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Purpose

Encode Biichi automata as formulas in a proof-theoretical
framework with (co)-induction.
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Workshop on Abella, yr, and rel y

L Introduction

Purpose

Encode Biichi automata as formulas in a proof-theoretical
framework with (co)-induction.

Logics dealing with infinite proofs, cyclic proofs; mixing inductive
and co-inductive formulas; strongly related; well describe Blichi
Automata.
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Common and used: explicit (co)-induction

ulK < ulK® < ulK®
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@ Infinite proofs: satisfies adequacy, impractical
Common and used: explicit (co)-induction

ulK < ulK® < ulK®
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@ Infinite proofs: satisfies adequacy, impractical
Common and used: explicit (co)-induction

ulK < ulK® < ulK®

@ Cyclic proofs \_j
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@ Introduction

@ Biichi Automata

Q uK
LK® and uLK*
(s W u

e Conclusion
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@ Biichi Automata
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L Biichi Automata
LDefinition: Buchi Automata

Bichi Automata

Definition (Blchi Automata)

A Biichi automaton is a quintuple A = (Q, X, 4, Q, QF), where
@ Qis afinite set (the states);
@ X is an alphabet;
@ §: Q x X — P(Q) the nondeterministic transition function;
@ Q@ C Q the initial states and Qf C Q the final states.
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L Definition: Biichi Automata

Bichi Automata

Definition (Biichi Automata)

A Biichi automaton is a quintuple A = (Q, X, 4, Q, QF), where
@ Qis afinite set (the states);
@ X is an alphabet;
@ ¢ : Qx X — P(Q) the nondeterministic transition function;
@ Q@ C Q the initial states and Qf C Q the final states.

Definition (Acceptance condition)

@ Arun a on a word is accepting by an automaton < « visits
a final state infinitely often;

@ A word is recognized by an automaton <= there exists an
accepting run on it.
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L Definition: Biichi Automata

An Example of a Blchi Automaton
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Workshop on Abella,
L Biichi Automata

yr, and rel

L Definition: Biichi Automata

An Example of a Blchi Automaton

ko [A] 1¢

Lucca Hirschi Workshop on Abella, Bedwyr, and related systems 7129



Workshop on Abella, Bedwyr, and related systems
L Biichi Automata

LDefinition: Buchi Automata

An Example of a Biichi Automaton

1 0
0
B0

Fo [[A 1¢

“Proof”

By reading the word 1¢, | can build step by step an accepting run
in A:

“From state g, | read 1 and jump to g1 and so on so forth.”
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L Definition: Biichi Automata

An Example of a Bichi Automaton

oS

k2 [qi] 1¢

Lucca Hirschi Workshop on Abella, Bedwyr, and related systems 8/29



Red! d

Workshop on Abella,
L Biichi Automata

yr, and rel

I—Deﬁnition: Biichi Automata

An Example of a Bichi Automaton

1 0
0
SOR0
k2 [qi] 1¢

5
ke [i] 1

Fo At (1219 =1t A [g1] tl)\/(1 219 =0:tA[q)] tl)
Fo [gi] 1 1@

3R, VR;

?
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Goals

@ Adequacy: w € L(A) <+ | A||lw]
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Goals

@ Adequacy: w € L(A) < + ||AJlw] and a link between
computations in Blichi automata and proofs of their properties;
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L Biichi Automata
L Goals

Goals

@ Adequacy: w € L(A) < + ||A|/Llw] and a link between
computations in Blchi automata and proofs of their properties;

@ Soundness and completeness of inclusion: our main problem
is the inclusion. We must show that

LA1lIx F [[A2llx &= L(Ay) € L(A2).
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Goals

@ Adequacy: w € L(A) < + ||A|/Llw] and a link between
computations in Blchi automata and proofs of their properties;

@ Soundness and completeness of inclusion: our main problem
is the inclusion. We must show that

LA1][x F [[Azllx &= L(A1) € L(A).
Proof of inclusion ~» inclusion and a certificate;
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L Biichi Automata
L Goals

Goals

@ Adequacy: w € L(A) < + ||A|/Llw] and a link between
computations in Blchi automata and proofs of their properties;

@ Soundness and completeness of inclusion: our main problem
is the inclusion. We must show that

LA1][x F [[Azllx &= L(A1) € L(A).
Proof of inclusion ~» inclusion and a certificate;

@ Usable and generic logic: properties over automata are used
in a wider context.
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ulLK

Definition (Formula of uLK)

P o= T4
|  3Ix.P | ¥Vx. P xXeV
| PAP | PVP|P=P
| s=t t,s some terms
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w(ApAxy....Axp. P) t1...tn  p e Vs, tiaterm
V(Ap.AX1.... A%n. P) ty...tn  p € Vg, tiaterm

Lk
ulLK
Definition (Formula of uLK)
P w= T | L

| dx. P | Vx. P XeV
| PAP|PVP|P=>P
| s=t t,s some terms
Il p p € Vs
I
I
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L ik
ulLK
Definition (Formula of uLK)
P = T | L
| dx. P | Vx. P xXeV
| PAP|PVP|P=>P
| s=1 t,s some terms
P pe Ve
| w(ApAxXq....Axp. P) ti ...ty p e Vs tiaterm
| v(ApAXy....A%n. P) ti ...t p € Vs, tiaterm
N= uBw =p(pr AxX.x=0V Ay x=s(y)Apny))
S= VBsyeam =V(Aps.Aw.IWAnw =n:w AN nA ps w’)

4

Lucca Hirschi
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Lk

Rules of uLK

Sequent calculus:

@ identity group: Ax, cut, =R, =L;

@ logical group: T, L, AL;, AR, VL, VR;,= L, = R, VYL, VYR,
L, 3R;

@ structural group: WL,WR (weak), CI,CR (contraction).
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L ik

Rules of uLK

Sequent calculus:

@ identity group: Ax, cut, =R, =L;

@ logical group: T, L, AL;, AR, VL, VR;,= L, = R, VYL, YR,
L, 3R;

@ structural group: WL,WR (weak), CI,CR (contraction).

+ explicit (co)-induction:

M+ B(uB) t R L StrP BSxFrSx

rruBt * I uBtrP H

[rSt St-BSt . r, B(vB)trP

[+ vBt 4 ryBtrp 'L
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Lk
[+ B(uB) t g I.St-P BSxrSx ,
rruBt * I, uBtr P
$g or d,
Frt=0v3aAyt=s(y) AuBua y R
[ F 4B t :
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Lk
[+ B(uB) t g I.St-P BSxrSx ,
rruBt * I, uBtr P
dp or ¢,
Frt=0v3aAyt=s(y) AuBua y R
[+ (B t K
Wy Vs
M FSO0 Sxt+S(s(x)) VL, (L), = L
StrP x=0v3dyx=s(y)ASy+rSx L’ ’
U

Lucca Hirschi

UBpa t+ P
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rrSt StrBSt - r, B(vB)t+ P i
l-vBt v r,vBtrpP 7

[+St Adnt=n: ANNASt LSt
rl—VBsf_rea_mt

vR
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rrSt StrBSt - r, B(vB)t+ P i
l-vBt v r,vBtrpP 7

+St Adnt=n: ANnNAStV+rSt
rl—VBsf_rea_mt

vR

t=n:t' AvBsgeam t
VBstream t + P

vl
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uLK vs. Blchi automata

[Q1] = V(/lCﬁ Aw. Iw’
(w=1:2wAq W)V
(w =0:w Alqf] W’)

1 0
0 )
_> @ [q7] = u(Ag).Aw. Iw’
- (w=12w Aq] W)V

(w:O::W’/\q; w’)

)
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Lk

uLK vs. Blchi automata

[Q1] = V(/lCﬁ Aw. Aw’
(w=1:w Aq W)V

Which S? Why? (w=0:w Alg]w)

Fuik [qi] 1¢

v
[q;] = p(Ag).Aw. In’
(w=1:2wA[q]wW)vV
(W:O:: w’ A g W')

)
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uLK vs. Blchi automata
[Q1] = V(/lCﬁ Aw. Iw’
(w=1:w Aqg W)V

Which S? Why? (w=0:wAg]w)

ok [g1] 1 vR
il |G [4}] = p(2q].aw. Iw’
(w=1:2wA[g]wW)vV
(WzO::W’/\q; W’)
)
SCIAG
2 (o] AR, VR,
b AW (19=1aw Afg]w)v(19=0:w Ag]w)
vR
ke [g4] 1
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L ik

uLK vs. Blchi automata
[g1] = v(1g1.Aw. AW’
(w=1:w Aqg W)V
Which S? Why? (w=0:w Afg]w)
Fuk [qi] 1¢

4
[q)] = u(Aq,.Aw. 3w’
(w=1:w A[g]w)V
(W:0:: w’ A Qg W')

D a
ke [qn] 1¢
b AW (19=1zw Afg]w)v(19=0:w Ag]w)
Fo [g1] 1€ : a

iR, VR>

14
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L ik

uLK vs. Blchi automata
[g1] = v(1g1.Aw. AW’
(w=1:w Aqg W)V
Which S? Why? (w=0:w Afg]w)
Fuk [qi] 1¢

4
[q)] = u(Aq,.Aw. 3w’
(w=1:w A[g]w)V
(W:0:: w’ A Qg W')

Ta
F2 [qn] 19
k2 Aw (19 =1 2w Agi] w') V(1‘” =0:w Alg)] w’)
Fo [gi] 19 @@

AR, VR>

14
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Outline

O /LK® and pLK®
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uLK® and uLK*

Explicit (co)-induction rules ~» replaced by some cycles or infinite
branches.
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L K> and uLK=

uLK? and uLK*

Explicit (co)-induction rules ~» replaced by some cycles or infinite
branches.

f1Beven = p1 (Apn .Ax. x = 0V (Jy x = s(s(y)) A pn ¥))

HMBeyen t" + 1Byt (S(S(t/)))
t=0FpuBpt t=5(s(t")) AuBeven t’ F uBnat t
I-lBeven tr I-anat t

uL’
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uLK? and uLK*

Explicit (co)-induction rules ~» replaced by some cycles or infinite
branches.

f1Beven = p1 (Apn .Ax. x = 0V (Jy x = s(s(y)) A pn ¥))

MUBeven '+ puBpat
llBeven '+ ,UBnat (S(t,))
UBeven t + uBpat (S(S(t/)))
t=0FpuBpt t=5(s(t")) AuBeven t’ F uBnat t
H“Beyen t F puBpa t

ul’

Lucca Hirschi Workshop on Abella, Bedwyr, and related systems 17/29



Workshop on Abella, Bedwyr, and related systems
L K> and uLK=

uLK? and uLK*

Explicit (co)-induction rules ~» replaced by some cycles or infinite
branches.

f1Beven = p1 (Apn .Ax. x = 0V (Jy x = s(s(y)) A pn ¥))

Ta
MUBeyen '+ puBpgt
llBeven '+ ,UBnat (S(t,))
1Boven U F 1Bo (5(5(1)))
t=0FpuBpst t=5(s(t")) AuBeven t’ F tBnat t
UBeyen tH uBny t 1 @

ul’
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Guard Condition

Litterature:

@ Brotherstone: No co-inductive formula; “infinite descent”;
[Bro06]
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LGuard Condition

Guard Condition

Litterature:
@ Brotherstone: No co-inductive formula; “infinite descent”;
[Bro06]
@ Santocanale: No cut rule; inductive and co-inductive formula;
[San02]
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L K> and uLK=

LGuard Condition
Guard Condition
Litterature:
@ Brotherstone: No co-inductive formula; “infinite descent”;
[Bro06]
© Santocanale: No cut rule; inductive and co-inductive formula;
[San02]
First bug
Ta
FQ R 17
P = u(p.v(1q.p)) PR Pri
Q = v(1q.P) I—Q:aVR Qr.L’”
M
P Prl :t t
FL cu
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L 4LK® and pLK=

= Guard Condition

Guard Condition - interleaved (co)-inductive formulas
First bug

e
FQ Tt
P = u(ap.v(Aq.p)) P Pri
Q = v(1q.P) FQ:a o _QFL ul
P Prl :t
E L cut

Fix

P>Q
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L 4LK® and pLK=
I—Guard Condition

Guard Condition - interleaved (co)-inductive formulas
First bug

e
FQ Tt
P = u(Ap.v(aq.p)) N T
Q = v(1q.P) FQ:a o _QFL ul
P Prl1 :7
E L cut
Fix
FQ
P Q —p HBP
=, F ¢ Rp FL ke
FP Pri :7
C L cut
Lucca Hirschi Workshop on Abella, Bedwyr, and related systems
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L 4LK® and pLK=
I—Guard Condition

Guard Condition - interleaved (co)-inductive formulas
First bug

e
FQ Tt
P = u(ap.v(Aq.p)) N T
Q = v(1q.P) FQ:a o _QFL ul
P Prl1 :7
E L cut
Fix
FQ 17
Pr=.Q P>Q —p 1P Pri
Q = P Q.e’f gru’a
=, F ¢ Rp FL ke
FP Pri :7
E L cut
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“Definition”: table of (co)-induction

(Q, € B, <)
@ Q: names of (co)-inductive formulas (defined atoms);
0 €:Q—{uvh
@ P> A: A is the unfolding of P € Q;
@ <: Who is on the top of who?




“Definition”: table of (co)-induction

(Q, € B, <)
@ Q: names of (co)-inductive formulas (defined atoms);
0 €:Q - {u;v);
@ P> A: A is the unfolding of P € Q;
@ <: Who is on the top of who?

Second bug
Nat > By, Nat e(Nat) = u
Bt = App.An.n=0vIAn'n=s(n")Ap,n’

—— ul
Natf+ L :aﬂ




“Definition”: table of (co)-induction

(Q, € B, <)
@ Q: names of (co)-inductive formulas (defined atoms);
0 €:Q - {u;v);
@ P> A: A is the unfolding of P € Q;
@ <: Who is on the top of who?

Second bug
Nat > By, Nat e(Nat) = u
Bt = App.An.n=0vIAn'n=s(n")Ap,n’
B NattF B Natt X 1o

Bphat Nat t + Nat t H Natf+ L "
BnatNattl'J_ cu
Nattr L :aﬂ




Guard Condition - observation

Ta
S5 : Even t + Nat t/
s4 : Even t’ + Nat (s(t))
sz : BEven t’ + Nat (s(s(t')))
t=0rNatt sp:t=s5(s(t'))AEvent r Natt
s1:(A=)Eventr Natt: «

u




Guard Condition - observation

Ta
S5 : Even t + Nat t/
s4 : Even t’ + Nat (s(t))
sz : BEven t’ + Nat (s(s(t')))
t=0rNatt sp:t=s5(s(t'))AEvent r Natt
s1:(A=)Eventr Natt: «

ul

OA (a/) =
(uL,Even)




Guard Condition - observation

Ta
S5 : Even t’ + Nat t/
s4 : Even t’ + Nat (s(t)) Oala) =
sz : BEven t’ + Nat (s(s(t'))) (uL,Even)

t=0rNatt sy:t=s5(s(t')) AEvent r Natt
si:(A=)Eventr Natt: «

ul

“Definition”: Observations
@ The trace of A € sy in the branch sg, s1, ... is a serie of
formulas Ao, A1, ... such that:
@ A € s; (on the same side);
o if A;is active in the conclusion s; then A;. is active in the
premise of sj1.
@ The observation of a formula in a branch is the serie of (r, A)
where r is a (co)-inductive rules applied to A appearing in the
trace.
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L 4LK® and uLK>
I—Guard Condition

Bnat Nat t Bnat Nat t .
Bpat Nat t + Nat ¢ H Nat f + Nat t
Bnat Nat I+ L cut
Nattr L :a K
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L 4LK® and uLK>
I—Guard Condition

Bnat Nat t Bnat Nat t . W
Bpat Nat t + Nat ¢ H Nat f + Nat t
Bnat Nat I+ L cut
Nattr L :a K
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L Guard Condition

Boat Nat t F Byy Nat t Ag 14
B NattrNatt *'' Nattr Natt
Bhat Nat t - L e
Nattr L :« K

“Definition”: Refinement of Guard Condition
A proof is valid <= each infinite brach is either inductive or
co-inductive.
@ inductive branch: there is an observation o on the left such
that that e(max(r’,,)e_rnf(o) {n}) = U;

Lucca Hirschi Workshop on Abella, Bedwyr, and related systems
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Workshop on Abella, Bedwyr, and related systems
L K> and uLK=
LGuard Condition

Bt Nat t F Byy Nat t Ag 14
Bpat Nat t + Nat ¢ H Nat ¢ + Nat ¢
Bhat Nat t - L ¢
Nattr L :«a i

ut

“Definition”: Refinement of Guard Condition
A proof is valid < each infinite brach is either inductive or
co-inductive.
@ inductive branch: there is an observation o on the left such
that that e(max(r,n)e_rnf(o) {n}) = Uu;
@ co-inductive branch: there is an observation o on the right
such that that e(max(,,n)e,nf(o) {n}) =

Lucca Hirschi Workshop on Abella, Bedwyr, and related systems
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ULK®

@ Bijection between observations of [g] t and runs starting with
q;
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L 4LK® and uLK>
= Guard Condition

ULK®

yr, and rel y

@ Bijection between observations of [g] t and runs starting with
q;
@ completeness and soundness of acceptance;
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Workshop on Abella, yr, and rel y
L 4LK® and uLK>

= Guard Condition

ULK®

@ Bijection between observations of [g] t and runs starting with
g

@ completeness and soundness of acceptance;

@ completeness and soundness of inclusion.
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L 4LK® and uLK>
L Guard Condition

d

yr, and rel y

“Definition”: Refinement of Guard Condition
A proof is valid < each cycle is either inductive or co-inductive.

@ inductive cycle: there is an observation o on the left such that
that e(max(,,,,)eo {n}) =pu;
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Workshop on Abella, Bedwyr, and related systems
L K> and uLK=
L Guard Condition

“Definition”: Refinement of Guard Condition
A proof is valid < each cycle is either inductive or co-inductive.
@ inductive cycle: there is an observation o on the left such that
that e(max(r,,,)eo {n}) = u;
@ co-inductive cycle: there is an observation o on the right such
that that e(max(,,n)eo {n}) = .
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Unexpected bug

1) ¢ L(A)

1::

L(L) ¢ L(A)



Unexpected bug

L(L)Z L(A) (0:0:1::1)2¢ L(A)

_ va Yo
Lyrpy,qy = Lyrpy,qy
Lyrp (0:y).q1(0:y) " Lyrpi(1:y).a (1:y)
Lyrp(0:0:y),g(0:0:y) Lyrpg(1:1:y),g(1:1:y)
Lxrpx,gx :«a

vR

Validity condition holds but does not respect the Blichi automata
semantics.



Unexpected bug

L(L)Z L(A) (0:0:1::1)2¢ L(A)

_ va Yo
Lyrpy,qy = Lyrpy,qy
Lyrp (0:y).q1(0:y) " Lyrpi(1:y).a (1:y)
Lyrp(0:0:y),g(0:0:y) Lyrpg(1:1:y),g(1:1:y)
Lxrpx,gx :«a

vR

Validity condition holds but does not respect the Blichi automata
semantics.Traces are broken.
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L Guard Condition

A few counter-examples later

“Definition”: Refinement? of Guard Condition
A proof is valid < each cycle is either inductive or co-inductive.

@ inductive cycle: there is an observation 0 = 04, 02,...0p ON
the left such that:
@ 01 = Op;
® Max(,meo {N} = Ny and e(ny) = y;
@ co-inductive cycle: there is an observation 0 = 01, 02,...0p
on the right such that:
@ 01 = Op;
® Max(;meo (N} = Ny and e(ny) = v.
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ULK= uLK® C uLK*®

@ New logic uLK“ and uLK™ supporting mutual inductive and
coinductive definitions with implicit (co)induction;
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coinductive definitions with implicit (co)induction;

© they are strongly related with uLK: we can translate back and
forth between uLK proofs and cyclic proofs;

@ they mirror closely the mathematical structure of Biichi
automata and their computations: adequacy;

© soundness and completeness of Biichi acceptance and
inclusion;
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LConclusiun

plK= ulK® C uLK™

@ New logic uLK“ and uLK™ supporting mutual inductive and
coinductive definitions with implicit (co)induction;

© they are strongly related with uLK: we can translate back and
forth between uLK proofs and cyclic proofs;

@ they mirror closely the mathematical structure of Biichi
automata and their computations: adequacy;

© soundness and completeness of Biichi acceptance and
inclusion;

© first result for cut-elimination of infinite proofs.
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The End

Thanks for listening !
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L Nondeterministic

Nondeterministic

0 1
on
O
0,1
0

© @

L(Az) = (0[1)”

N

L(Ay) = (0[1)”
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L More
L Encoding

Encoding
Encoding of A = (Q, ¥, 6, Q;, QF):

() = aw. \/ [dl° w

qeQy

q ifgey

u [/lq./lw.ﬂw’ \/ w=a wAl[q]e w’] ifqgeQF

[a]” = q'eé(q.a), aex

v[/lq./lw.flw’ w=a- w AP w’] else

q'cé(q.a), acx
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Adequacy

o we L(A) & + || AlLwl]: The proof tries all the possible
runs in parallel.
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L More
L Adequacy

Adequacy

o we L(A) & + || AlLwl]: The proof tries all the possible
runs in parallel.
w e L(A) < thereis at least one accepted run <= there
is at least on valid observation < | A|||w] is provable;

@ There is a bijection between the runs and the observations of
the proof + || A||Lw].
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L(A) C L(A) = ||Ar]]x F ||Az] x:
@ We prove the inclusion in uLK*:
o on the right we test all the runs in A in parallel;
@ on the left we branch at each disjunction: each infinite branch
denotes a run in Aq;
o for each branch of the proof:
o if the run on the left is valid, then the word is in £(A;) so is in
L(Ay). Then one of the run on the right is valid;
@ else the observation of || Aj; || in this branch is valid.

@ then these proofs are regular so are in uLK“;
@ then we can build a proof in uLK.

JA1]]x F |Az]]x = L(A1) € L(A2):
@ If we prove the inclusion in one of the logics we can prove it in
HLK®;
o if we L(Ay)then Ty : + ||Aq[/lw] and:
M4 M
FlAw] A Lw] F [ A Lw]
WA cut
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Inclusions of the Logics

Theorem 1
uLK C ulLK® c uLK* J

@ LK“ C uLK™:
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Inclusions of the Logics

Theorem 1

uLK C ulLK® c uLK*

@ LK® c uLK*: unfold the cycles infinitly often.

Lucca Hirschi

Vo
i M
v I'+P Vv N+Po
M M
N-P:a = MN-Po
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Inclusions of the Logics

Theorem 1

ulK C uLK® C uLK®

@ LK® c uLK*: unfold the cycles infinitly often.

v o
D M
Vv [+P UV [P
I I

N-P:a = -Po

@ ulK C uLK®: not the same language. We need a translation

and a table of (co)-induction.
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Table of (co)-induction:
°e Q= {EE | B closed operator of uLK, € € {; v}}; e(eB) = ¢;
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L Results
L,uLK C uLK® C uLK>

Table of (co)-induction:
e Q= {Eé | B closed operator of uLK, € € {y; v}}; e(gé) —

() : uLK formula — uLK® formula
(PEQ)=(P)m{Q) o e {A;V; >}
(®x B) = @x (B) ® € {V¥;d}
(eB) = B & € {u;v)
(a)=a
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L Results
L,uLK C uLK® C uLK>

Table of (co)-induction:

e Q= {Eé | B closed operator of uLK, € € {u; v}}; e(gé) =g

() : uLK formula — uLK® formula

(P Q) =(P)m(Q) e {A;V; >}

(®x B) = @x (B) ® € {V; 3}

(eB) = B & € {u;v)
(a)=a

@ B> (B &B):
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L Results
L,uLK C uLK® C uLK>

Table of (co)-induction:

e Q= {Eé | B closed operator of uLK, € € {u; v}}; e(gé) =g

() : uLK formula — uLK® formula

(P Q) =(P)m(Q) e {A;V; >}

(®x B) = @x (B) ® € {V; 3}

(eB) = £B £ € {u; v}
(a)=a

@ sBr (B &B);
@ sB<gB — &'B’ sub-formula of B
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L Results
L,uLK C uLK® C uLK>

ulK C ulK®

Lemma: Functoriality in uLK“

If B is monotonic (i.e. the p; appears only in positive positions in B)
then for all predicates P, P, ... P, this rule is admissible in uLK®:
Let B a predicate operator: B = Ap.Ax. A and P and Q some
predicates then this rule is admissible in uLK*“:

(P)x {(Q) x
(BP)t-(BQ)t

functo

and all the observations involve names n such that for all names m
appearing in (P) or (Q), n < m.
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Theorem 1

I Fulk A = (I') FuLke (A)

By induction on the size of the proof then case analysis on the first

rule.
M4 M

r-ASt SxrBSx _
F-A,vBt v

8

_ v a
(S) x + VB x
M (S) x,(S) x + vB x
(S)x+(BS)x (S)x,(BS) x+ (B(vB)) x
rn: (S) x + (B(vB)) x
[ = vR
(M FEA)(S) T (SYXxrvBx : «
Ty F (A, VB t

WL

functo
cut

cut, cut,YR,= R, ...



Soon a complete proof.
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Cut Elimination

Proof of normalisation of uLK®.
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Cut Elimination

Proof of normalisation of uLK*. We must show:
@ normalisation: the reduction rules provides a limit proof;

1
an,n’ = — _
( ) 1 + minimum depth of two different nodes

© validity: the limit proof is also valid.
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L Results
LCut Elimination

Cut Elimination

Proof of normalisation of uLK*. We must show:
@ normalisation: the reduction rules provides a limit proof;

1
a(n,n’) =

~ 1+ minimum depth of two different nodes

© validity: the limit proof is also valid.
We focus on a sub-logic containing only (co)-inductive formula:
uLo.
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L Results
LCut Elimination

Cut Elimination

Proof of normalisation of uLK*. We must show:
@ normalisation: the reduction rules provides a limit proof;

1
an,n’ = — _
( ) 1 + minimum depth of two different nodes
© validity: the limit proof is also valid.
We focus on a sub-logic containing only (co)-inductive formula:

uLo.
~» given a formula: unique infinite observation.
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L Results
LCut Elimination

Cut Elimination

Proof of normalisation of uLK*. We must show:
@ normalisation: the reduction rules provides a limit proof;

1
nn) = — .

o ) 1 + minimum depth of two different nodes
© validity: the limit proof is also valid.

We focus on a sub-logic containing only (co)-inductive formula:

uLo.

~» given a formula: unique infinite observation.

Exploration of the reduction

The sub-part of the proof which is explored by the reduction.
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= Cut Elimination

Strategy of reduction

Always reduce the first cut rule which is no followed by another cut
rule.
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Strategy of reduction

Always reduce the first cut rule which is no followed by another cut
rule.

Lemma 1: Exploration
With this strategy, the exploration is connex.
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= Cut Elimination

Strategy of reduction

Always reduce the first cut rule which is no followed by another cut
rule.

Lemma 1: Exploration
With this strategy, the exploration is connex.

Lemma 2: Dual observations
Two dual observations can not be both valid.
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L Results
LCut Elimination

Strategy of reduction

Always reduce the first cut rule which is no followed by another cut
rule.

Lemma 1: Exploration
With this strategy, the exploration is connex.

Lemma 2: Dual observations
Two dual observations can not be both valid.

Lemma 3

My o
For a cut rule: S CUt |t there is an infinite observation of the
cut formula in I; contained in the exploration, then there is a dual
observation in I14_; in the exploration.
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= Cut Elimination

Lemma 4

There exists an infinite branch in the exploration which has a valid
observation of a formula in the root.
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LCut Elimination

Lemma 4
There exists an infinite branch in the exploration which has a valid
observation of a formula in the root. |

Lemma 5
If there exists an observation from the root in the exploration, then
the reduction produces at least the sequents of it.
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L Results
LCut Elimination

Lemma 4
There exists an infinite branch in the exploration which has a valid
observation of a formula in the root. |

Lemma 5
If there exists an observation from the root in the exploration, then
the reduction produces at least the sequents of it.

Lemma 4 + Lemma 5 ~> Normalisation + Validity ! )
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Results

@ Infinite proofs: cut-elimination, regular proofs = uLK¢,

ulK = ulK® C ulK®
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= Cut Elimination

Results

@ Infinite proofs: cut-elimination, regular proofs = uLK%
@_uLK: cut-elimination; as expressive as uLK®

ulK = ulK® C ulK®
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= Cut Elimination

Results

@ Infinite proofs: cut-elimination, regular proofs = uLK¢,
@_uLK: cut-elimination; as expressive as uLK®

ulK = ulK® C ulK®

@ Cyclic proofs:@m expressive as uLK
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ﬂ Mental Repository
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L Mental Repository

Encoding

Encoding from the Blichi automata to formulas of a logic so as to
reason over the automata within the logic.

We must trust the encoding (and the logic) for working within the
logic instead of manipulating automata directly.
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