Automates d’arbre

TD n°3 : Relations

October 10th, 2019

Exercise 1: Closure properties - back to basics

1. Given a recognizable relation, show that all its cylindrifications and projections are reco-
gnizable. (provides explicit trees automatas)

2. Is the domain and the image of a binary relation recognizable ?
3. Given R,R’ binary relations, show that R o R’ is recognizable.

4. Give an example of a n-ary relation such that its ith projection followed by its ith cylin-
drification does not give back the original relation.

5. On the contrary, show that ith cylindrification followed by ith projection gives back the
original relation.

Solution:

1. Consider the image and inverse image of the following linear tree homomorphism :

hi([f1, -y ful(tr, oo oste)) = [f1 - ficafivn - - ful] (R(t1), .- ., h(tk))

Else, the automatas can easily be constructed.
2. The domain and the image are projections of the relation.

3. RoR = {(t1,t2) | I, (t1,t') € RA (', t2) € R'}. Use the constructions for A and 3
to construct the new relation.

4. Let F = f(2),9(2),0. Let t = f(0,0), and R = {(¢,¢t,t,t,t)}. 3-rd projection followed
by cylindrification on R yields R’ = {(t,t,t',t,t) | t € T(F)} # R. For morphisms,
V¢, hi(h;1(t))) = t, while it is not true for h;*(h;(2))).

Exercise 2: Some relations

1. Let F ={0(2),1(2),n(0)}. Give an automaton recognizing :
Ry ={(t,t")|t,t' € T(F), Pos(t) = Pos(t') AVp € Pos(t),t(p) =1=t'(p) =1}

2. Let F ={f(2),9(1),a(0)}. Is the relation Ry = {(g(t),t) | t € T(F)} recognizable ? And
it F={g(1),a(0)}?

3. Here assume that F = {g(1),a(0)}. Is R} recognizable ?

4. Is Rs = {(t, f(t,t")) | t,t' € T(F)} recognizable?

5. Design two relations, one recognizable and one which is not. Challenge your classmates
with them.

Solution:
1. It is the same automaton as the one for set inclusion.
2. No by the pumping lemma. Yes, similar to words.
3. Yes.

4. No, pumping lemma once again.



Exercise 3: Rewriting systems
Let F ={a;(1) |1 <i<n}U{0(0)}.
1. Prove that any rewrite system — (i.e. the one step rewriting relation) on F is recognizable.
2. Prove that S = {(a%(a1(a2(ab(0)))), af(a4(0))) | k,p € N} is recognizable.

3. Prove that S* is not recognizable.

Solution:

1. We do the case where —= {(s,1)}.
— If |s| < |t|. The following top-down automata works :
— Q = {ginat} U{ax | 0 < k < [s|f U {g 0™ 10 <k < Jt| - [s],eu €

|s|+E
FU{#HU{gf" " oy € FU{#})
— I = {Qinit}
A=

G @) — Gl @)
— GQinit () — qo(x)

— qr(sktk(®)) — qrt1(@)
— q|5|(a€) — Q|i|(x)

— i (gt k(@) — g (@)
al,..,,ozm al,...,am
— (r) — ay (z)

— q?l"“’ak(akﬂal(m)) — q?Q’""ak“(x) if g € {a;|1<i<n}
07 9000y
— Qf# #(#0) —
— If |s| > [t]. Idem.
2. Use question 3.

3. No because S* N T(F) x {0} = {(a}(a%(0)),0) | n € N} which is not recognizable
by the pumping lemma.
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