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Functional Transductions
f : Σ∗ → Γ ∗

Running example: Σ = {#, a}, Γ = {b, c} and dom(f) = (#a+)+#

f(#am1#am2 · · ·#amk−1#amk#) = cm2bm1cm3bm2 · · · cmkbmk−1

f(#a5#a2#) = c2b5

f(#a#) = ε

f(#a#a2#a3#a4#) = c2b1c3b2c4b3



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #

1

2



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #

ϕ1(x) = Pa(x) ∧ ∃z1 < z2 < x : P#(z1) ∧ P#(z2)

1

2



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #

ϕ1(x) = Pa(x) ∧ ∃z1 < z2 < x : P#(z1) ∧ P#(z2)

c c c c c c c c c

b b b b b b

ϕc,1(x) = ϕ1(x) and ϕc,2(x) = ⊥

1

2



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #

ϕ1(x) = Pa(x) ∧ ∃z1 < z2 < x : P#(z1) ∧ P#(z2)

c c c c c c c c c

b b b b b b

ϕc,1(x) = ϕ1(x) and ϕc,2(x) = ⊥

1

2

succ1,1(x, y) = ϕ1(x) ∧ ϕ1(y) ∧ x! y



MSO Transductions (Courcelle)
f(#a#a2#a3#a4#) = c2b1c3b2c4b3

# a # a a # a a a # a a a a #

ϕ1(x) = Pa(x) ∧ ∃z1 < z2 < x : P#(z1) ∧ P#(z2)

c c c c c c c c c

b b b b b b
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succ1,1(x, y) = ϕ1(x) ∧ ϕ1(y) ∧ x! y
succ1,2(x, y) = ϕ1(x) ∧ ϕ2(y) ∧ ∃z1 < z2 < z3, P#(z1) ∧ P#(z2) ∧ P#(z3)
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b   a   a   b   b   b   a   b   #   a   b   a   b
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If w = u1u2 · · ·un with n ≥ 1 and u1, u2, . . . , un ∈ dom(f)

Unambiguous Kleene-plus 

f!(w) = f(u1)f(u2) · · · f(un)

copy = (a ? a : (b ? b : ⊥))!

C = (copy
←−
! (# ?# : ⊥))

←−
! copy

dom([[C]]) = (a+ b)+#(a+ b)+

[[C]](u#v) = v#u if u, v ∈ (a+ b)+

If then else 

(K ? f : g)(u) =

{

f(u) if u ∈ K

g(u) otherwise
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Main Theorem: 

RTE and 2DFT

2DFTs and RTEs define the same class of functions. More precisely,

1. given an RTE C, we can construct a 2DFT A such that [[A]] = [[C]],

2. given a 2DFT A, we can construct an RTE C such that [[A]] = [[C]].
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Main Lemma: 

RTE to 2DFT
C ::= d | K ?C : C | C ⊙ C | C ! C | C

←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

Let K ✓ ⌃⇤ be regular, and let f and g be RTEs with [[f ]] = [[Mf ]] and
[[g]] = [[Mg]] for 2DFTs Mf and Mg respectively. Then, one can construct

1. a 2DFT A such that [[K ? f : g]] = [[A]].

2. a 2DFT A such that [[A]] = [[f � g]].

3. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].

4. 2DFTs A, B such that [[A]] = [[f�]] and [[B]] = [[f
 �� ]].

5. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].



RTE to 2DFT: If then else
C ::= d | K ?C : C | C ⊙ C | C ! C | C

←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

⊢  a  a  b  a  b  b  a  a  a  b  a  a  b  b  b  b  a  b  a  a  a  b  b  b  b  ⊣
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 �
2�]].
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Let f and g be RTEs with [[f ]] = [[Mf ]] and [[g]] = [[Mg]] for 2DFTs Mf and Mg.
Then, one can construct

2. a 2DFT A such that [[A]] = [[f � g]].

1. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].

2. 2DFTs A, B such that [[A]] = [[f�]] and [[B]] = [[f
 �� ]].

3. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].



RTE to 2DFT: Hadamard product
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2!

⊢  a  a  b  a  b  b  a  a  a  b  a  a  b  b  b  b  a  b  a  a  a  b  b  b  b  ⊣

Mf Mg
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Reset
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⊢  c  d  d  d  c  c  c  c  d  e  e  c  c  c  d  d  c  d  e  e  c  c  c  d  d  ⊣

Let f and g be RTEs with [[f ]] = [[Mf ]] and [[g]] = [[Mg]] for 2DFTs Mf and Mg.
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2. a 2DFT A such that [[A]] = [[f � g]].

1. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].

2. 2DFTs A, B such that [[A]] = [[f�]] and [[B]] = [[f
 �� ]].

3. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].
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2!

⊢  a  a  b  a  b  b  a  a  a  b  a  a  b  b  b  a  b  a  a  a  b  b  b  b  ⊣

Main Lemma: 
Let f and g be RTEs with [[f ]] = [[Mf ]] and [[g]] = [[Mg]] for 2DFTs Mf and Mg.
Then, one can construct

3. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
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 �� ]].
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 �
2�]].
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⊢  a  a  b  a  b  b  a  a  a  b  a  a  b  b  b  a  b  a  a  a  b  b  b  b  ⊣
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 �
2�]].

DFA 
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Unambiguous
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RTE to 2DFT: Cauchy product
C ::= d | K ?C : C | C ⊙ C | C ! C | C
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2-way Unambigous Transducer 

(2UFT)
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RTE to 2DFT: Cauchy product
C ::= d | K ?C : C | C ⊙ C | C ! C | C

←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

Main Lemma: 
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Let f and g be RTEs with [[f ]] = [[Mf ]] and [[g]] = [[Mg]] for 2DFTs Mf and Mg.
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3. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].

4. 2DFTs A, B such that [[A]] = [[f�]] and [[B]] = [[f
 �� ]].

5. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].

#.
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RTE to 2DFT: Cauchy product
C ::= d | K ?C : C | C ⊙ C | C ! C | C

←−
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←−

! | [K,C]2! | [K,C]
←−
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3. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].
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 �
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Mf



2

RTE to 2DFT: Cauchy product
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 �� ]].

5. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].

#.

Mf

⊢  c  d  d  d  c  c  c  c  d  e  e  c  c  c  d  d 
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 �
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←−
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 �
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Mf Mg

⊢  c  d  d  d  c  c  c  c  d  e  e  c  c  c  d  d  c  d  e  e  c  c  c  d  d  ⊣
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RTE to 2DFT: Cauchy product
C ::= d | K ?C : C | C ⊙ C | C ! C | C

←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

Main Lemma: 

⊢  a  a  b  a  b  b  a  a  a  b a  a  b  b  b  a  b  a  a  a  b  b  b  b  ⊣

Let f and g be RTEs with [[f ]] = [[Mf ]] and [[g]] = [[Mg]] for 2DFTs Mf and Mg.
Then, one can construct

3. 2DFTs A, B such that [[A]] = [[f � g]] and [[B]] = [[f
 �� g]].

4. 2DFTs A, B such that [[A]] = [[f�]] and [[B]] = [[f
 �� ]].

5. 2DFTs A, B such that [[A]] = [[[K, f ]2�]] and [[B]] = [[[K, f ]
 �
2�]].

# .

Mf Mg

⊢  c  d  d  d  c  c  c  c  d  e  e  c  c  c  d  d  c  d  e  e  c  c  c  d  d  ⊣

Theorem: (Chytil & Jákl, 1977) 

The composition of a 2UFT with a 2DFT 

can be computed with a 2DFT
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Transition Monoid

a a a a
q0 q1 q1 q1 q2 q3

a a a a
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q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3
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a a
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# # # # # #
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a/c,−1a/b,−1a/ε,+1
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#/ε,−1 #/ε,−1
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, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}



• MSO Transductions


• 2-way Deterministic Transducers (2DFT)


• Regular Transducer Expressions (RTE)


• From RTE to 2DFT


• Transition Monoid


• Unambiguous Forest Factorization


• From 2DFT to RTE


• Conclusion

Summary



Forest Factorization

# a a a a

' : ⌃⇤ ! S morphism

# a a a a # a a a a

Tr : ⌃⇤ ! TrM



Forest Factorization

# a a a a

a+
Kleene plus

IdempotentIdempotentIdempotentIdempotent

' : ⌃⇤ ! S morphism

# a a a a # a a a a

Tr : ⌃⇤ ! TrM



Forest Factorization

#

#a+

a a a a

a+
Kleene plus

Concatenation

IdempotentIdempotentIdempotentIdempotent

' : ⌃⇤ ! S morphism

# a a a a # a a a a

Tr : ⌃⇤ ! TrM



Forest Factorization

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+
Kleene plus

Concatenation

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

Kleene plus

Concatenation

Concatenation

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

(#a+)3

Idempotent

Kleene plus

Concatenation

Concatenation

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

(#a+)3

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

(#a+)3 (#a+)3 (#a+)3

Idempotent

Kleene plus

Concatenation

Concatenation

IdempotentIdempotentIdempotent

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

(#a+)3

((#a+)3)+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

(#a+)3 (#a+)3 (#a+)3

Idempotent

Kleene plus

Kleene plus

Concatenation

Concatenation

IdempotentIdempotentIdempotent

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

(#a+)3

((#a+)3)+

((#a+)3)+#a+

((#a+)3)+#a+#

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

(#a+)3 (#a+)3 (#a+)3

#a+

#

Idempotent

Kleene plus

Kleene plus

Concatenation

Concatenation

Concatenation

Concatenation

IdempotentIdempotentIdempotent

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism



Forest Factorization

(#a+)3

((#a+)3)+

((#a+)3)+#a+

((#a+)3)+#a+#

#

#a+

a a a a

a+

#

#a+

a a a a

a+

#

#a+

a a a a

a+

(#a+)2

(#a+)3 (#a+)3 (#a+)3

#a+

#

Idempotent

Kleene plus

Kleene plus

Concatenation

Concatenation

Concatenation

Concatenation

IdempotentIdempotentIdempotent

IdempotentIdempotentIdempotentIdempotent

Tr : ⌃⇤ ! TrM

' : ⌃⇤ ! S morphism

Theorem: (Simon 1990) 

Every word can be factorized (parsed) 

with a tree of height at most 9|S|



Theorem: (PG, S.Krishna) 

Good Rational Expressions
F ::= ; | " | a | F [ F | F · F | F+

F is good wrt. ' : ⌃⇤ ! S morphism to a finite monoid S if

1. F is unambiguous

2. If E is a subexpression of F then '(L(E)) = {sE} is a singleton

3. If E+ is a subexpression of F then sE is an idempotent.

For each s 2 S, there is an "-free good rational expression Fs such that

L(Fs) = '�1(s) \ {"} ✓ ⌃+

Therefore, G = " [
S

s2S Fs is an unambiguous rational expression over ⌃ such
that L(G) = ⌃⇤.



Theorem: (PG, S.Krishna) 

Good Rational Expressions
F is good wrt. ' : ⌃⇤ ! S morphism to a finite monoid S if

1. F is unambiguous

2. If E is a subexpression of F then '(L(E)) = {sE} is a singleton

3. If E+ is a subexpression of F then sE is an idempotent.

For each s 2 S, there is an "-free good rational expression Fs such that

L(Fs) = '�1(s) \ {"} ✓ ⌃+

Therefore, G = " [
S

s2S Fs is an unambiguous rational expression over ⌃ such
that L(G) = ⌃⇤.

q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1

Tr : ⌃⇤ ! TrM

F ::= ; | " | a | F [ F | F · F | F+

F1 = #a+#

F2 = #a+#a+#

F3 = ((#a+)3)+#

F4 = ((#a+)3)+#a+#

F5 = ((#a+)3)+#a+#a+#
<latexit sha1_base64="fox6Utbp4W661ZarMdbPBNYOe6k="></latexit><latexit sha1_base64="fox6Utbp4W661ZarMdbPBNYOe6k="></latexit><latexit sha1_base64="fox6Utbp4W661ZarMdbPBNYOe6k="></latexit><latexit sha1_base64="fox6Utbp4W661ZarMdbPBNYOe6k="></latexit>
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2DFA to RTE
q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Tr(#a+#a+) = {(q0,!, q3), (q1,

y

, q5), (q1, x, q1),
(q2,

y

, q4), (q2, x, q3), (q3, y , q4), (q3, x, q3),
(q4,

y

, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

2DFA to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q1,!, q1) = (a ? " : ?)

2DFA to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q4, , q4) = (a ? c : ?)
Ca(q1,!, q1) = (a ? " : ?)

2DFA to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q5, , q5) = (a ? b : ?)
Ca(q4, , q4) = (a ? c : ?)
Ca(q1,!, q1) = (a ? " : ?)

2DFA to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .} = Tr(a+)

2DFA to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .} = Tr(a+)

Ca+(q1,!, q1) = (a ? " : ?)�

2DFA to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .} = Tr(a+)

Ca+(q1,!, q1) = (a ? " : ?)�

Ca+(q4, , q4) = (a ? c : ?)
 ��

2DFA to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .} = Tr(a+)

Ca+(q1,!, q1) = (a ? " : ?)�

Ca+(q4, , q4) = (a ? c : ?)
 ��

Ca+(q5, , q5) = (a ? b : ?)
 ��

2DFA to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+



Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

q1

q2

q3
q4

q5 q

pq1

q2

q3
q4

q5 q

q1

q2

q3
q4

q5

p
E1E2E1 E2

x = (p,!, q)

x1 = (p,!, q1)

x2 = (q1,

y

, q2)

x3 = (q2, x, q3)
x4 = (q3,

y

, q4)

x5 = (q4, x, q5)
x6 = (q5,!, q)

CE1·E2(x) = (CE1(x1)� CE2(x2))� (CE1(x3)� CE2(x4))� (CE1(x5)� CE2(x6))

2DFA to RTE: concatenation

F ::= ; | " | a | F [ F | F · F | F+



Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

CF+(x) =
�
CF (x)� (F ⇤ ? " : ?)

�
� [F,C 0]2�

C 0 =
�
(F ? " : ?)� CF (x2)

�
� (CF (x3)� CF (x4))� (CF (x5)� CF (x6))

p q
F

CF (x)

CF (x)

C 0

F
p q

p2
p3

p4
q

F

p5

x = (p,!, q)

x2 = (q,
y

, p2)

x3 = (p2, x, p3)
x4 = (p3,

y

, p4)

x5 = (p4, x, p5)
x6 = (p5,!, q)

2DFA to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+



2DFA to RTE: Kleene-plus
F

p q
p2

p3
p4

q
p2

p3
p4

F F

q
p2

p3
p4

q
p2

p3
p4

q

F F

C 0

CF (x) C 0
C 0

C 0

p5

p5

p5

p5

CF+(x) =
�
CF (x)� (F ⇤ ? " : ?)

�
� [F,C 0]2�

C 0 =
�
(F ? " : ?)� CF (x2)

�
� (CF (x3)� CF (x4))� (CF (x5)� CF (x6))

x = (p,!, q)

x2 = (q,

y
, p2)

x3 = (p2, x, p3)
x4 = (p3,

y

, p4)

x5 = (p4, x, p5)
x6 = (p5,!, q)



Conclusion
Programs Specifications

Machines

Regular Transducer 
Expressions MSO Transductions

Finite Transducers 
Deterministic, two-way

Functional Transductions

Engelfriet & HoogeboomNew proof technique 

Works directly with 2DFT 

Unambiguous Forest Factorizations 

Extension to infinite words


