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Qualitative, Boolean: [Buchi’60], [Elgot’61], [Trakhtenbrot’6 1]

Weighted
Automata

Quantitative, weights



SEEE SYRTAK L HANGE SEMAINGIC S

Inspired by weighted automata on semirings

o b
e L e

Qualitative: existence of an accepting path

Quantitative: number of accepting paths

Boolean semiring: (10,1}, V,A,0,1)  p(babaab) = (

15
Natural semiring: (N, +, x,0,1) w(babaab) = ( )



WEIGHTED AUTOMATA ON SEMIRINGS

Probabilistic semiring: (R, +, %, 0, 1)

1
’ 3

(max +) semiring: N U{ OO} max, —|- — 0 O)
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SEEE SYRTAX L FANGE SEMANGICS

o~ D) z<y xecX|]

pVolpAp |z |Vee|IX @ | VX @

Negation restricted to
atomic formulae

Arbitrary constants

from a semiring

[Droste-Gastin, ICALP’05, TCS’07, Handbook WA’09]



KEEP SYNTAX CHANGE SEMANTICS

pVoleAp|Tre |Vep |IX @ | VX p

Semantics in a semiring S=(5+,x 01

Atomic formulae: O, |

Inspired from the boolean semiring 2 =40, 1} V,A,0,1)
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[Droste-Gastin, ICALP’05, TCS’07, Handbook WA’09]



SEEE SYRT A L HAINGE SERAINGIC S

L br) e g lwe X | By y) | ~(x € X)

-wmww»-w

Semantics in a semiring = (5., x, 0. 1

Atomic formulae: O, |

disjunction, existential quantifications: sum

Inspired from the boolean semiring B — ({O, 1}, Vel 1)
[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



SEEE SYRT A L HAINGE SERAINGIC S

e L ~lpeX | Py y) | ~(x € X)
@
Semantics in a semiring S=(5+,x 01

Atomic formulae: O, |
disjunction, existential quantifications: sum

conjunction, universal quantifications: product

Inspired from the boolean semiring B — ({O, 1}, Vel 1)
[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



SEEE SYRTAK L HANGE SEMAINGIC S

Examples
p1 = 3z Py(x)
[o1](w) = |wla

Po(z) |z sy|oze X |Fa(z) | -z <y) | ~(z € X)

SOQZ\V/.TE

pVoloAp|Tzp | Vee|dX o | VX p

y(y <z A F,(y))

losllabaab) = 1 X1 x 2% 3 %3

[p2](a™) = n!

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



SEEE SYRT A L HAINGE SERAINGIC S

Examples

il

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



SEEE SYRTAK L HANGE SEMAINGIC S

pu=s|Pz)|z<syleeX | P(x) | -(r<y) |~z e X)
sovsa\saAw\ﬂw\Vw\ﬂXw\%

 almost boolean

Defines
MSO-step functions

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



SEEE SYRT A L HAINGE SERAINGIC S

pu=s|Pz)|zsyleeX | P(x) | (z<y) |~z e X)

 almost boolean
commutativity BISHIES

MSO-step functions

Thm [Droste-Gastin] weighted automata = restricted wMSO

[Droste-Gastin, ICALP’05,TCS' ™ 5ok WA'09]
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Hi Paul,
e | =(x € X)
Your paper “Weighted Automata and Weighted Logics” is now on Semantic

Scholar and has 287 citations and a wealth of additional statistics and metadata
produced by our software.

Learn more about the impact of your paper:

boolean

functions

Thm [Droste-Gastin] weighted automata = restricted wMSO

[Droste-Gastin, ICALP’05, TCS' 5ok WA’'09]
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sum over all runs weight of the run

weight of the transition
taken at x by run X
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sum over all runs weight of the run

i at X by run X
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UNAMBIGUOUS FORMULAS

pu=s|FP(z)|z<y|ze X | Fulz)| ~(z<y) | ~(z € X)
pVoleAp|Tre |Vep|IX | VX @

Ty =yl By

A Py(y)
Aole -
(2 <

(2 1. B ()

Z
AVz Yo 2 A )

= (©T,07)

[~ I(w, o) = {

1 ifw,oFp 0 itw.eo — o
ﬂ@*]](waa)—{

0 otherwise. 1 otherwise.

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]
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disjunction : closure under sum

2 AUTOMATA

existential quantification : closure under projections/renamings

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



RESTRIC |E

VIS 1O VWEKAFTTE

pu=s|Px)|z<y|zeX | 2P(x)|

disjunction : closure under sum

2 AUTOMATA

(z<y) |~z e X)

sovsawAmﬂw\Vw\ﬂXW%ﬁ

@ almost boolean

DISIER

MSO-step functions

existential quantification : closure under projections/renamings

universal quantification: main difficulty

[Droste-Gastin, ICALP’05,TCS’07, Handbook WA'09]



PAANT EX FEINSICNGS

pu=8|Fz) |z<sy|zeX | Fz)| (z<y) | (2 € X)
loVeoloAp|Tze |Vre|IX p | VX ¢

Thm: weighted automata = restricted wMSO

Finite words: [Droste-Gastin, ICALP’05]

Finite ranked trees: [Droste-Vogler, Theor. Comp. Sci.’06]
Pictures: [Fichtner, STACS’06]

Infinite words: [Droste-Rahonis, DLT°06]
Finite unranked trees: [Droste-Vogler, Theor. of Computing Systems’09]

Traces: [Fichtner-Kuske-Meinecke, Handbook of weighted automata ’09]
Nested words: [Mathissen, LMCS’ | 0]




PAANT EX FEINSICNGS

Finite words: [Droste-Gastin, ICALP’05]

Finite ranked trees: [Droste-Vogler, Theor. Comp. Sci.’06]
Pictures: [Fichtner, STACS’06]

Infinite words: [Droste-Rahonis, DLT°06]
Finite unranked trees: [Droste-Vogler, Theor. of Computing Systems’09]

Traces: [Fichtner-Kuske-Meinecke, Handbook of weighted automata ’09]
Nested words: [Mathissen, LMCS’ | 0]
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TOWARDS EASIER FORMULAE



CHANGING THE SYNTAX

Boolean fragment

pu=T|Fz)|le<yleeX|[-p|loAp|Vep|VXp

No need to write unambiguous formulae

Az dy < y A Py(z) A Po(y)
Ay <Z\/(Z<CIZ’ =
\/ \y\/(y<z U

[Bollig-Gastin, DLT’09] [Droste-Meinecke’12] [Fulop-Stuber-Vogler'|2]



CHANGING THE SYNTAX

Boolean fragment

pu=T|Fz)|le<yleeX|[-p|loAp|Vep|VXp

No need to write unambiguous formulae

Quantitative fragment
Bi=s|p| O+ |OxP| Y, 8| X019

Formulae are more readable

> i) [1.2., (y < z A Py(y))
Iz P, (1) Veoyiy = o AP U))

[Bollig-Gastin, DLT’09] [Droste-Meinecke’12] [Fulop-Stuber-Vogler'|2]



CHANGING THE SYNTAX

Boolean fragment

pu=T|Fz)|le<yleeX|[-p|loAp|Vep|VXp

[Bollig-Gastin, DLT’09] [Droste-Meinecke’12] [Fulop-Stuber-Vogler'|2]



(. HANGING FHE SYIN TAX
pu=T|Fz)|z<y|lzeX | p|oAp|Vzp| VX
Bims|p| B+ |BxD|Y, 8| 0[],

Thm: weighted automata = restricted wMSO
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A run generates a sequence of weights Wgt(p) — S G

We compute the weight of the run Va|(31 L Sn)

product  Val(s189+++8,) =81 X 89 X +++ X Sy,

average: Va|(3132 e Sn) -

discounted: Val(s182---8,) =81+ Asg 4+ -+ + Wi

[Droste-Meinecké, - 0,1C’12]



FROP BRODUIC ] & 10 VAT UIAFICING

A run generates a sequence of weights Wgt(p) — S G

We compute the weight of the run Va|(31 L Sn)

Final semantics ﬂAﬂ (w) — Z Val(wgt(p))

p run on w

Valuation monoid (S, +, 0, Val) Val: 7 — §

[Droste-Meinecke, CIAA’10, IC’ | 2]



FROM PRODUCTS TO VALUATIONS
pu=T|FP(z)|z<y|lzeX |-p|loAhp|Vzp | VX
Pu=s|¢ || P> N ]| ¢

Semantics in a valuation monoid (S, —|—, O, Val)

+, 2 :ok

[Droste-Meinecke, CIAA’10, IC’12]



FROM PRODUCTS TO VALUATIONS
pu=T| R |esyleeX | ~o|loAp|Vep | VX
P:=5|p|P+P|PxP |3, P> x? (D

Semantics in a valuation monoid (S, —|—, O, Val)
+, 2 : 0ok

[1: Val
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roste-lMieinecke



FROM PRODUCTS TO VALUATIONS
pu=T|FP(z)|z<y|lzeX |-p|loAhp|Vzp | VX

o=@ o+o BB, 0|, o |([E

[Droste-Meinecke, CIAA’10, IC’12]



EXFENDIING FHE SUY

A run generates a sequence of weights Wgt(p) = R

We compute the weight of the run Va|(31 Sop-e Sn)

Final semantics

[A](w) = Average{{Val(wgt(p)) | p run on w}}

not associative

Valuation structure (S, F, Val) H: N<S> = S

[Droste-Perevoshchikov, CSR’| 3]
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Joint work with Benjamin Monmege
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A run generates a sequence of weights Wgt(p) = 8182+ 8y,

Abstract semantics {\A\}(w) — {{Wgt(p) | £ run on w}}

oy S

Aggregation ager: N<R*> — S

[Gastin-Monmege ’ | 4][Droste-Perevoshchikov ' 14]



IVIULT\SETS OF \/\/EIGHT STRUCTURES

Semiring: sum-product

Valuation monoid: sum-valuation

Valuation structure: F-valuation

= Aggregation ager: N<R*> — S

I e WG FN W‘VM R L R S T Y e B N e e e T 0 1y e N G e P L O P D e R i i 1 S 0 o L e W e S e o . L]

[Gastin- Monmege | 4][Droste-Perevoshchikov ’14]




PICH EISE LS OF WEIGHT 51 RUCHURES

A run generates a sequence of weights Wgt(p) = 8182+ 8y,

Abstract semantics {\A\}(w) — {{Wgt(p) | Q£ run on w}}

1y 5 v

Aggregation ager: N<R*> — S

Concrete semantics |[.A]] — aggr o {|.A‘} e o 5

[Gastin-Monmege ’ | 4][Droste-Perevoshchikov ' 14]
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Joint work with Benjamin Monmege



CHANGING AGAIN THE SYNTAX

» Boolean fragment

pu=T|F(r)|lz<ylzeX|p|loAp|Vzp VX

= Step formulae

if ... thenii.. else ...
ho sum, ho product

*~J
R

)
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CHANGING AGAIN THE SYNTAX

Boolean fragment

pu=T|F(r)|lz<ylzeX|p|loAp|Vzp VX

Step formulae

L) = MAD

e B A B e S e A Y T N S Y A B R T P R S T T e e S A TS O P N e Vo D T P RS S T L
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CHANGING AGAINTTHIE DTN IAX

» Boolean fragment

pu=T|F(r)|lz<ylzeX|p|loAp|Vzp VX
= Step formulae W= sl

= core wSO @ II=.|-| d D> DI D

if ... then ... else ... Assigns a value from ¥
to each position

No binary products - No ¢

], ¥](w,0) = ([¥](w, o]z — i]))icpos(w)
il Yhlu o) {{(W]](w U[l‘ = ]))'L’Epos(w)}} < N(R*)

n [Gastm Monmege |4] SR singleton multiset



CHANGING AGAINTTHIE DTN IAX

Boolean fragment

pu=T|F(r)|lz<ylzeX|p|loAp|Vzp VX
Step formulae s | ol
core WSO @ ::=

Abstract semantics

empty multiset sums over multisets

[Gastin-Monmege i 4] =0 s e s o



CHANGING AGAIN THE SYNTAX

pu=T|Fx)|lesylzeX|[-ploAp|Vep|VXp
V=5 |p?¥ . ¥
G:=0]p?70:P|D+D|S |5 P|[[ W

Thm: weighted automata = core wMSO

Abstract semantics {‘ = ‘} 2 N <R*>

Concrete semantics II—]] — dggr o {| = I} 27— S

[Gastin-Monmege, |4]



CHANGING AGAIN THE SYNTAX

pu=T|Fx)|lesylzeX|[-ploAp|Vep|VXp
V=5 |p?¥ . ¥
G:=0]p?70:P|D+D|S |5 P|[[ W

Thm: weighted automata = core wMSO

flait

Abstract semantics

Concrete

[Gastin-Mo‘



CONC LU DING REPIARKS

Similar approaches
M-expressions for multi-operator monoids [Fulop-Stuber-Vogler’| 2]

Assignment logic [Perevoshchikov PhD’ | 5]

Other structures: ranked trees, unranked trees, ...
multisets of weight-structures

core-wMSQO: only the boolean fragment changes

More operators in core-wMSO

any binary operation <) :S xS = S can be lifted to multisets of

weight-structures and added to core-wMSO



