Automates d’arbre

TD n°6 : PDL

Charlie Jacomme

October 17, 2017

Exercise 1: Warm up PDL
Definition 1 (PDL)

The syntax is the following :

t=a|T|-¢|opVo|(m) e (position formulae)

R I N Y T Il ¢ (path formulae)

The semantic is defined this way : let t be a tree, we define [¢]¢ (resp. [7]i) as a set of
positions of t (resp. a relation on positions of t) by induction on the size of ¢ (resp. w) :

[a]: = {w € Pos(t) | t(w) = a} [4]:={(w,w.i)|w,w.ie Pos(t)}
[T]: = Pos(t) I =]t ={(wi,w.(i+1)) | wi,w.(i+1) € Pos(t)}
[=¢l: = Pos(t) \ [¢]: [7~'e = =],
[¢1V @2]e = [¢1]e U [¢2]: [m1; mo]e = [ma]e o [m]:
[(m) 6] = [l " ([9]:) [y + mo]e = [ma]e U [
[«*]¢ = I=]% [¢7]: = A, = {(w,w) | w € [¢]:}

Let t be a tree and w, w' € Pos(t). We note :

— t,w = ¢ if w € [¢]:
— tE= ¢ ift,e = ¢ and we say that t satisfies ¢
T t,w,w’ ): T Zf (UJ,"UJ/) € [[Tr]]t

Let ¢t be the tree :

Which formulae are satisfied by ¢ 7

Lo g1 =—aV () (= () TABA() (eA=(=)T))
2 ¢y ==a v (1) (< () T ABA((=62)) (7(=) T))
3. g3 =((a% 1)) (an=(1)T)



Solution:
1. yes
2. no

3. no

Exercise 2: The power of PDL?
Give a translation of PDL in MSO which preserves models. That is, given a position formula
¢ (resp. a path formula 7), construct a MSO formula ¢ (resp. 7) whose set of free variable
is {X, |a € FyU{z} (resp. {X4 | a € F} U{z,y}) such that t,w = ¢ iff (Py(t))ecr, w = ¢
(resp. t,w,w" | 7 iff (Py(t))acr, w,w’ = 7) where P,(t) = {w € Pos(t) | t(w) = a}.

Solution:

By induction on the size of the formula :
.¢:b€F:¢(~(Xa)a€]:a$)i$§Xb 5
° ¢ =01 A¢2: ¢((Xa)aer, ) = 01((Xa)acr, ) A $2((Xa)acF, T)
e idem for V - and T B
6= ()¢ $(Xaaer,2) = Iy #(Xaduer,2,8) A F(Xadaer 1)
o1 s H(Xa)oersony) = child(a,y)
T=—" 7?(( a)acF> T, Y) = newtszblmg(l‘ Y)
™= 7T (( a)aE]'—ax y) ((Xa)ae}—vyu )
T=T1;T2 ¢ W((Xa)ae]:v xz, y) = dz. 7-Fl(()(a)aej:a Ly Z) N ﬁQ((Xa)ae]:a 2y y)
=T + T fr((Xa)ae]:a Z, y) = 7":1(()((1)a€]:7 Z, y) v ﬁ?((Xa)ag.Fa L, y)
T=n"": ﬁ((Xa)(lef’:L‘7y) =VX (l’ € X AVzq, 2. ((21 e XA 77/((Xa>a€]:a 21, ZZ)) =
e€X)=>yeX 3

T=7¢: ﬁ-((Xa)ae]:y xz, y) = ("B = y) A ¢((Xa)a€fa 2?)

Exercise 3: The exerice we won’t have time for
Fix an alphabet F. Give a PDL formula 7 such that :
e for all tree ¢t and all position p of ¢, there exists exactly one position ¢ of ¢ such that
(p,q) € [r]+ (7w defines a function on positions).
e for all tree ¢ and position p of ¢, (p, q) € [7*]¢ iff ¢ is a position of ¢ such that t(q) = t(p).

Solution:

Hard. There is no point to give you an answer. It will take you more time to understand it
than find one by yourself.



