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Today

* Babai’s theorem: MA € AM
+ Also, MAM C AM
* A detour through promise problems

* The Arthur vs. Merlin hierarchy collapses.



MA is included in AM



Converting MA to AM

Why not just use « skolemization »?
(Hint: does not work.)

« Prop (Lemma 3.11). Let F(x,y,r) be a predicate
(x of size n, r of poly size g(n), y of poly size p(n)) such that Vx ;
— either (1): (Jy, Er, F(x,y,r)) = 1-1/2n (« huge »)

—or (2): 3y, Er, F(x,y,r))<1/2n (« tiny »)

A1)
M| A

» Then for every poly ¢(n), and for n large enough,
—in case (1), F'(x) =1-1/28 .. =1, in fact!
—in case (2), F'(x) < 1/2sm)

where F'(x) £ Ery, ..., ri, y, v/, Aizif F(x,y,r'®r;).

and k%/n", ny—/;ov(n)+q(n)+g(n)

A M




Permuting E over 4, a la Lautemann

Prop (Lemme 3.11). Let F(x,y,7) be a predicate
(x of size n, r of poly size g(n), y of poly size p(n)) /Vx,

+ In case (1 ) (« huge » ), — _ either (1): 3y, Er, F(x,y,r)) =1-1/2»  (« huge »)
—or (2): 3y, Er, F(x,y,r))<1/2n (« tiny »)
(Erl F(x;yﬂ’))21—1 / 2" for some Yy. Then for every polv o(n). and for n large enough,
g —in ease (1), F'(x)=1
We fix that Y. — in case (2), E'(x) < 1 /2™

where F’(x) £ Ery, ..., 1o, Ay, v/, Aimik F(x,y,r'@r)).
+ le., Prr(F(x,y,T)) =l /2.” and k £ "m/n7, m £ p(n)+q(n)+g(n)

(F(x,y,r) is a predicate!)

Sl Dol e lg ot S e e De ATy,

Prr’(_' /\izlk F(x/y/r,@ri))

+ We claim that, in that case, < itk Pro(=F(x,y,r'®r:))
for all ry, ..., 7, <k /2n
thereisan r’ / =
Aitk F(ry,r'®r) « Since k=poly(n), this is

< 1 for n large enough.

The complement of
{r | F(x,y,r)} is tiny @,



Permuting E over 4, a la Lautemann

Prop (Lemme 3.11). Let F(x,y,7) be a predicate
(x of size n, r of poly size g(n), y of poly size p(n)) /Vx,

+ In case (2) (« tiny »), — either (1): (3y, Br, Fxy,1)) > 1-1/20 (< huge »)
—> —or (2): @y, Er, F(x,y,r))<1/2n (« tiny »)
(Er/ F (x;yﬂ’))ﬁl / 2” f Oor every y cuen for every poly g(n), and for n large enough,
—incase (1), Fl(x)=1

R —in case (2), F'(x) <1/2sm)
¢ Pr(F(x,y,r)) < 1/27 for every y. [ e

(F(x/yﬂ’) 1s a PTEdicatE!) and k # "m/n”, m £ p(n)+q(n)+g(n)

s Pre sl ARy r ®n)) = Yy (1/27)
<Y P aUASIEEG Iy B s 2En
— ¥~ BL=ik PrAEGey, v ©r)) <1/230),
(independence) o«

{r | F(x,y,r)} itself
is tiny



MA € AM

Prop (Lemme 3.11). Let F(x,y,7) be a predicate
. (x of size n, r of poly size g(n), y of poly size p(n)) /Vx,
@ Thm 3.12 (B ab al) - MA g AM — either (1): 3y, Er, F(x,y,r)) = 1-1/2n (« huge »)
—or (2): 3y, Er, F(x,y,r))<1/2n (« tiny »)
Then for every poly g(n), and for n large enough,

« Proof. Let L € MA. — in case (1), F/(x) = 1
— in case (2), F'(x) < 1/2s®)
FOI‘ SOMme D E P/ where F'(x) £ Ery, ..., 1, 3y, v/, Aizik F(x,y,1r'®ri).

(logical characterization of MA) and k £ "m/n”, m £ p(n)+q(n)+g(n)

(1) if x € L then (Jy, Er, x#y#tr€ D) > 1-1/2n
(2)if x & L then (Qy, Er, x#ty#tr&e D) <1/2n.

*

Apply the Proposition to F(x,y,r) £ (x#y#r € D)
(predicate!)

R/
%

For small values of 7, tabulate.

Therefore L iS 1n AM 2 <{ Ah yes, case (2) only applies for n large enough.




MAM C AM

Lemma 3.11. MAM C AM.

Proof (1/2). Let L € MAM.
For some D € P,

(logical characterization of MAM)

(1) if x € L then (Jy, Er, Ty,
(2) if x & L then (3y, Er, Iy,

Prop (Lemme 3.11). Let F(x,y,7) be a predicate
(x of size n, r of poly size g(n), y of poly size p(n)) /Vx,
— either (1): 3y, Er, F(x,y,r)) = 1-1/2n (« huge »)
—or (2): 3y, Er, F(x,y,r)) <1/2n (« tiny »)
Then for every poly g(n), and for n large enough,
—incase (1), F'(x)=1
—in case (2), F'(x) <1/2sm
where F'(x) £ Ery, ..., 1, 3y, v/, Aizt* F(x,y,1r'®r).
and k £ "m/n", m £ p(n)+q(n)+g(n)

x#y#rty € D) >1-1/2n
x#y#riy’ € D)< 1/2n.

Apply the Proposition to F(x,y,r) £ (Ay’, x#ty#r#y’ € D)

(predicate again!)

Then'Ex)y=Er;, - rc 30 v =it qy s (w @Srey €D .2



MAM C AM

Lemma 3.11. MAM C AM.
Proof (2/2).

Bl Hrep oA

Prop (Lemme 3.11). Let F(x,y,7) be a predicate
(x of size n, r of poly size g(n), y of poly size p(n)) /Vx,
— either (1): 3y, Er, F(x,y,r)) = 1-1/2n (« huge »)
—or (2): 3y, Er, F(x,y,r))<1/2n (« tiny »)
Then for every poly g(n), and for n large enough,
—incase (1), F'(x)=1
—in case (2), F'(x) <1/2sm
where F'(x) £ Ery, ..., 1, 3y, v/, Aizt* F(x,y,1r'®r).
and k £ "m/n", m £ p(n)+q(n)+g(n)

Nizik Ay, (x#y# (r'@ri)#y’ € D)

— B e S

Ntk (x#y# (r'®ri)#y’; € D)

Hence L 1s in AM.




Intermission: promise problems



Promise problems: example

* Look back at, say, SAT:
INPUT: a clause set S
QUESTION: is S satisfiable?

« We silently assumed that this defined a language...
but a language is a set of words, not of clause sets

“ Some input words may fail to parse as clause sets.

+ Hence, really, what we are interested in is...



Promise problems

+ INPUT: a word w

PROMISE: w parses as a clause set S
QUESTION: is S satisfiable?

* Modeled as two languages:
L+ 2 {w | w parses as a satisfiable clause set S}

[- £ {w | w parses as an unsatisfiable clause set S}

“ In general, a promise problem is a pair of two disjoint languages:
INPUT: a word w

PROMISE: w € L*U L-

QUESTION: is w in L*?



Promise problems are often useless

R/
%?

Testing the promise is usually

easy (in P, sometimes even *  INPUT:a word w
PROMISE: w parses as a clause set S
lOWQI‘ ) QUESTION: is S satisfiable?

Modeled as two languages:

Then there ]_S no dlfference ln | L+ £ {w | w parses as a satisfiable clause set S}

-2 {w | w parses as an unsatisfiable clause set S

R/
%®

complexity between L* and

In general, a promise problem is a pair of two

(the Complement Of) L_ disjoint languages:
INPUT: a word w

PROMISE: w € L+U L-

E.g., for SAT, both are NP- QUESTION: is w in L+?
complete.

R/
%*




Promise problems are sometimes useful

* Let BPP’ be the promise version of BPP, i.e.:
— if x € Lt then Pr, (x#tr€D)=2/3
— if x € L-then Pr, (x#tr€ D)< 1/3

where D is a language in P.

* Then the following promise problem is BPP’-complete:
L+ £ {circuits C that evaluate to 1 on > 2/3 of their inputs}

L- £ {circuits C that evaluate to 1 on < 1/3 of their inputs}

# (There is no known BPP-complete problem.)



Promise versions of Arthur-Merlin games

« All the classes in the Arthur-Merlin hierarchy

have analogues as promise problems:
e, A, M', MA’, AM’, etc.

« (Lt L-)€ AMAM... iff ~ * Thm3.12". MA"C AM".
Lemma 3.11". MAM’ C AM’.

for every polynomial ¢(n),
(same proof as before!)

there is a poly time predicate P /

—if x € L*, then G(x) = 1-1 /230

— if x € L- then G(x) < 1 /280
where G(x) £ Er1, y1, Erp, Jyo, ..., Plx,r,y1,72,y2, ...)




T'he Arthur-Merlin hierarchy
collapses



T'he A-M" hierarchy collapses

+ We will show by induction on the length of w
that wC AM".

* Obvious if this length is 0.

+ We will then look at the first letter of w, either A or M.



w” C AM’: (1) w starts with A

+ Letw £ A wy, and let (L+,L-) € w’... first, a useful lemma:

“ Square root lemma. Let O<e<1, and X be a non-negative
real-valued random variable with finite expectation.

(i) If E(X)<e then Pr(X<ve)=1-V¢

(ii) If E(X)=1-¢ then Pr(X=1—Ve)=1—Ve. [ooemMarovs mequa i)

Let X be a non-negative real-valued ran
with finite expectation E(X). For ev

« Proof. (i) Leta £1/Ve, soa.E(X)<Ve. SR

PreX Ve =" Proc=ve)— Pr(Xza.E(X)) e
(ii) Use (i) with X replaced by 1-X.

—

Le., if the expectation of X is very large,
then X is large, with high probability.



w” C AM’: (1) wstarts with A (1/5)

ie. (Lt L-) € w’ is decided
by a formula of the form

+ Letw £ A w,, and let (L+,L-) E w’. FEY)

— if x € L+, then (Er, F(x,r)) = 1-1 / 228(n)+2
— if x € L-then (Er, F(x,r)) < 1/228m)+2

We reduce the error
preventively.

“ Beware: F is not a predicate, This will be needed.
so expectation # probability
* But, with high probability on r (> 1-1/2s(m+1),
— if x € L+, then F(x,r) = 1-1 / 28m)+1
—_— lf X E L_ then F(X,T) < 1 /Zg(n)+1 Square root lemma. Let O<e<1, and X be a non-r
real-valued random variable with finite expectat
Why? (i) If E(X)<e then Pr(X<ve)=1-Ve

(ii) If E(X)=1-¢ then Pr(X=1-V¢e)=1—Ve.

T — e




w” CAM’: (1) wstarts with A (2/5)

ie. (Lt L-) € w’ is decided
by a formula of the form

+ Letw £ A w,, and let (L+,L-) E w’. F(x7)

— if x € L+, then (Er, F(x,r)) = 1-1 / 228(n)+2
— if x € L- then (Er, F(x,r)) < 1/228(n)+2

» If x € L+, then by (ii) Pr(F(x,r)=1-1/28m+1) > 11 /28(n)+1
» If x € L, then by (i) Pr(F(x,r)<1/28m+1) > 1-1 / 28()+1

Square root lemma. Let O<e<1, and X be a non-r
real-valued random variable with finite expectat
(i) If E(X)<e then Pr(X<ve)=1-Ve

(ii) If E(X)=1-¢ then Pr(X=1-V¢e)=1—Ve.




w” C AM’: (1) w starts with A (3/5)

ie. (Lt L-) € w’ is decided
by a formula of the form

ET, 1, Erz, 3 D) ees
+ Letw £ A wy, and let (Lt,L-) € w’. W
— if x € L+, then (Er, F(x,r)) = 1-1/228(n)+2
— if x € L-then (Er, F(x,r)) < 1/228(n)+2

« With high probability on r (= 1-1/2s8(m+1),
— if x € L+, then F(x,r) = 1-1 / 28m)+1
— if x € L-then F(x,r) < 1/28m+1

This is where we need promise

» Let D+ & {xttr | F(x,r) = 1-1/2sm)+1} languages.
D- < {x#r | F(x,r) <1/28m+1}
(D*,D-) is a promise language in wy’.

* By induction hypothesis, (D+,D-) is in AM".



Cd

4
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w C AM’: (1) w starts with A (4/5)

Since (D+,D-) € AM’, for some D&EP:
— if x#r € D+, then

Pr(Ay’, x#r#r’#y’ € D)=1-1/2s0m)+1
— if x#r € D-, then

Pr(y’, x#r#r'#y’ € D)<1/2s0m+1

If x € L-then (Ay’, x#r#r’#y’ € D) holds:

— witl
= e

L

+ Letw £ A wy, and let (L+,L-) € w".

— if x € L-then (Er, F(x,r)) < 1/228n)+2

+ With high probability on r (= 1-1/2s()+1),

—if x € L+, then F(QC,J.’.) >1-1 /2g(n)+1
— if x € L-then F(x,r) < 1/28m+1

» Let D+ £ {x#r | F(x,r) = 1-1/28m)+1}

D- = {x#r | F(x,r) <1/2sm+1}
(D+,D-) is a promise language in w,".

# By induction hypothesis, (D+,D-) is in AM’.
7 R — B

Ay, x#rir#y € D } oL

n prob. <1/280+1 (on ') if x#r € D-,—
| x#r & D- happens (i.e., F(x,r)>1/28m+1)

wit]
hence

h prob. <1/28m+1 (on 7

with prob. < 1/2s@ total (on 7, ')

Hence Pr,(y’, x#r#r'#y’ € D) < 1 /28w

Ay, x#r#r’#y’ € D inconny

<1/28m+1

-3y, x#r#r’'ty’ €D

~— Jr

—
x#r e D- x#r € D-
(prob. <1/2s(m+1)



w” C AM’: (1) wstarts with A (5/5)

* In summary:
— If x € L- then Pr, Ay, x#r#tr'#y € D) < 1/2s0)
— If x € L* then Pr Ay, x#r#r'#y’ € D) = 1-1 /250

+ Therefore (L+,L-) is in AM".

* Since (L*,L-) was arbitrary in w’/, w’ C AM".



w CAM’: (1) wstarts with M (1/2)

This is simpler!

+ Letw £ M wy, and let (L+,L-) E W’.
— if x € L+, then for some vy, F(x,y) = 1-1/2s(®)
— if x € L- then for every vy, F(x,y) < 1/2s®

2 lcot i) {X#y F(X,y) =1 | /2g(n)} This is where we need
D-« {x# y F(x,y) = /23(”)} promise languages.

No way we could use a

: : : s : single language
« (D+,D-) is a promise language in wy". D*=complement of D-

* By induction hypothesis, (D*,D-) is in AM’.



w CAM’: (1) w starts withM (2/2)

Y : = y : ® Letw £ M wy, and let (L*,L-) € w’.
+ Since (D+,D-) € AM’, for some DEP: ifxe L, then for some y, Flxy) = 1-1/2:0
o n — if x € L- then for every y, F(x,y) < 1/2s(
1f X# y E D 4 then Let D+ £ {x#y | F(x,y)>1-1/2sw)}

(Er’, Ay, x#ty#r'#y’ € D)=1-1/ 25w D~ fx#y | Fley)=1/2:0)
. - «  (D+*,D-)is a promise language in wy’.
o 1f X# y E D & then By induction hypothesis, (D+,D-) is in AM".

(Er’, Hy’, x#y#r/#y/ = D)gl/Zg(n) r ——

+ If x € L+ then for some y, x#y € D+, so
Qy, Er’, Ay, x#y#r'#y’ € D)=1-1/2sm

+ If x € L- then for every y, x#y € D-, so
(Jy, Er’, Ay’, x#y#r'#y’ € D)<1/280)

+ Hence (L+,L-) is in MAM’... hence in AM’!




T'he Arthur-Merlin hierarchy collapses

+ We have proved: For every word w, w C AM’

« If w is a subword of w; (obtained by removing letters)
then w’1 C wy’
E.g., AM’ C AAMAMMA, right?

* So, for every word w of the form wiAw-Mws, w'=AM".

* The remaining words are:
— w € M*A*: then w = MA’
— w € M+: then w/ =M’ (=NP’)
— w € At: then w’ = A’ (=BPP’)
— w = ¢: then w’ =P".

-
4



T'he Arthur-Merlin hierarchy collapses

+ In summary: AM’ (All other classes
w’ equal to AM’)

Ul

NP’ BPP”’



T'he Arthur-Merlin hierarchy collapses

* We can equate a language L AM (All other classes
with the promise problem e b
(L, complement of L)
MA’
* J.e., a promise problem (L*,L-) i
is a language iff
NP’ BPP’
[*=complement of L-
¥ =C
“ Restricting to languages, we e

obtain...



T'he Arthur-Merlin hierarchy collapses

+ Thm 3.14 (Babai, Moran). AM (All other classes
The A-M hierarchy collapses: egua A
there are no more than =
5 different classes in the MA
hierarchy. e

+ (No other relation known NP BPP
between these classes.) O 5 o

* Note: the same technique shows
that AM[f(Yl)+CSt.] — AM [f(n)] 2] Variable number of turns f(n)...

until now we only had a
but no more. constant number of turns!






Some more wonders!

# Sipser’s coding lemmas

* AM is in the polynomial hierarchy

* The Goldwasser-Sipser theorem:
public coins=private coins

* The Boppana-Hastad-Zachos theorem:
Graph Isomorphism is most certainly not NP-complete.



