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Low level
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Summary

MSQO Transductions

2-way Deterministic Transducers (2DFT)
Regular Transducer Expressions (RTE)
From RTE to 2DFT
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From 2DFT to RTE

Conclusion



Functional Transductions

fo2 =1

Running example: X = {#.a}, I' = {b,c} and dom(f) = (#a™)T#

f(#am1 #amz o #amk—l #amk _/{//_) — cM2pMm1m3pme .. Mk [HMk—1
f(#Ha>#a*#) = b

f(#a#a*#a’H#a*#) = c*blcPb*c*b?
f(#a#) =¢
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f(#a#ta*#a’#a*#) = 2brc?b?c*b?
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MSO Transductions (Courcelle)
f(#a#ta*#a’#a*#) = 2brc?b?c*b?

ZIZ‘) — Pa(l’) ANdzy < zo < x: P#(Zl) A P#(ZQ)
©e1(x) = p1(z) and @ o(z) = L
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MSO Transductions (Courcelle)
f(#a#ta*#a’#a*#) = 2brc?b?c*b?

901(33) — Pa(aj) A EIZl < 29 < X P#(Zl) /\P#(ZQ)
pe1(z) = p1(x) and @ o(x) = L
succy 1(z,y) = p1(z) Npr1(y) N <y

succy 2(z,y) = @1(x) A pa(y) Adz1 < 290 < 23, Pu(21) A Py(22) A Py(z3)
AN <zzNz1 <<yA(Vz,21 < 2<z23 = (2 =20V Py(2)))
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de Iy {l} K C X" regular
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|C]: X* — I'* partial function If then else
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de Iy {l} K C X" regular

— o] —
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[C]: X* — I'* partial function If then else
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Cp,=07b:(a?e: 1) (K7 f:9)(w) = {g(u) otherwise
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dom(:CaHH]]) = {a,b}™" Unambiguous Kleene-plus
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de Iy {l} K C X" regular

C:=d|K?C:C|CeoC|CLC

C|C L

%

— —
C|C% | C¥ | K, CP | [K,CP"

f(FFa™ a2 - - - FFa™F1FEa™R ) = c2H MBI L TR

C'b:(arf?sz_)HH C.=(a?c:
F

C=[#a",(#7: L) Cy)

1)®

(#7e: L) B0

Unambiguous 2-chained Kleene-plus
K, f]2 (w) = f(uruz) f(ugusz) - -+ f(Un-1un)

If w=uuy---u, withn>1and uy,us,...,u, € K
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F
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RTE and 2DFT

{ Main Theorem:
" 2DFTs and RTEs define the same class of functions. More precisely,

1. given an RTE C, we can construct a 2DFT A such that [A] =

2. given a 2DFT A, we can construct an RTE C such that [A] = [C]. 1.".
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RTE to 2DFT

Cu=d|K?C:C|CoC|CHC|CEL C|OHH|CHH|[KO]2E\[KC]2

t Main Lemma:

Let K C ¥* be regular, and let f and g be RTEs with | f] = [M¢] and
lg] = [M,] for 2DFTs M; and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f: g] = [A].
2. a 2DFT A such that [A] = [f © g].

3. 2DFTs A, B such that [A] = [f L g] and [B] = |f %g]].

<_

4. 2DFTs A, B such that [A] = [f®] and [B] = [f®].

5 2DFTSA Bsuch that [[A]] [[[K f]QE]] and[[ ]] [[[K f]ﬁ]]



RTE to 2DFT: If then else

Cu=d|K?2C:C|CoC|CHC|CEL C|OHH|CHH|[KO]2HH\[KC]2

—F aababbaaabaabbbbabaaabbbb 4+

t Main Lemma:

Let K C ¥* be regular, and let f and g be RTEs with | f] = [M¢] and
lg] = [M,] for 2DFTs M, and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].



RTE to 2DFT: If then else

Cu=d|K?2C:C|CoC|CHC|CEL C|OHH|CHH|[KO]2E\[KC]2

‘I—aababbaaabaabbbbabaaabbbb—|'

DFA
K?

{ Main Lemma:
~ Let K C ¥* be regular, and let f and g be RTEs with [f] = [M¢] and
lg] = [M,] for 2DFTs M, and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].



RTE to 2DFT: If then else

Cu=d|K?2C:C|CoC|CHC|CEL C|OHH|CHH|[KC]2E\[KC]2

ll—aababbaaabaabbbbabaaabbbb—|\

DFA
< M f
' Yes
Reset

{ Main Lemma:
~ Let K C ¥* be regular, and let f and g be RTEs with [f] = [M¢] and
lg] = [M,] for 2DFTs M, and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].



RTE to 2DFT: If then else

Cu=d|K?2C:C|CoC|CHC|CEL C|OHH|CHH|[KC]2E\[KC]2

‘I—aababbaaabaabbbbabaaabbbbﬂ

DFA
K? My

Yes
Reset

‘l—cdddccccdeecccdd—i \

{ Main Lemma:
~ Let K C ¥* be regular, and let f and g be RTEs with [f] = [M¢] and
lg] = [M,] for 2DFTs M, and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].



RTE to 2DFT: If then else

Cu=d|K?2C:C|CoC|CHC|CEL C|OHH|CHH|[KC]2E\[KC]2

‘I—aababbaaabaabbbbabaaabbbbﬂ

DFA
M, ph M
No Yes

Reset Reset

‘l—cdddccccdeecccdd—i \

{ Main Lemma:
~ Let K C ¥* be regular, and let f and g be RTEs with [f] = [M¢] and
lg] = [M,] for 2DFTs M, and M, respectively. Then, one can construct

1. a 2DFT A such that [K? f : g] = [A].



RTE to 2DFT: Hadamard product

Cu=d|K?0:C|Co&C|CC

C|CE

Bo|c®|of |k 0P| K opF

—F aababbaaabaabbbbabaaabbbb 4+

t Main Lemma:

','_: Let f and g be RTEs with | f] =

Then, one can construct

2. a 2DFT A such that [A] =

Lf ® gl

[My] and [g] = [M,] for 2DFTs M and M,.



RTE to 2DFT: Hadamard product

Cu=d|K?C:C|CoC|CHC|CL C|OE|CBH|[KO]2E\[KC]

||—aababbaaabaabbbbabaaabbbb—|\

My

00O

e e s i S iz = a2 ANV SRSy iy NS e L e I SV = S P My =N

t Main Lemma;
Let f and g be RTEs with | f]| = [M¢] and [g] = [M,] for 2DFTs M and M,.

Then, one can construct

2. a 2DFT A such that [A] = [f ® ¢g].



RTE to 2DFT: Hadamard product

Cu=d|K?C:C|CoC|CHC|CL C|OE|CBH|[KO]2E\[KC]

‘I—aababbaaabaabbbbabaaabbbl:—|'

My

‘l—cdddccccdeecccdc \

e e s i S iz = a2 ANV SRSy iy NS e L e I SV = S P My =N

tMain Lemma:
Let f and g be RTEs with | f]| = [M¢] and [g] = [M,] for 2DFTs M and M,.

Then, one can construct

2. a 2DFT A such that [A] = [f ® ¢g].



RTE to 2DFT: Hadamard product

Cu=d|K?C:C|CoC|CHC|CL C|OHH|CBH|[KO]2E\[KC]

ll—aababbaaabaabbbbabaaabbbb—|\

Stop
Reset

‘l—cdddccccdeecccdc \

— o s o o s Ay EONP Y SRR Np- s SO 27 ZoL o - e at o s o o T SR ) TP T

tMain Lemma:
Let f and g be RTEs with | f]| = [M¢] and [g] = [M,] for 2DFTs M and M,.

Then, one can construct

2. a 2DFT A such that [A] = [f ® ¢g].



RTE to 2DFT: Hadamard product

Cu=d|K?C:C|CoC|CHC|CL C|OHH|CBH|[KO]2E\[KC]

‘I—aababbaaabaabbbbabaaabbbl:—|'

Stop
Reset

‘l—cdddccccdeecccddcdeecccdd—||

— o s o o s Ay EONP Y SRR Np- s SO 27 ZoL o - e at o s o o T SR ) TP T

tMain Lemma:
Let f and g be RTEs with | f]| = [M¢] and [g] = [M,] for 2DFTs M and M,.

Then, one can construct

2. a 2DFT A such that [A] = [f ® ¢g].



RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CE

C|CE

Bo|c®|of |k 0P| K opF

H aababbaaabaabbbabaaabbbb 4

t Main Lemma:

Let f and g be RTEs with [f] =
. Then, one can construct

3. 2DFTs A, B such that [ A] =

[f L

[M;] and [g] = [M,] for 2DFTs M; and M,. |

e

g] and [B] = [f [ g].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KO]2HH\[KC]2

'|—aababbaaabaabbbabaaabbbb—|\

DFA
dom(f) - dom(g)

Unambiguous

tMain Lemma: |
[ Let f and ¢ be RTEs with [f] = [My] and [g] = [M,] for 2DFTs M and M,.
Then, one can construct '

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KO]2HH\[KC]2

‘|—aababbaaabaabbbabaaabbbb—|{

DFA
dom(f) - dom(g)

Unambiguous

tMain Lemma: |
[ Let f and ¢ be RTEs with [f] = [My] and [g] = [M,] for 2DFTs M and M,.
Then, one can construct '

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KC]2E\[KC]2

'|—aababbaaabaabbbabaaabbbb—|\

DFA dom( f)
dom(f) - dom(g) Yes copy

Reset
Unambiguous

I

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KC]2E\[KC]2

‘|—aababbaaata:qbbbabaaabbbb—|\

DFA dom( f)
dom(f) - dom(g) Yes copy

Reset
Unambiguous

‘I—aababbaaat \

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KC]2E\[KC]2

‘|—aababbaaata:qbbbabaaabbbb—|\

DFA dom( f)
dom(f) - dom(g) Yes copy

Reset
Unambiguous

‘l—aababbaaab# \

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KC]2E\[KC]2

‘|—aababbaaata:qbbbabaaabbbb—|\

DEA dom( f) dom(g)
dom(f) ° dom(g) Yes copy copy

Reset
Unambiguous

‘l—aababbaaab# \

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KC]2E\[KC]2

‘|—aababbaaabaabbbabaaabbbb—|{

DEA dom( f) dom(g)
dom(f) ° dom(g) Yes copy copy

Reset
Unambiguous

‘I—aababbaaab#aabbbabaaabbbb:lJ

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,. |
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2w ,auchy product

€T) S| B (K 02| (K, C)F

aababbaaabaabbbabaaabbbb—|{

DFA dom( f) dom(g)
dom(f) ° dom(g) Yes copy copy

Reset
Unambiguous

‘I—aababbaaab#aabbbabaaabbbb:lJ

t Main Lemma:
[ Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,. |
. Then, one can construct

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f & q].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CE

C|CE

Bo|c®|of |k 0P| K opF

||—aababbaaab#aabbbabaaabbbb%\

t Main Lemma:

Let f and g be RTEs with [f] =
. Then, one can construct

3. 2DFTs A, B such that [ A] =

[f L

[M;] and [g] = [M,] for 2DFTs M; and M,. |

e

g] and [B] = [f [ g].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KO]2E\[KC]2

||—aababbaaab#aabbbabaaabbbb%\

My

00O

{Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

C:=d|K?7C:C|CoC|CE

C|CE

Bo|c®|of |k 0P| K opF

‘l—aababbaaak# |abbbabaaabbbb—|\

My

‘l—cdddccccdeecccdc \

t Main Lemma:

Let f and g be RTEs with [f] =
Then, one can construct

3. 2DFTs A, B such that [ A] =

[f L

[My] and [g] = [M,] for 2DFTs M and M,. |

e

g] and [B] = [f [ g].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KO]2E\[KC]2

‘l—aababbaaak# |abbbabaaabbbb—|\

M; M,

‘l—cdddccccdeecccdc \

— o s o o s Ay EONP Y SRR Np- s SO 27 ZoL o - e at o s o o T SR ) TP T

{ Main Lemma:
Let f and g be RTEs with | f] = [M¢] and [g] = [M,] for 2DFTs M; and M,.
Then, one can construct

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




RTE to 2DFT: Cauchy product

Cu=d|K?C:C|CoC|CEHC|CL C|OHH|CHH|[KO]2E\[KC]2

‘l—aababbaaab#aabbbabaaabbbij

M; M,

‘l—cdddccccdeecccddcdeecccdd—||

— o s o o s Ay EONP Y SRR Np- s SO 27 ZoL o - e at o s o o T SR ) TP T

{ Main Lemma: |
| Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,.
. Then, one can construct |

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f %g]].




\(\,\9 1 —
C e o i\ 8925 i a2 o8 | o | [k 0B | [k, O)fF
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M; M,

‘l—cdddccccdeecccddcdeecccdd—||

t Main Lemma:
[ Let f and g be RTEs with [f] = [M/] and [g] = [M,] for 2DFTs M; and M,. |
. Then, one can construct

3. 2DFTs A, B such that [A] = [f Hg] and [B] = [f & q].
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MSQO Transductions
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From RTE to 2DFT
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From 2DFT to RTE
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Transition Monoid

=/e,+1 a/e,+1 /e, +1 a/e,+1

@ #/5,+1-@ #/e,+1 a/s,—|—1-@

#/87‘1_1 #/87_1

Je—»46t»q6| 41 —>41»Gd1»J2—>(G3$(43




Transition Monoid

-/e,+1 a/e,+1 /e, +1 a/e,+1

Tr: 3 — TrM @ #e 1 L

n n #/e,+1
Tr(#a' #a' ) — {(QOaéa(JS)a (QI7>7 Q5)7 (QIaga QI)a

(Q2’D7 Q4)7 (Q27§’ QS), (C]3, ) Q4)7 (QSaga QS)a L
(94,2,95), (94,5, q1), (g5, =, q1), (95,5, Q6 ), ofe i1

(QGv —, Q3)7 (QGaga Q6)}

#l a a|#| a a |[#|a——-a |#| a a |#| a——a |#

»(6—>(J6Ppq6| d1—>q1pd1pg2o—>(43$(3




Transition Monoid

-/e,+1 a/e,+1 /e, +1 a/e,+1

Tr: 3 — TrM @ #ie 1 L

- e #/e,+1
Tr(#a' #CL ) — {(QOaﬁa(JS)a (QI7>7 Q5)7 (QIaga QI)a

(Q2’D7 Q4)7 (Q27§’ QS), (C]3, ) Q4)7 (QSaga QS)a L
(94,2,95), (94,5, q1), (g5, =, q1), (95,5, Q6 ), ofe i1

(QGv —, Q3)7 (QGaga Q6)}

#l a a|#| a a |#|a——-a |#| a a |#| a——a |#

»(6—>(J6Ppq6| d1—>q1pd1pg2o—>(43$(3




Transition Monoid

-/e,+1 a/e,+1 /e, +1 a/e,+1

Tr: 3 — TrM @ #le 1

- e #/e,+1
Tr(#a' #CL ) — {(QOaéa(JS)a (QI7>7 Q5)7 (QIaga QI)a

(Q27>7 q4)7 (q27§7 QS)a (QSa PO Q4)7 (QSaga QS)a L
(Q47>7 Q5)7 (CM,Q, QI)a (QSa —7, Q1)7 (CI5,§, QG)7 a/e,—i—l
(QGv —7, Q3)7 (QGaga Q6)}

#l a a|#| a a |#|a——-a |#| a a |#| a——a |#

»(6—>(J6Ppq6| d1—>q1pd1pg2o—>(43$(3




Transition Monoid

-/e,+1 a/e,+1 /e, +1 a/e, +1
Tr: X — TrM @ #/e,+1 pX H#/e,+1
#/e,+1
Tr(#a™#a™) = {(g0, > ¢3), (¢1, 2. ¢5), (41,5, 1),
(92,2, q4), (92,5, q3), (g3, 2, 44), (43,5, G3), ? #/e,+1 @'#/5,1
(94,2, 95),(94,S5 q1)5 (45, —> q1), (45,5, G6) a/e,+1 a/b,—1

(QGv —, Q3)7 (QGaga Q6)}

#l a a|#| a a |#|a——-a |#| a a |#| a——a |#

»(6—>(J6Ppq6| d1—>q1pd1pg2o—>(43$(3




Summary

MSQO Transductions

2-way Deterministic Transducers (2DFT)
Regular Transducer Expressions (RTE)
From RTE to 2DFT

Transition Monoid

Unambiguous Forest Factorization
From 2DFT to RTE

Conclusion



Forest Factorization

p: 2" — S morphism
Tr: X" — TrM

#a a4 a6 a#aaaa##aaaa



Forest Factorization

p: 2" — S morphism
Tr: X" — TrM

Kleene plus
_|_

/7 \\ Idempotent

Haaaat#aaaa#ddau



Forest Factorization

p: 2" — S morphism
Tr: X" — TrM

Concatenation

\ Kleene plus
_|_

/7 \\ Idempotent

Haaaa##aaaat#ddau



Forest Factorization

p: 2" — S morphism
Tr: X* — TrM




Forest Factorization

p: 2" — S morphism
Tr: X* — TrM




Forest Factorization

p: 2" — S morphism
Tr: X* — TrM

Idempotent

_|_
Concatenation #a
/
#a+ °
\ Concatenation

#a" #a" #Ha"

Ih R IR —

#aa&a#aaaa#aaaa




Forest Factorization

p: 2" — S morphism
Tr: X° — TrM

Idempotent

(#a+ 3 a +)3

Concatenation /
/
#a+ °
\ Concatenation

#a" #a" #Ha"

Ik I IR —

#aa&a#aaaa#aaaa




Forest Factorization

p: 2" — S morphism

Tr: X — TrM
Kleene plus
Idempotent ((
/
+{/ .3 43
Concatenation #a ) )

/

#a+ ’

\ Concatenation

#a" #a" #Ha"

Ik I IR —

#aa&a#aaaa#aaaa




Forest Factorization

V2R 2F = S mOfphiSHl Concatenation +#a+#
Tr: 2% — TrM / \
Y3 F gt

Kleene plus ((#a < s

_|_

Idempotent (/(/ \ #a

{/ /
Concatenation #a+ +)3 +)3
#af/?

\ Concatenation

#a™ #at #at

I I -

#aa&a#aaaa#aaaa




Forest Factorization

o: X — S morphism Concatenation )2 )T HatH#
Tr: 2% — TrM /
)3y gt
Kleene plus ((#a < 7"
Idempotent ((# ) #a+

(#at)T (#aD) (#at)? (Hat)?

Concatenation /

(#aT)?

AN

¢ . Concatenation ' \ sed\
+#a a’ Ha o0 aY

e . S\mo“ 19 Q\O“Zed o \

\ tneore™ \ an 08 127 st N>
at at a’ i ey \NO"d G.‘ \-\e'\g‘“‘ al |
//‘ //‘\ //\\ B awee© o
( \N\\\'\ >
\ Lo\ ‘

#aa&a#aaaa#aaaa



Good Rational Expressions
F:=0|e|la|FUF|F -F|F™

F'is good wrt. ©: X* — S morphism to a finite monoid S if
1. F'is unambiguous
2. If F is a subexpression of F' then o(L(FE)) = {sg} is a singleton

3. If £ is a subexpression of F then sg is an idempotent.

Theorem: (PG, S.Krishna)

7 For each s € S, there is an e-free good rational expression F such that
L(Fs) =9 (s)\{e} € BT

i Therefore, G = e U ..o Fs is an unambiguous rational expression over ¥ such i

f that £(G) = £*.

sesS



Good Rational Expressions
Fis good wrt. p: ¥* — S morphism to a finite monoid S if F - @ | e | a | F U F | F ] F ‘ F—|-
2. If E is a subexpression of F then o(L(E)) = {sg} is a singleton Tr- Z* — TrM

1. F'is unambiguous

3. If ET is a subexpression of F' then sg is an idempotent.

-/, +1 a/e,+1 /e, +1 a/e,+1 = #a+#

@ #/6,4—1;% #/é:,Jrl= Fy, = #a—l-#a-I—#
#/e,+1 4 /e, -1 we1 Fz=((#a7))"#

a/e,+1

e
a/—|—1 a/b, —1 a/c, —1 F5 — ((#a+)3)+#a’+#a+#

Theorem: (PG, S.Krishna)

.' For each s € S, there is an e-free good rational expression F such that
L(Fs) =9 (s)\{e} € BT

i Therefore, G = e U |J, ¢ Fs is an unambiguous rational expression over X such |

{ that £(G) = XT*.



Summary

MSQO Transductions

2-way Deterministic Transducers (2DFT)
Regular Transducer Expressions (RTE)
From RTE to 2DFT

Transition Monoid

Unambiguous Forest Factorization
From 2DFT to RTE

Conclusion



2DFA to RTE

-/e,+1 a/e,+1 /e, +1 a/e, +1
Tr: ©* — TrM G #ien fh e

n n #/e,+1
Tr(#a' #a ) — {(QOaéa(JS)a (QI7>7 Q5)7 (QIaga QI)a

(92,2,q4), (2,5, q3), (g3,2,q4), (g3, 5, q3), Y ATy @'#/s,l
(94,2,95), (94,3, q1), (g5, =, ¢1), (25,5, G6), af/e, +1 a/b, —1
(QG7%7Q3)7 (QGaga Q6)}

Main Lemma: F:::@‘g‘a|FUF‘F.F|F+ '

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
' construct a map C'r: sp — RTE such that for each step = = (p, d, q) € sp:

1. dom(Cp(z)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when runmng
Step x on u (1 e. runmng A on u from p to q followmg dlrectlon d)



2DFA to RTE: atomic

-/e,+1 a/e,+1 /e, +1 a/e,+1
Tr: ©* — TrM G #ien fh e
#/87+1 #/87_1
ST @'#/e,l
a/e,+1 a/b,—1 a/c,—1

Tr(a) ={(q1,—,q1), -+, (Qa, <, q4),...,(q5,4,q5),...}

'Main Lemma: Fo=0|e|a| FUF|F-F|F*]

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when runnmg
Step x on u (1 e. runmng A on u from p to q followmg dlrectlon d)



2DFA to RTE: atomic

-/e,+1 a/e,+1 /e, +1 a/e,+1
Tr: ¥* — TrM @ #ie 1
CCL(Q17%7Q1) — (CL?E : J_) #/e,+1
de

Tr(a) ={(q1,—,q1),---,(Qa, <, q4),...,(q5,4,q5),...}

'Main Lemma: Fo=0|e|a| FUF|F-F|F*]

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when runnmg
Step x on u (1 e. runmng A on u from p to q followmg dlrectlon d)



2DFA to RTE: atomic

=/e,+1 a/e,+1 /e, +1 a/e,+1
Tr: ¥% — TrM @ #e 1 L
Ca(cha %7Q1) — (CL?E : __) #/¢€,+1
Oa(q;L, %’ Q4) p— (CL ? C __) de

Tr(a) ={(q1,—,q1),---,(Qa,<,q4),...,(q5,<,q5),--.}

'Main Lemma: Fo=0|e|a| FUF|F-F|F*]

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
' construct a map C'r: sp — RTE such that for each step = = (p, d, q) € sp:

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when runmng
Step x on u (1 e. runmng A on u from p to q followmg dlrectlon d)



2DFA to RTE: atomic

-/e,+1 a/e,+1 /e, +1 a/e,+1

Tr: 3 — TrM @ #e 1 L
Ca(qu%wh) — (CL?E : __) #/¢€,+1

OQ(Q47%7Q4) — (CL?C : __) 6 )=
Ca,(Q5, %,q5) — (a?b : __) a/e,+1

Tr(a) ={(q1,—,q1),---,(Qa,<,q4),...,(q5,4,G5),--.}

Fu=0|c|a|FUF|F-F|F"§

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: "

{Main Lemma:

1. dom(Cr(z)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running
step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE: Kleene-plus

-/e,+1 a/e,+1 /e, +1 a/e,+1

Tr: X" — TrM @ #/e+1 o

#/e,+1

Tr(a) = {(q1,—,q1), -, (qa, < qa), ..., (q5, %, q5), ...} = Tr(a™)

'Main Lemma: Fuo=0|c|a| FUF|F-F|F*|

Let F' be an e-free Tr-good rational expression with Tr(F') = sp. We can }’
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when runnmg
Step x on u (1 e. runmng A on u from p to q followmg dlrectlon d)



2DFA to RTE: Kleene-plus

-/e,+1 a/e,+1 /e, +1 a/e, +1
Tr: ¥* — TrM @ #ie 1
Ca+(q1,%,q1) = (CL?E : J_) /e, +1

Tr(a) = {(q1, =, q1),- -, (qa, < qa), ..., (q5,%,q5), ...} = Tr(a™)

Fu=0|c|a|FUF|F-F|F"§

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can }’
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

{Main Lemma:

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running
step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE: Kleene-plus

-/e,+1 a/e,+1 /e, +1 a/e, +1
Tr: ¥* — TrM @ #e 1 L
Ca+(q1,%,q1) = (CL?E : J_) /e, +1

(_

C,+(qs,<,q4) = (a?c: 1)

Tr(a) = {(q1,—,q1),- -, (qa, < qa),...,(q5, %, q5),...} = Tr(a™)

Fu=0|c|a|FUF|F-F|F"§

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

{Main Lemma:

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running
step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE: Kleene-plus

-/e,+1 a/e,+1 /e, +1 a/e, +1
Tr: ¥* — TrM @ #e 1 L
Ca+(q1,%,q1) = (CL?E : J_) /e, +1

<_

C,+(qs,<,q4) = (a?c: 1)
Ca+ (q5,%,q5) = (a?b : J_)
)

TI’(CL) — {(QL%aC.ZI IR (qll)%)qll)a IR (Q57%7Q5)7 . } — Tr(a—l_)

Fu=0|c|a|FUF|F-F|F"§

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

{Main Lemma:

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running
step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE: concatenation

= (p,—,q)
D, =, q1
q1, 0, q2
42, 43

= )
= )
= )
T4 = (q3, 21 qa)
= )
= )

d4, <7Q5
d5, —7,4

--------1
[\'Q
\V)
K
w

L

K
N
U
o
r-------q
()
q;'\f

CEl’E2 (CE) — (CEl (331) - CEZ (xQ)) © (CEl (x3) - CEz ($4)) © (CE1 ('T5) . CE2 ('TG))

'Main Lemma: Fo=0|e|a| FUF|F-F|F*]

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

1. dom(Cr(x)) = L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running
step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE Kleene-plus

| —'I

Cr+(x) = (Cr(z)C

C' = ((F‘?e

p

P2

F
q

p

(F*7e: 1))

)0

"ﬁ Main Lemma:

© [F, C/]QEH
o)

CF(CE‘4) ®

Fu=0|c|a|FUF|F-F|F"§

r = (p,—,q)

o = (q,D,p2)
r3 = (pP2,4,P3

s = (Pa,<, Ps
e = \P5, 7,4

(

( )
= (p3, >, P4)

( )

( )

(335) : Cr (7))

| Let F' be an e-free Tr-good rational expression with Tr(F) = sp. We can }’
. construct a map Cr: sp — RTE such that for each step = = (p,d, q) € sp: :

1. dom(Cg(x))

= L(F),

2. for each u € L(F), [Cr(x)](u) is the output produced by A when running

step  on u (i.e., running A on u from p to ¢ following direction d).



2DFA to RTE: Kleene-plus

F F F F F

p q
P2p ( )
P4
— To = (g, 272?2)
p4§3 q r3 = (p2,5, p3)
Sl T4 = (P3,2,Pa)
P4
= x5 = (P4, S, Ps)
p3
D4 Le = (p57 — Q)
p5—T]
CF(CE) C/
C, C/

= ((F?e: L) D Cr(z2)) © (Cr(z3) D Cp(x4)) © (Cr(zs) O Cr(zg))
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