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In the following, we will write I' F x A, resp I' Fnk ¢ when I' = A is provable in
sequent calculus, resp when I' - ¢ is provable in natural deduction.

Exercise 1: LK with cuts
We study the sequent calculus with cuts. In the following, P, () are unary predicate
symbols.

1. Prove formula ¢, = Jz. (P(x) = Vy. P(y)) in sequent calculus.
Hint: use a cut on Vx. P(x)V Jx. =P (z).

P(z) - VYy. P(y), P(x) =

T “ ax Tleft
P(;z;) F P(z), ¢q } i F P(z) = Yy. P(y), P(x) y
“Tright e £t
P(z),-P(x), ¢ ! Vx. P(z), P(x) F Vy. P(y) - P(z) F P(x) = Vy. P(y)
right T %
(1), 3z.~P(z ) M e P(a) F P(z) = vy P(y) _ P(z) F ¢a h
- V. P(2), 3z, Pz ) ot Ve, P(z) F ¢ ot 3z, ~P(2) F ¢g
right vleft

FVx. P(x) vV 3z. - P(z), ()a V. P(z) V 3z. - P(z) F ¢,

cut

= ¢a

2. Eliminate cuts in the following proof. Detail the procedure.
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First, let’s do a little recap on the cut-elimination procedure, from a prac-
tical point of view.

The goal is to make cuts go up in the proof, or reduce them to cuts over
smaller formulas, until the cuts can be replaced directly with structural
rules (contraction, axiom). There are three main cases, depending on the
first rules of the two proofs above the cut rule we want to eliminate:

(a) The two rules are applied to the cut formula: we divide the cut in
cuts over the subformula(s) of the cut formula. See the course notes
to know what to do depending on the form of the cut formula.

Observation: if both are axiom rules, replace the cut directly with
an axiom rule.

(b) One of the rules is not applied to the cut formula: we move the cut
above this rule.

Observation: if the rule is an axiom, this eliminates the cut and ends
the proof with an axiom.

(c) One is an axiom over the cut formula: we replace the cut with a
structural rule (axiom if the second is also an axiom over the cut
formula, else a contraction).

— aX — aXx
oY, 0 (G
- ax Vieft
oo PVYEY, ¢
gb - ¢V w right

right

Lo Py
oVervve

pEPVo

We want to eliminate the cut over fomula ¢ V ¢). We are in situation (b): the Vg rule
on the right hand proof is not applied to the cut formula ¢ V 1. The cut is moved above
this rule:

—— aX — aXx — aX
oreoy oY, ¢ VY,

dFovy PVIFP P et
o+ 9,0 o
- \/right
SFYV o

Now we are in the situation (a), as on both sides the first rule is applied to the cut formula
¢ V1. We divide the cut in two smaller cuts over formulas ¢ and :

P EETRTI R
cut —— ax
6.6 0,0 oF 6,00
cut
oF 0.0
SOV

We are now in the case of (b), more specifically the observation, as the axiom on the top
left hand side of the proof is applied to formula ¢, which is not the cut formula. We
replace the cut with an axiom rule:

right
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———ax — ax
b, o), ¢ ¢ 9,9,¢
cut
oY,
prYV o
We are now in the case of (a), more specifically the observation. We replace the cut with
an axiom rule:

rzght

¢F¢¢

prYV o
As some of you noticed, I cheated a bit on this proof and procedure, more specifically on
the cut rule. The cut rule in the original proof of 2. is the following;:

I"-AA T,AFA
LT EA A
As the most attentive have probably already observed, it is the rule you have proven

to be admissible in the proof of the admissibility of the cut rule. With weakening and
contraction, the two rules are equivalent. We can simulate cut’ with cut:
I'= A A . AEA .
weakenings weakenings
| I A e WANAN DI, ARAA
ILTVE A A
We can simulate cut with cut’:
'HFAA T,AFA

I TFAA

kA
And that is exactly how, in practice, we will use the proof to eliminate cuts: adding
contractions. Let us see on the proof of question 2, using this time the real LK cut rule:

- ax ——— ax
o DOF0S GUFRG
eft
GF .00V § 6. OVIF .9
right
ooV, pve
pEYVo
Here, we are in situation (b). However, we cannot make the cut rule “go above” the Vg
rule, as in the left side of the proof, the rule is not applied to this formula. Formulas are
copied instead of distributed in the LK cut rule: they can be treated differently in the
two proofs. The solution is to add a contraction. The two copies of the formula represent

the two copies in each proof above the cut, and we can continue with the procedure
accordingly:

SF OOV o00 | 6OFUNEBG G F BV

nght

cut’

cut’

cut’

contractions

right

Vv
PONBEWNV O

SE OV OV b o $OVIE UV et
SFPV o9 |
Provepve contraction
SEYV

Now, we reduce the cut into two smaller cuts (a).
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ax ax
$OFUNOV VG 60 VFUVIES

6,0 F BV 6.0, AR AT XX
GFUVoBS |
breve Ve
contraction
SF OV

We replace the cut by an axiom, as there are two axioms above:

ax ax
GOFUNOVG  GFO UV
GEYN O .0
PEUV IV
GFUV Y

right

contraction

And again:

ax
PEYVIY, 9
PrYVIPVY
PPV

Of course, the contraction is not necessary here.

right
contraction

3. Is there a term t such that g P(t) = Vy. P(y) 7

P(t) = Vy. P(y) is not satisfied in the model M defined by: Dyy = { my, my },
Prg = { my } and for all term u and valuation o, [u]am,e = my.

Exercise 2: Subformula property
In the previous exercise sheet, we have seen the interpolation theorem. We will now
study the subformula property.

1. Prove that if I' F x A, then there is a proof of I' F A containing only formulas
of the form ¢{x; — t1,..., 2, — t,}, where ¢ is a subformula of a formula in
[ A and ty, ..., t, are terms (not necessarily appearing in 'UA). Treat at least
structural rules, right and left rules for disjunction and all cases for quantifiers.

By a straightforward induction on the cut-free proof of I' F x A. The substi-
tutions come from the rules for quantifiers.

2. We call LKP the propositionnal fragment of sequent calculus. It contains all LK
rules except for the left and right rules of quantifiers.

(a) Prove that if I' F x A and I" U A contains only propositionnal formulas,
then there is a proof of I' H A in LKP, using the subformula property.

If there is a proof of I' F k A, then there is a cut-free proof of I' F x A.
By the subformula property, there is a proof containing only propositional
formulas, and so using only rules of LKP.

We observe that as there are no quantifier rules applied, all formulas in
the proof are subformulas of I", A.
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(b) Show syntactically that provability in LKP is decidable.

Let I' = A be a sequent containing only propositional formulas. If it is
provable, let m be the smallest proof in LKP of this sequent.

By the previous question and observation, there is only a limited number
of formulas appearing in the proofs, and thus a limited number of sequents.
The same sequent cannot appear twice in the same branch of 7, because
7 is the smallest proof. Every rule has at most two premisses. This gives
us a maximum size of the smallest proof of the sequent: we only have to
test every proof smaller than this proof to conclude on the provability of
- A.
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Exercise 3: LK is equivalent to NK

1. In class, you have proven that if I' F x A then I', - A Fyk L by induction. Write
the cases of Jjcpt, Jrigne-

e Wewrite ' = 3z.¢,I", and x ¢ fo(I', A). We have a proof of I”, ¢ - A.
By induction hypothesis, let m be a proof of I, ¢, =A Fnk L. We build
the proof:

T

' A,k L

- ax @ —

T,-AF 3z.¢ T,-A¢F L
T,-AF L

weakening

E|elim

e We write A = Jz.¢,A’. We have a proof of I' F x A, ¢{x — t}. By
induction hypothesis, let © be a proof of I', =A’, =¢{x — t} Fnk L. We
build the proof:

s
IV =A =p{x -t} L
T,~A'F ——¢{z — &}
[-A"F3dz. ¢
ax
I-AF-dz. ¢ [-AFdx. ¢
-AF_1

RAA

intro

weakening

Telim

2. You have also proven that if I' Fnyk ¢, then I' F x ¢. Write the cases of RAA,
= elim-

e We have a proof of I' Fyk =—¢. By induction hypothesis, let m be a proof
of I' FLk = —¢. We build the proof:

ax
Lok o
—— righ
x O
PE—® Talbe
cut

THo

e We have proofs of I' Fnk ¢ = ¢ and I Fyk ¢. By induction hypothesis,
let 71,75 be proofs of I' Fi x ¢ = ¢ and I" - ¢. We build the proof:

2 ax
Ty 'te T,9F49
= left
I'to=79 Rcb:w'—ibcut
'y
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3. Here are two natural deduction proofs.

ax ax
=g, g, ¢ ¢ ﬂﬁﬁ¢—¢¢¢F¢_ﬁr
g, g, 9 - L
ax lintro
_|_‘_|¢7¢ L elim
_|_‘_|¢ l— _\¢ intro

(a) First proof

= bV = —p =

I ———— ) = 6,6~

Telim

=6 EL
b = 6,0 b
=000

A EY.
(b) Second proof

intro

Transform them into sequent calculus proofs (you can just use left rules instead
of elimination rules when it works, else use what seen in class).

ax
obo
—p, oL
¢ I— —\—\(b ight
_‘_\_\¢,¢ I— J_ left
_'_‘_‘(b I— _\¢ right
—  ax - ax — ax
oo - =) ¢, =) = =g
Teft = left
¢, m¢ F ﬂ¢:¢—@%ﬁwF-ﬂ¢(mt
2. = 20,0, L
——— “righ
¢ 9 = =gk
cut
Y = —¢, 9P

right

=
—) = g =1

4. Transform this proof into a natural deduction proof:

ax

AF A
- A, -A
_—V
FAV-A

right

right

elim



L3 ENS Paris-Saclay Logique 10 mars 2021

A, ——AF L
- “AF A
—|(A\/—\A)|——|(A\/—|A) -AF AV -A
~(AV —A),—AF L
—\(A V —\A) F-—A
(AV-A)F A
ax vintro
—\(A\/—\A) |——\(A\/—\A) —\(A\/—\A) FAV-A
—“(AV-A)F L

5. Prove that if I' g ¢1,...,¢0, then I' by o1 V-V @,,.

“lintro

RAA

intro

elim

“lintro

RAA

Telim

Iftr '_LK gbl, 60 0 7¢n7 then F, _|¢1, 000 _‘an |_NK 1.
By applying RAA and =40 to I' E ¢ V -+ V ¢,,, we show that a proof of
[, =(¢1 V-V ¢,) F L would be enough.

We know that we can simulate V., “on the left side”, as we did in the equiv-
alence proof of sequent calculus and natural deduction (and in the previous
question), so we have a proof of I', =¢y, ..., ¢, F L

Exercise 4: Exercise 1, ctd
You can use the same cut as in Exercise 1. question 1) to do the two following proofs.

1. Prove (Vz. P(z) = Jz.Q(x)) = Jz. (P(x) = Q(x)) in sequent calculus.

ax

Va. P(a), P(+), Q@) F Q@) Vo P(a) = 32.Q(@), P(0)  Q(@), P@)
Vz. P(x),Q(x) - P(zx) = Q(z) —P(z),Vz. P(z) = Jz. Q(x), P(x) - Q(x) N

s V. P(z),Q(x) F 3z. (P(z) = Q(x)) —P(z),Vz. P(z) = Jz.Q(z) - P(z) = Q(x) !

V. P(x) - Vz. P(z) V. P(x), 3. Q(z) F Jz. (P(z) = Q(x)) -P(z),Vz. P(x) = Jz.Q(z) F z. (P(z) = Q(x))
V. P(x),Va. P(z) = Jz.Q(x) - Jz. (P(z) = Q(x) dz. -P(x),Vz. P(z) = Jz. Q(x) - Fz. (P(z) = Q(z))

V. P(z) V 3z. =P(z),Vz. P(z) = 3. Q(z) - Jz. (P(z) = Q(x))
V. P(z) V 3z. —P(z) b (Vo. P(z) = 3z.Q(z)) = Fx. (P(z) = Q(x))

F (Vz. P(z) = 3z. Q(z)) = Jz. (P(z) = Q(x))

2. Prove 3z.Vy.[((P(y) = P(z)) = P(z)) = P(y)] in sequent calculus.

eft

right

left

\/left

right

cut

ax

elim
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P(y) + P(y), P(x) a}; . i
- P(y), Ply) = P(z) )+ P(z s
. (P(y) = P(z)) = P(z) - P(y), P(x) .
P(y), (P(y) = P(x)) = P(x) - P(y) L =P(z),(P(y) = P(z)) = P(z) - P(y) ; .
P)F (P) = P@) = Pa) = Ply) " ~P@) - (Ply) = P) > P) > P) "
Vz. P(z) - ((P(y) = P(z)) = P(z)) = P(y) - —P(z) EVy. [(P(y) = P(x)) = P(z)) = P(y)] S
Vz. P(z) FVy. [(P(y) = P(z)) = P(x)) = P(y)] _~ —P(z) - 3z.Vy. [(P(y) = P(z)) = P(z)) = P(y)]
Va. P(z) - 32.Vy. [(P(y) = P(x) = P(x)) = P(y)] " Fw.~P(z) F 3o.Vy. [(P(y) = P(z)) = P(z)) = P(y)]
Vo P@) V 30.2P(a) - 309y [(P(y) = P@)) = P@) = PE)]
= 3z.¥y. [(P(y) = P(z)) = P(z)) = P(y)]
3. Eliminate cuts in the proof of Exercise 1. question 1l.a). (no need to detail the
procedure).

But I will detail the procedure here. The original proof was:

P(x) - Vy. P(y), P(z)

PE)F P, b - P(z) = Vy. P(y), P(z)

- P(x),~P(z), 6 " V. P(z), P(e) F Vy. P(y) P - Plz) > vy Ply) "

F P(z), 30 —P(2),¢a " VaP@)F Pla) =y Ply) _ " P F o right
- Va. P(z),32.~P(2), 60 Vo. P(z) - ¢, S 3. —P@) - b jeft

FVx. P(z) V 3z. =P (z), pa ot Vr. P(x) V 3z. = P(z) F ¢,
c

ut

F ¢a

Here, we are directly in situation (a). We reduce the cut into two smaller cuts:

P(z) - Vz. P(z),Vy. P(y), P(z) =

P@)F P@), 6 vz, P(z), P(z) = Vy. P(y), P(zx) "
F P(2),~P(@),¢a " ~P(z) F Vz. P(z), P(z) = Vy. P(y) "
F P(z), 3z. ~P(z), $a T\';g'ft —P(z) F Vz. P(z), 6, " g P(x), P(z) - Vy. P(y) a}; |
FVa. P(z),3z. ~P(2), da 3z. ~P(z) F V. P(z), ¢ C;tf ' Va. P(a) - Px) = Vy. Py) _ o
V2. P(2), 6a Ve Pa)bgu ot

= ¢q
We start by eliminating the highest cut. We are in situation (b), we make the cut go above the
Vright, Using a contraction:

P(@)  Vz. P(z),Yy. P(y), P(z)
FVz. P(z), P(z) = Yy. P(y), P(z)

right

— ax e ft
P(z) F P(z), b FVz. P(z), P(z) = Vy. P(y) _ "
- P(),~P(@),¢a ~P(z) Vo P(2), 6
F P(2), 3z -P(z), 60 " 3z. ~P(z) F Yz. P(z), ¢ “jtft
cu ax
- Vz. P(z), P(x), ¢q V. P(z), P(z) - Vy. P(y) N
Vo, P(), Yo P(x),da O Va. P(z) - P(z) = Vy. P(y) _ "
contraction Shagfes
FVz. P(z), ¢, V. P(z) b ¢, .
cu

F ¢a

We are in situation (a), we reduce the cut in a smaller cut:
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P(z) V. P(z),Yy. P(y), P(x) =

vz, P(z), P(z) = Vy. P(y), P(x) "
ax e
P(z) F Va. P(z), P(x), ¢ ~P(z) - Vz. P(z), P(z) = Yy P(y) _ '
FVz. P(z), P(z), ~P(z), 60 " ~P(z) - V. P(s). 6 rignt
cu ax
FVz. P(z), P(z), ¢a V. P(x), P(x) - Vy. P(y) .
FVa. P(z),Ya. P(z), 60 " Va. P(z) - P(z) = Wy. P(y) _ "
contraction right
FVz. P(z), ¢, Vz. P(z) F ¢q
cut
- ¢a
We make the cut go above the 3,45 rule (b). We write ¢/, for P(x) = Vy. P(y):
. P@F VP, Py), 6w P@). P@)
P(2) F Vo, P(@), P(2), w0 V. P(x), 6, ¢, P(a ) P(z) o
V. P(), P(z), ~P(x), $ur by ~P(2) F Va. P(2), 8, da, P() C"tf*
u
F V. P(z), P(z), ¢a, P, ,
FVa. P(2), P(z), basba
contraction ax
FVa. P(z), P(x), V. P(z), P(z) F Vy. P(y)
vright :>right
FVz. P(x),Vz. P(x), qba ) Va. P(x) - ¢,
contraction ———— S
FVz. P(z), ¢, Vz. P(z) F ¢, .
cu

F ¢a
We reduce the cut in a smaller cut (a):

10



L3 ENS Paris-Saclay Logique 10 mars 2021

ax

P(z) F Vz. P(2),Yy. P(y), ¢a, P(), P(2)

P(z) b Va. P(z), P(z), ¢a, &, P(x) > Ve P@), 6, 60, P(2) P(a) P riahe
FVz. P(z), P(z), ¢as 9
FVz. P(2), P(2), s ba O
contraction ax
F V. P(z), P(z), ¢a v Va. P(z), P(z) - Vy. P(y) Ny
F V. P(2),Yz. P(z), ¢ Va. P(z) F ¢, ot
contraction e — ElrighL
F Va. P(2), $a Va. P(z) F ¢q
cut
F ¢
We make the cut rule go above the =45 rule (b):
axX ax
P() Vo P@), P(a),6udy  P(@) Vo P(@). Yy Py) 60 Pla)
ORI
- Va. P(z), P(@). ¢ fu it
FVz. P(z), P(z), ¢a7 . ”9;“ i
contraction ax
F V. P(x), P(x), ¢ V. P(x), P(x) = Vy. P(y)
vright im‘ght
FVz. P(x),Vz. P(x), ¢a i V. P(z) F ¢,
contraction s — Elright
FVz. P(x), ¢q V. P(z) b ¢
cut
F ¢q
Finally we replace the cut by an axiom:
ax
P(z) FVz. P(x), P(x), ¢a,Vy P(y) _
- Va. P(a), P(@), 00,6 _ ot
- V. P(x), P(z), qﬁa, R
contraction ax
FVz. P(x), P(z), ¢ | Vz. P(x), P(x) - Yy. P(y) Ny
- Vz. P(z),Vz. P(), ¢>a et Va. P(z) - 4, it
contraction P E— EIm‘ght
F V. P(x), ¢ Va. P(x) b ¢q ot
E ¢a

We are in situation (b), we need a contraction and we make the cut go above the 3,4, rule.

ax

P(z) FVa. P(x), P(2), ¢, ¢a; Vy. P(y)
FVz. P(z), P(z), 9 {x = 2}, o, &
= V$.P($),P<Z)a¢a7¢av¢;

right

right

contraction

right ax

- V. P(x), P(2), $a, ¢,
Vo P(a) V5. P0) w0 Ve P Pla) oY PY)
- Va. P(z), ¢a, &, V. P(z) & ¢q, B, cut
F ¢, @,
F @as @a

= ¢a

37"7lgh,1‘,
contraction

Again, we are (b) with the =4 rule:

11
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ax
P(z) EVz. P(z), P(2), ¢, $a, Vy. P(y),, Vy. P(y) N
right
FVa. P(z), P(2), 8.{x — 2}, ¢a, &, Vy. P(y) ?
right
- Va. P(x), P(2), ba; Ga: 6, Vy. P(y) "
contraction
FVz. P(x), P(2), ¢a, &, Vy. P(y)
right
- Va. P(z),Va. P(z), da, 8, Vy. Ply)
contraction ax
F V. P(z), ¢a, ¢y, Vy. P(y) V. P(z), P(z) b ¢a, Vy. P(y) .
cu
P(z) & ¢a, b4, Vy. P(y)
- ¢) 7 ¢/ right
a’ia’,a contraction
F G, G4
P E— EIm’ght
F @, Ga .
contraction

a

We are yet again in situation (b), but this time the last rule being an axiom over the cut formula,
we finish the transformation with a contraction:

P(z) FVz. P(z), P(2), ¢, ¢, Vy. P(y), , Vy. P(y)
F V. P(z), P(2), ¢l {x — 2}, $a. ¢, Vy. P(y)
FVa. P(z), P(2), ¢a; ba, 8, Vy. P(y)
FVz. P(z), P(2), $a; ¢y VY- P(y)
F Va. P(x),Vo. P(x), ¢a, 8, Vy. P(y)
= V. P(x), ¢a, by, Vy. P(y)
P(x) = ¢a, ¢, Vy. P(y)

a .
o ¢, contraction
a) a

b @a; ¢a
= a
Some of the introduced contractions are not useful, some are. Taking them out gives the following,
simpler, proof — this step is not mandatory, but it gives a better view of the proof:

P(a), P(y) - P(y), Yy Py), V. P(y)

P(z) = P(y),Yy. P(y), P(y) = (Vy. P(y))

P(z) = P(y),vy. P(y), 3y. (P(y) = (Vy. P(y)))
P(z) & Vy. P(y), Vy. P(y), 3z. (P(z) = (Vy. P(y)))

P(z) b Vy. P(y), 3z. (P(z) = (Vy. P(y)))

F P(z) = (Vy. P(y)), 3z. (P(z) = (Vy. P(y)))

=3z (P(x) = (Vy. P(y))), 3z. (P(z) = (Vy. P(y)))
=3z (P(z) = (Vy. P(y)))

ax

:>rz'ght

right

contraction

right

contraction

contraction

right

3m’ght
contraction

right

right

right

right contraction

right

right

right contraction
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