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Arthur vs. Merlin games
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Abstract. 1. Introduction

fn a previous paper [BS] we proved, using the elements of 1.1. Randomness vs. mathematical intractabil-
the theory of nilpatent groups, that some of the fundomen- ity: a tradeoff
tel computational problems in matriz groups be T
These problems were also shown to belon
assuming an unproven Aypothesrs conceruing | JOURNAL OF COMPLTER AND SYSTEM SCIENCES 36, 254-276 (1988)
groups.

The aim of this paper is to replace most of
and unproven) group theory of [BS] by elem
binatorial arguments. The result we prove is 1
to a random oracle B, the mentioned matrix

tems belong to (NPNecaNP)?. Arthur—Merlin Games: A Randomized Proof System,
The problems we consider are memberahip | . .

of & matrix gronp given by a list of gonerators, and a Hierarchy of Complexity Classes

lems can be viewed as multidimensional versiol

relative of the discrete  logarithm  probl LAszLO Bagal

NPNeo NP might be the lowest natural com
they may it in.
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One can view NP as the complexity class that captures the notion of eflicient provability by
classical (formal) proofs. We consider broader complexity classes {still “just above NP”), in
the hope to formalize the notion of eflicient provability by overwhelming statistical evidence.
Such a concept should combine the nondeterministic nature of (classical) proofs and the

Par Schmid, Renate — https://opc.mfo.de/detail?photo id=14372, CC BY-SA 2.0 de, statistical nature of conclusions via Monte Carlo algorithms such as a Solovay-Strassen style
o 3154 3 i ) A “proof” of primality. To accomplish this goal, two randomized interactive proof systems have

hiepss f/icomonsss Tk imedhasg iyl Trdexaplic cerEae 008006 ] recently been offered independently by S. Goldwasser, S. Micali, and C. Rackoff (GMR

system) (in “Proceedings, 17th ACM Symp. Theory of Comput., Providence, RI, 1985."

pp- 291-304) and by L. Babai (Arthur-Merlin system) (in “Proceedings, 17th ACM Symp.

Theory of Comput., Providence, RI, 1985,” pp. 421-429), respectively. The proving power of
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Arthur vs. Merlin games

Imagine we would like to decide

X
whether x € L
We ask Arthur —
a mere mortal, who lives only ?

for polynomial time

Arthur can ask Merlin...

a supernatural being able to give

the answer to any problem (trust me)
(even non-computable)

but Arthur does not trust Merlin...

Arthur: http://lusilel7.l.u.pic.centerblog.net/273f716e.jpg
Merlin: https://www.ecranlarge.com/uploads/image/001/011/merlin-l-enchanteur-photo-merlin-disney-1011190. jpg
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Arthur vs. Merlin games

Imagine we would like to decide

X
whether x € L
We ask Arthur —
a mere mortal, who lives only ?

for polynomial time

Arthur can ask Merlin for a proof

y that xisin L

now Arthur can check Merlin’s proof...
provided y has polynomial size

Arthur: http://lusilel7.l.u.pic.centerblog.net/273f716e.jpg
Merlin: https://www.ecranlarge.com/uploads/image/001/011/merlin-l-enchanteur-photo-merlin-disney-1011190. jpg



Arthur vs. Merlin games

+ INPUT: x

“ Merlin answers y

+ We check whether £
(x,y) € D (for some D in P) -

* The languages decided this way <1/

are just those in NP.

Arthur: http://lusilel7.l.u.pic.centerblog.net/273f716e.jpg
Merlin: https://www.ecranlarge.com/uploads/image/001/011/merlin-l-enchanteur-photo-merlin-disney-1011190. jpg



/7
0‘0

The class AM

Now Arthur can also draw (uniform) random strings

INPUT: x

Arthur draws r at random
and computes a question

q £ Ax,r)

... and sends x#g#r to Merlin

Merlin answers y Y

We check whether

x#qtr#ty € D (for some D in P)

Acceptance condition: if x € L then succeeds with high prob. ... with a catch!
if x & L then fails with high prob. (in fact, two)

Arthur: http://lusilel7.l.u.pic.centerblog.net/273f716e.jpg
Merlin: https://www.ecranlarge.com/uploads/image/001/011/merlin-l-enchanteur-photo-merlin-disney-1011190. jpg



T'he class AM, formally (1st try)

What honest Merlin plays,

+ Lisin AM 1ff there are: in order to make us accept

when x €L
— a poly time Turing machine A

(used by Arthur to compute questions g £ A(x,r))

— a function M : £* — X" producing poly size outputs

(a Merlin map, not necessarily computable)
— a poly time decidable language D
such that:

+ if x € L then Pr(x#igirfy€ED)=2/3
« if x & L then Pr.(x#g#tr#ty € D) <1/3

s 5 = First catch: when x & L, Yot
» where == Qzl(x,i’), y= M(x# q# 7’) we should reject with high prob. g

even if Merlin is dishonest,
namely whatever y it plays



T'he class AM, formally (2nd try)

+ [ is in AM iff there are:

— a poly time Turing machine A
— a Merlin map M : X" — ¥* producing poly size outputs

—ap Oly time decidable 1anguage D Second (more benign) catch:
SU_Ch that: I do not know of any correct proof of error

reduction in the literature;
and I do not know of any simple one.

* if x € L then Pr/(x#g#r#y € D) >2/3
where g £ A(x,r), y £ M(x#q#r)

# if x & L then VMerlin map M,
Pr(x#tgrfye D)< 1/3 \ =
where q et ﬂ(x,r), y et M’(x# q#r) Then decide whether x#g#trty € D




T'he class AM, formally (final)

« L is in AM iff Vpolynomial n » ¢(n), there are:

— a poly time Turing machine A

— a Merlin map M : £* — ¥* producing poly size outputs
— a poly time decidable language D

such that:

* if x € L then Pr/(x#qg#r#y € D) = 1-1/230
where g £ A(x,7), y £ M(x#qg#r)

+ if x & L then VMerlin map M’,
Pre(x#ghrty € D) < 1/2s0) _ - &
where q e QZ[(x,r), y e M’(x# q# 7’) Then decide whether x#g#r#y € D




T'he Arthur-Merlin hierarchy

In general, for any word w £ may...ax € {A, M}7,

there is a class w (note: boldface), of languages L such that Vg, 34,M,D:

If x € L then Pr/(prot,(M; x, r) accepts) = 1-1/2s(n)

if x & L then VM’, Pr/(prot,(M’; x, r) accepts) < 1/2s()

proty(M; x, rira...1%):
. . Arthur’s turn.
mp =X « draw rjat random »,
for ] =1...k: compute question gj,

: : : : add both to history inp
if ai=A then (g; := Ainp,r;); inp := inp#ri#g;)

else (y; := M(inp); inp := inp#y;)
accept if inp € D, else reject

Merlin’s turn.
find answer y;,

— add it to history inp




T'he Arthur-Merlin hierarchy: the low levels

When w=¢ (k=0), e=?

# In general, for any word w £ aia,...ax € {A, M}¥,

there is a class w (note: boldface), of languages L such that Vg, 34,M,D:
» If x € L then Pr(protw(M; x, r) accepts) = 1-1 /2

+if x & L then VM, Pr,(prot.(M’; x, r) accepts) < 1/2s()

* protw(M; x, rira...ri):

] Arthur’s turn.
mp =x « draw r;at random »,
for j=1...k; compute question g,

if aj=A then (g; := Alinp.r;); inp := inp#ri#g;) add both to history inp
else (y; := M(inp); inp := inp#y;)

o . Merlin’s turn.
accept if inp € D, else reject find answer ;
| — — add it to history inp

T — ——————



T'he Arthur-Merlin hierarchy: the low levels

+ When w=e (k=0): e=P

+ When w=A: A=?

# In general, for any word w £ aia,...ax € {A, M}¥,
there is a class w (note: boldface), of languages L such that Vg, 34,M,D:

» If x € L then Pr(prot.(M; x, r) accepts) = 1-1 /2

+if x & L then VM, Pr,(prot.(M’; x, r) accepts) < 1/2s()

* protw(M; x, rira...7i):

] Arthur’s turn.
mp =x « draw r;at random »,
for=1. .k compute question gj,

if aj=A then (g; := Alinp.r;); inp := inp#ri#g;) add both to history inp
else (y; := M(inp); inp := inp#y;)

o . Merlin’s turn.
accept if inp € D, else reject find answer ;
| — — add it to history inp




T'he Arthur-Merlin hierarchy: the low levels

+ When w=e (k=0): e=P
+ When w=A: A=BPP

+ When w=M: M="?

# In general, for any word w £ aia,...ax € {A, M}¥,
there is a class w (note: boldface), of languages L such that Vg, 34,M,D:

+if x & L then VM, Pr,(prot.(M’; x, r) accepts) < 1/2s()

* protw(M; x, rira...1%):

] Arthur’s turn.
mp =x « draw r;at random »,
for j=1...k; compute question g;,

if aj=A then (g; := Alinp.r;); inp := inp#ri#g;) add both to history inp
else (y; := M(inp); inp := inp#y;)

. . Merlin’s turn.
accept if inp € D, else reject

find answer y;,
— add it to history inp

T ——— EEE—



T'he Arthur-Merlin hierarchy: the low levels
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When w=¢ (k=0): e=P
When w=A: A=BPP
When w=M: M=NP

Then we have MA, AM,
AMAM = AM[2], AM][3], ...,

AM [k] + In general, for any word w £ a1as...ax € {A, M}¥,
(s there is a class w (note: boldface), of languages L such that Vg, 34,M,D:

¢ If x € L then Pr/(prot.(M; x, r) accepts) = 1-1 /25

* if x & L then VM, Pr,(prot.(M’; x, r) accepts) < 1/2s()

¢ protw(M; x, rira...7):

t Arthur’s turn.
mp =x « draw r;at random »,
for=1. .k compute question gj,

if a=A then (g; := Alinp.r)); inp = inphrtg) add both to history inp
else (y; := M(inp); inp := inp#y;)

ey . Merlin’s turn.
accept if inp € D, else reject find answer y;
| c— — add it to history inp




Interactive proofs



Interactive proofs

- (STOC’1985
aussi!)

The Knowledge Complexity of Interactive Prool-Systems

(Extended Abstract)

Shafi Goldwasser  Silvio Micali  Charles Rackoff
MIT MIT University of Toronto

1. Introduction We propose to classify languages according to the

In the first part of the paper we introduce a  amount of g@;ﬁ_on_a_l knowledge that must be
new theorem-proving procedure, that is a new eff-  Telcascd for proving membership in them.

cient method of communicating a proof Any such Of particular interest is the case where this addi-
method implies, directly or indirectly, a definition of  tional knowledge is essentially 0 and we show that is
proof. Our "proofs” arc probabilistic in nature. On  possible to interactively prove that a number is qua-
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By Weizmann Institute of Science - Weizmann Institute of Science, Public Domain,
https://commons.wikimedia.org/w/index.php?curid=12112705

By Rguillou228 - Own work, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid=74039300

https://alchetron.com/cdn/charles-rackoff-3aa39129-7251-4443-9d07-4e01fcfdc9c-resize-750. jpeg



Interactive proofs

* Note that in Arthur-Merlin games,

Arthur must communicate not just g
but also its random bits 7

to Merlin

* In interactive proofs, Arthur only gives out g,
and may therefore keep r secret
(but is not forced too).



The class M IP[1]

» Lisin IP|1] iff Vpolynomial n » ¢(n), there are:
— a poly time Turing machine A
— a Merlin map M : £* — ¥* producing poly size outputs

— a poly time decidable language D Note that r still takes part
in the final decision
such that:

(and in Arthur’s computations, of course)

* if x € L then Pr/(x#qg#r#y € D) > 1-1/280
where g £ A(x,7), y £ M(x#g#m9

+ if x & L then VMerlin map M’,
Pr(x#tgtrty € D) < 1/280) \ = N8
where q e QZ[(x,r), y e M’(x # q#.’.e Then decide whether x#g#r#y € D




Example: Graph Isomorphism

¢+ Let V=11, ..., N} set of vertices,

Gn £ directed graphs on V,
Sy £ group of permutations of V.

* Syacts on Gy by: V7t € Sy, VG=(V,E) € Gy,
.G £ (V, {((u), m(v)) | (4, v) € E}

* Two graphs
Gi1=(V, E1), Go=(V, E;) (with the same V)
are isomorphic (G1 = &) iff 3 T € Sy, T.G1=Go.



R/
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Example: Graph Isomorphism

Graph isomorphism:
INPUT: 2 graphs G1=(V, El), GZZ(V, Ez) (with the same V)
QUESTION: are G1, G2 isomorphic?

Snacts on Gy by: V7t € Sy, VG=(V,E) € Sy,

Clearly in NP .G £ (V, {(n(u), m(v)) | (u, v) € E}
Two graphs
. G1=(V, E1), Go=(V, E;) (with the same V)
NOt knOwn tO be 1n P/ are isomorphic iff 3 € Sy, m.G1=Go.

E—

nor NP-complete...

We will show, using results on MA, AM, IP[1], etc.
that it is not NP-complete (unless PH collapses)

(This is only the beginning: Babai gave a super polynomial time algo for GI in 2015;
you need to understand first everything in the course to have a hope of understanding it!)



Example: Graph Non-Isomorphism

* GNI £ complement of GI: in coNP,
not known to be in P or coNP-complete

+ Prop. GNI is in IP[1]. T T T R
QUESTION: are Gi, G, isomorphic?
= Algorithm. — ——
— Arthur draws i € {1,2}, m € Sy at random uniformly,
sends g £ .G

— Merlin answers j € (1,2}
— We accept if i=j, reject otherwise.



GNlLisinIP[1] (1/3)

— Arthur draws i € {1,2}, m € Sy at random uniformly,
sends g £ 1.G;

@ Prop. GNI IS 11’1 IP[].] — Merlin answers j € {1,2}

— We accept if i=j, reject otherwise.

* Proof. " |

— If (G1, G») € GNI,
there is a unique j € {1,2}
such that G; = n.G;, (viz., i)
Merlin plays that j, forcing acceptance (always).



GNlisinIP[1] (2/3)

— Arthur draws i € {1,2}, m € Sy at random uniformly,
sends g £ 1.G;

@ Prop. GNI IS 11’1 IP[].] — Merlin answers j € {1,2}

— We accept if i=j, reject otherwise.

“ Proof. *’ '

— If (G1, G2) &€ GNI,

then G1 = G2 = .G, (viz., 1)

and Merlin has no information about i
Whatever Merlin plays, Pr(acceptance)=1/2.

That is in fact irrelevant to the proof.
But that shows that GNI has a
zero-knowledge proof!



GNlLisinIP[1] (3/3)

— Arthur draws i € {1,2}, m € Sy at random uniformly,
sends g £ 1.G;

o PI'OP. GNI iS ln IP[l] — Merlin answers j € {1,2}

— We accept if i=j, reject otherwise.

+ Error too big (1/2).
= Repeat experiments (a la RP), but in parallel.

« —Arthur draws ¢(n) bits iy, ..., isn)
and g(n) permutations i, ..., Tl(n),
sends (111.Gi 1, ..., Te()-Gi_gtn))
— Merlin replies j1, ..., jom)
— We accept if i1=j1 and ... and iy()=]q(), T€ject otherwise.

+ Error 1/28M now (and still no error if (G1, G2) € GNI).



GNlisin AM

+ We will see later that GNI is in AM.

+ This is a better result, since AM C IP[1]
(Any AM game can be simulated as an IP[1] game
where Arthur sends both g and r as its question!)

* In fact, AM =IP[1]... but this is a pretty hard result,
due to Goldwasser and Sipser.

* Meanwhile, let us return to the study of MA, AM, etc.



Other equivalent definitions of AM
1. BP-NP



T'he BP- operator

* Generalizing BPP.

For any class C, the class BP - C:

+ Alanguage L isin BP - C ift

there is a language D in C, and a poly time TM ‘M

A language L is in BPP if and only if
there is a polynomial-time TM M

such that for every input x (of size n):

if x & L then Pr, [M(x,r) accepts] < 1/3.

such that for every input x (of size n):

—ifxE Lt

nen Pr,

—ifx&€Lt

nen Pr,

‘M(x,r) € D

‘M(x,r) € D

# In particular, BP - P = BPP.

>2/3
<1/3.



Error reduction: democracy

A language L is in BP - C iff

& AS fOr BPP we can reduce there is a language D in C, and a poly time T
4 such that for every input x (of size n):

the error in BP - C from 1/3 — if x € L then Pr, [M(x,r) € D] =2/3

——

to 1/28( for any polynomial g(n)

« ... provided that C is democratic

(non-standard name; obtained through a vote in class a few years ago)

« Defn. Cis democratic iff for every L € C,

{w1# ... #wr | a majority of words w;isin L} is in C.



Error reduction through democracy

*

R/
%®

Let L € BP - C, with D as here —

Felel = o oo |

a majority of words w; is In

D’is againin C

A language L is in BP - C iff
there is a language D in C, and a poly time TV
such that for every input x (of size n):

——

j

Defn. C is democratic iff for every L € C,

{wi# ... #wi | a majority of words w;is in L} is in C.

It suffices to decide whether.

M(X,Tl)# L H M(x/r%g(n)log 2) =i
W\/

(in poly-time)

Then error is < 1 /280 (Chernoff!)

———— F
Application to voting (4/4)

Application to voting (3/4

< Assume that Prr(M(x,r) errs) S 1 /3, + Assume that Pr(M(x,r) errs) < 1/3,
what is the probability P that more than 1/2 of
how large should N be so that - —
* Answer: at most exp(-N/
the probability P that more than 1/2

Of N votes M(x,h\ My rai) orr

. The only magical formula
is< 1/230? you'll need to remember

* Answer: at least 36 (1) log 2

for error reduction by majority voting

+ Proof. exp(-N/36) < 1/24 iff e nn) ey

,,,,,,, this is polynomial, too
-N/36 < —g(n) log 2




Error reduction through democracy

A language L is in BP - C iff
there is a language D in C, and a poly time T

* We have proved:

such that for every input x (of size n):

Thm. Let C be democratic, — if x € L then Pr, [M(x,7) € D] 22/3
— if x & L then Pr, [M(x,r) € D] <1/3.
and g(n) be a polynomial. — —

Then BP - C, is also the class of

languages L Such that [ . ] . Defn. C is democratic iff for every L € C,

{wi#...#wi | a majority of words w;is in L} is in C.

— if x € L then e —

Application to voting (4/4)
Prr [ M('x, r) E D] 2 1 _1 / zg(n) Application to voting (3/4
* Assume that Pr{M(xr) errs) <1/3, | -semeimmosomers,

5 how large should N be so that T

]-f x ¢ L then the probability P that more than1/2 -

of N votes M(x,r+) M(x ra) err

Pr, [M(x,r) € D] < 1/280m. L ol

* Answer: at least 36 g(n) log 2

Note: if g(n) is polynomial,
""" this is polynomial, too
-N/36 < —g(n) log 2

T — T



Examples of democratic classes

+ Fact. P 1s democratic. (Easy.)

“ Prop. NP is democratic.

* No, we cannot check whether each w; is in L,

. 1 .
because lf that Cﬂ.eCk falls’ Defn. C is democratic iff for every L € C,
then the Whole Computation {wi#...#wi | a majority of words w; is in L} is in C.

T — E—

fails.

* Instead, we guess a subset I of indices of >k /2 elements,
and we check that ViE I w;isin L.




BP - NP has error reduction

= Thm. L € BP - NP itft Vpoly g,
3D € NP, poly time TM ‘M /

— if x € L then

Pr, [M(x,7) € D] = 1-1 /280
—if x & L then

Pr, [M(x,r) € D] < 1/280m).



* Thm (Prop. 3.5). AM = BP-NP.

AM = BP-NP

« if x € L then Pr(x#g#r#y € D) = 1-1/23
where g £ A(x,7), y £ M(x#q#r)

¢ if x & L then YMerlin map M,
Pr:(x#g#tr#ty € D) < 1/2sm

* Proof (1/4). Let L € AM, as here: SRS s

T

« Let D’ £ {x#r | Ay, x#tghr#y € D, where g £ A(x,r)}:
D’ 1s in NP.
+ IfxeL, Pr(x#re D’)
= Pr/(Jy, x#g#trity € D, where g £ A(x,r))
> Pr(x#g#r#ty € D, where g £ A(x,r), y £ M(x#qg#r))

== 2R
because Jy, P(y) is implied
by P(M(x#qg#r))



“ Thm (Prop. 3.5). AM = BP-NP.

AM = BP-NP

« if x € L then Pr(x#g#r#y € D) = 1-1/23
where g £ A(x,7), y £ M(x#q#r)

+ if x € L then YMerlin map M’,
Pri(x#g#r#ty € D) <1/2sm

* Proof (2/4). Let L € AM, as here: where g & Alxz), y « M(xéq#7)

:‘

« Let D" £ {x#r | Ay, x#fqgr#y € D, where g £ A(x,r)}: D’ is in NP.

« If x € L, then let M’(x#qg#r) £ best of Merlin’s responses,
i.e., some y such that x#g#r#y € D if one exists

+ Then Pr.(x#r € D’)

Pr. 3y, x#g#rity € D, where g £ A(x,r))
Pr(x#qg#r# M (x#q#r) € D, where g £ A(x,r))
1/28m)

IA

A

because M’ is best:
(Qy, xtgrty € D) = x#tghr# M (x#tqhr) € D



AM = BP-NP

Thm. L € BP - NP iff Vpoly g,
3D € NP, poly time TM M /
— if x € L then

* Thm (PI'OP. 3.5). AM = BP-NP. Pr, [M(x,r) € D] = 1-1/2s8m)
— if x ¢ L then
+ Proof (3/4). Let L € BP-NP, as here: Pr, [M(x,r) € D] < 1/2s.
LetD = {g | Jy, gty € D'}, with D’ € P, J— —

D” « {x#g#r#y | gy € D’}: in P.
« Let A(x,r) £ M(x,r), and M(x#g#r) £ some y such that g#fy € D’ if one exists,

« Ifx €L, Pr(x#g#rty € D”, where g £ A(x,r), y £ M(x#qg#r))
= Prg#y € D’, where g £ A(x,r), y £ M(x#qg#r))
> Pr(y, gty € D’, where g £ A(x,r))
=Pr/{Mlxr)ED)=1-1/2:0

because M is best:
(Jy, gty € D’) = g M(x#ghr) € D’



AM = BP-NP

Thm. L € BP - NP iff Vpoly g,
3D € NP, poly time TM M /

—if x € L then
“ Thm (Prop. 3.5). AM = BP-NP. Pr, [i/t(;,_r)ED] > 1-1/2s
— if x ¢ L then
+ Proof (4/4). Let L € BP-NP, as here: Pr, [M(x,r) € D] < 1/2s0,
Let D £ {g | 3y, gty € D'}, with D’ €P, —— T

D” « {x#g#r#y | gy € D’}: in P.

» Let Ax,r) £ M(x,r)

« If x & L, for any M’, Pr(x#g#trty € D”, where g £ A(x,r), y £ M'(x#g#r))
= Pr.(g#ty € D’, where g £ A(x,r), y £ M (x#q#r))
< Pr,(qy, gty € D’, where g = A(x,r))

=Pr{ M(x,r)ED)<1/28n O
because Jy, P(y) is implied
by P(M'(x#qg#r))



Other equivalent definitions of AM
2. Extended quantfiers



Lazy Arthur

Let us say that Arthur is lazy if Arthur does not
bother to compute any question: A(x,r) =€

Prop (Lemma 3.8). For every word w € {A, M},
the class wiazy when Arthur is constrained to be lazy
is equal to the class w.

Proof. See lecture notes.

. s prOtwlazy(M} X, rir2.. .rk):
Idea: Merlin is so

Inp = x
powerful he can for j=1...k
reconstruct Arthur’s if a=A then (Gr=RAGrp+); inp = inptritas

questions without

Arthur’s help. O else (y; := M(inp); inp = inp#y;)

accept if inp € D, else reject




A logical approach

* Model both Arthur and Merlin as quantifiers (over 7, y)
* ... for « predicates » with values in [0, 1] over finite sets

« Arthur (expectation):
Ere R Elrk 26 St cvillr) feand R

* Merlin (maximize):

SPEYEMAT = e max, e v Fl))

(Note: if F takes its values in {0,1}, this is really the existential quantifier...)



A small catch

 * Arthur (expectation):
ErER,F(r) £ Y,erF(r)/cardR
¢+ Merlin (maximize):
yeEY, Fly) £ maxyeyF (ﬂ)
| — ——

* The notations E, 3 are practical,
o
* (Y€ Y, F(y)) =a iff thereisay € Y such that F(y)=a

+ But beware that

Ay €Y, F(y)) <a iff foreveryy €Y, F(y) <a.



« Skolemization »

- ¢ Arthur (expectation):
ErER F(r) £ Y,erF(r)/ cardR
. Prop. Er = R, Ely = Y, r (7", y) + Merlin (ma;;néiZYe,)IF R

= Hf R — Y, Er & R, F(r,f(r)) I — —

+ Proof (1/2).

Let f(r) £ best y, viz. some y that maximizes F(r,y)
Then de v Ewy)=—E flr)

« Take expectations:
Ep e RS R = Bl R =B 2h)

- e R S Ere ROE(E 1)



* Now take max over f.

« Skolemization »

-+ Arthur (expectation):

ErER E(r) =

X2 Prop. E]/‘ E R/ Hy E Y, F(]f',y) ¢+ Merlin (maximize):

yEY, Fly) =

Y,er F(r) / card R

maxy ey F(y)

= Hf R — Y, Er & R, F(r,f(r)) I —

+ Proof (2/2).

For every f, F(r,A(r)) < maxy ey F(r,y)

« Take expectations:

EreR EGr)y=ErE€ R max v E(r,y)

e



« Skolemization »: an example

 * Arthur (expectation):
/\ EreR,F(r) =2 Y,erF(r)/ cardR
% Er 3 Er F X.7 7 ¢+ Merlin (maximize):
1, AY1, , ( T1,Y1, 2,y2) WEY.Fy) =  maxyeyEQ)

= 3f‘ll Erl/ ETZI Hyzl F(xlrllyl,rz,]/z) | Prop.ErER, Ay EY, F(r.y)
= —3f:R— Y, EreR, Fr,fv))
where 11 £f1(r1)

el b B Eoor i 1))
where Y1 gf1(1’1), 2 d=eff2(1’1,1’2)



Expectations and probabilities

 * Arthur (expectation):
ErER,F(r) £ Y,erF(r)/cardR

+ Let F be {0,1}-valued (not [0,1]) * Merlin (maximize):

: 7 EY,Fy) = maxyeyEW)

i.e., a predicate S S

Prop. Er€R, Ay €Y, F(r,y)
+ Recall that Iy € Y, F(y) (=max) =3f:R~ Y, Er€R, Flzfir)
is then the existential quantifier —

(... and is therefore {0,1}-valued)

+ Also, Er, F(r) = Pr.(F(r)=1)

(« expectation of a predicate = its probability of occurring »)



A-M as E-3 formulae

+ Arthur (expectation):
ErER,F(r) £ Y,erF(r)/cardR
* PI‘OP (3.10). L e AMAM iff # Merlin (maximize):
. EY,Fy) = maxyeyEW)
for every polynomial g(n), L e
there is a poly time predicate P / Prop. Er € R, 3y € Y, F(ry)
: —3f:R— Y, Er €R, F(r.f(r))
—if x € L, then G(x) = 1-1 /230
. —'— T —
—if x & L then G(x) < 1/28() (I will let you
where G(x) & Erl, = 1, Erz, 3 2, P(x 1,Y1,72,1Y2 generalize
( )A ya yA ya l\/I/y ( J J ) to other
soProol (15/5) Eley =317 Bl 1o Rc iy 12)s) Ao
5 : : the A-M
where 11 £f1(r1), y2 £fa(r1,72) « skolemization » hierarchy)

+ Hence G(x) = 3f1, fz, PI’rL rz(x#m#m#m#yz = D)
where D £ {x#ri#fyi#nty. | P(x,r,y1,r,y2)=1} (note: D € P)



A-M as E-3 formulae

Prop (3.10). L € AMAM iff

3 for every polynomial g(n),
o PI'OOf (2/5) If L E AMAM there is a poly time predicate P /
] ; —if x € L, then G(x) = 1-1 /23
with Merlin map M it L then Glx) < 1/2:)
where G(x) 3f1,f2, Pr1 rz(x#r1#y1#r2#y2 € D)
and a lazy Arthur, el g1 465(r0), 42 Sl
* if x € L then let fi(r1) £ M(x#r1) (in short, y1)

fz(ﬁ,rz) = M(x# 1’1#f1(1’1)# 772) (yz)

- Then G(x) = 3f1, fz, Pm, rz(x#r1#y1#r2#y2 - D)
> Prrl,rz(x#rl#yl#rz#yz e D)
>1-1/280m



A-M as E-3 formulae

Prop (3.10). L € AMAM iff

- for every polynomial g(n),
3 PrOOf (3 / 5) If L € AMAM there is a poly time predicate P /
. . —if x € L, then G(x) = 1-1 /23
with Merlin map M D
where G(x) 3f1,f2, Pr1 rz(x#r1#y1#r2#y2 € D)
and a lazy Arthur, and s £,y 2(rars)

# if x & L then for all maps fi, f,
let M'(x#11) £ f1(r1), M'(x#ri#y1#r2) £ fo(r1,12)
and M’ of anything else be arbitrary (e.g., €)

* Then G(x) < Prix#ri#y1#irfty. € D) < 1/280)
where y1 £ M'(x#r1), y2 £ M'(x#ri#tyi1#r)



A-M as E-3 formulae

Prop (3.10). L € AMAM iff

. - for every polynomial g(n),
A X4 %
Proof (4 / 5) If L is as here there is a poly time predicate P /

— if x € L, then G(x) = 1-1/28®
« for each x € L there are maps fi, f> it x e I then Clx) = 1/2:0
such that where G(x) £ 3f, fs, Prn, n(xckri#yitratty, € D)

and y1 £f1(r1), y2 £fa(r1,12)
i o(x# 1’1#y1#1’2#y2 € D)=>1-1/2s®
where Y1 d=°ff1(7’1), 12 d=°ff2(1”1,1’2)

* Let M(x#r1) £ fi(r1), M(x#ri#y1#r) £ fi(r1,1r2), else arbitrary

» If x € L then Pr(x#ri#yi#irty, € D) (11 £ M(x#r1), y2 £ M(x#ri#yi1#r))
= Prn, n(x#riffyiirotty: € D) (y1 £f1(r1), y2 £f2(r1,72))
>1-1/2s0)



A-M as E-3 formulae

Prop (3.10). L € AMAM iff

& . for every polynomial g(n),
* Proof (5/5) It Lis as here i there is a poly time predicate P /

— if x € L, then G(x) = 1-1/28®

o If X ¢ L then —if x € L then G(x) < 1/28(m
: g where G(x) 3f1,f2, Pr1 rz(x#rl#y1#r2#y2 € D)
for every Merlin map M’, and y1 5£1(r1), y2 5y r2)
let f1(r1) £ M'(x#711) (in short, y1)

fa(r1,m2) £ M’ (x#ri#fi(r1)#r2) (12)

* Then Prlx#r#ty#rotty, € D) (y1 £ M'(x#r1), y2 2 M'(x#ri#y1#12))

= Pru, n(x#ri#fyi#nty. € D) (y1 £f1(r1), y2 £f2(r1,72))
=G =1 2:0) s






T'he Arthur-Merlin hierarchy collapses!

« We will see that the whole AM  (Allother classes
Arthur-Merlin hierarchy looks w equal to AM)
. . |
like this! .
MA
T
NP BPP
O

P



