player 1. Indeed, as
w is accepted, there is an accepting run v = (tg, mg)(t1,m1),... on w. Vi, (g, t;+1) € G; thus
r = tot1ta... is a possible run in w. Moreover, r is an universal run as v leaves @ x {b} by reading
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a >1 obligation. As v visits a x {c} and @ x {n} finitely often, r visits a and k = n finitely
often. Thus the run tgt1ts... is an universal run winning for player 1.

Theorem 13: Let m be an infinite play, the word associated to 7 is accepted by B iff there is
an existential run in 7 that is winning for player 1.

Proof:

Let m = (Oo, Z(), c, @), (00, Z(),pl, ao), ( /0, Z(/], kl, ao), (Ol, Zl, kl, Gl), (01, Zl,pl, al)(O’l, Z{, kl, al)...
be an infinite play with an existential run winning for player 1. We create the word w = w. This
word is accepted by Be:

let 7 = totits... be the existential run winning for player 1. Let Vn,t, = ¢, € Q or t, = [¢n]sp-
As this run is existential and winning for player 1, there exist ¢ and j such that ¢; = [gi]>o,
Vn > 1i,t, € Q and if n > j, then t, € «.

There exists a run on w that follows r: as tg € Op, by reading (Og, Zp, ¢, ) in sp, we can get
to (qo,b) (or if ¢ = 0 to (qo,e)). From a state (gn,b), if n < (i — 1), we can get to (¢n+1,b)
by reading (On41, Zn+1, knt1, Gni1) because (qn,tnt1) € Gpy1. If n =i — 1, then by reading
(04, Zi, ki, G;), we can go to (g, e). From a state (gn,e), for n > i, we can get to (gn+1,€) by
reading (Opn+1, Zn+1, knt1, Gny1) because (gn, ¢ni1) € Gpii-

After i, we leave definitively @ x {b} and after j we will not go to a x {e} anymore. Thus the
run following r is an accepting run of B, on w, w is accepted by Be.

In the other direction, let w = ugvoujuiviu]... be an infinite word accepted by the automaton
such that 7 = wovouguiviu]... is a play of G4. Then 7 is winning for player 1. Indeed, as
w is accepted, there is an accepting run v = (tg, mg)(t1,m1),... on w. Vi, (g, ti+1) € G; thus
7 = tot1te... is a possible run in 7. Moreover, r is an existential run as v leaves @ x {b} by reading
a >0 obligation. As v visits a x {e} finitely often, r visits « finitely often. Thus the run totits...
is an existential run winning for player 1.

Theorem 14: Let 7 be an infinite play, the word associated to 7 is accepted by C'iff this play is
winning for player 0.

Proof: Let 7 be an infinite play, if it is winning for player 1 then there exists a run in =«
winning for player 1. As this run is either bounded, existential or universal, it will lead to the
acceptance of w by By, Be or B,. Thus 7 will not be accepted by C.

In the other direction, let w a word associated to a play 7 that is not accepted by C, then w
is accepted by By, Be or B,. Thus player 1 has a winning run in 7, 7 is winning for player 1.

Let D be the determinisation of C. We construct the parity game G4 x D where there is

a transition from (g, q) to (¢, ¢') iff there is a transition from g to ¢’ in G4 and ¢’ is reached from
q by reading g in D. A play (91,41)(g2,2)... is winning iff g1¢o... is winning in D.

Theorem 15: The language of A is not empty iff player 0 has a winning strategy in G4 x D
starting from a location ((O, 0, ¢, ), s0) where O = ¢™.
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Proof: Let (O,0,c,0) be a location of G4 where O = ¢™. If there exists a winning strategy g
for player 0 starting in this location, then there is a winning strategy for player 0 in G4 x D
starting from the location ((O, 0, ¢, ), so).

Indeed, let @ = wouy... be a play in G4 starting in (O,0,¢,0) and conform with g, 7 is
winning as g is a winning strategy. Let @ = (uo,s0)(u1,51)... be a play in G4 x D. 7’ is
winning: wugui... is winning thus there is a winning run reading 7 in C' (theorem 7) which
implies that the run reading wgui... in D is winning. As sgsi... is this run, it is winning. As
a consequence, the strategy in G4 x D that can go from (uy,S,) to (unt1,Snt1) after a play
(ug, $0)(u1, $1)-.-(Un, Sp) iff there is a play conform with g in G 4 starting by wouy...upun+1 is well
defined (as the transition of G 4 x D are the same as the transitions of G 4) and winning for player 0.

In the other direction, let ((O,0,c,0),s0) be a location of G4 x D where O = ¢™. If
there exists g a winning strategy for player 0 starting in this location then there is a winning
strategy for player 0 in G 4 starting from a location (O, 0, ¢, ).

Indeed, let ™ = (ug, So)(u1,51)... be a play in G4 x D starting in ((O,0,¢, ), sp) and conform
with g, 7 is winning as g is a winning strategy. Let ©’ = uguy..., it is a play in G4 x D. =’
is winning : $¢s1... is winning in D and as D is the determinisation of C, every run in 7’ are
winning for player 0 (theorem 7). As a consequence, the strategy in G4 that can go from
Up to un4q after a play wugug...u, iff there is a play conform with g in G4 x D starting by
(uo, $0) (U1, 81)--(Un, Sn ) (Un+1, Sn+1) 1s well defined (as the transition of G4 x D are the same as
the transitions of G 4) and winning for player 0.
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