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• Erase comments from a LaTeX file 

First \emph{sequential} functions % one-way input-deterministic 
We suffer only 2\% of failures.

• Increment numbers in a file 
Exams will take place in May 2019. Students should … 
Exams will take place in May 2020. Students should …

• Reorder arguments (bibtex -> bbl) 
Author = {Engelfriet, Joost and Hoogeboom, Hendrik Jan}, 
Year = {2001}, 
 
[EH01] Joost Engelfriet and Hendrik Jan Hoogeboom. 
[EH01] J. Engelfriet and H.J. Hoogeboom.



SUMMARY

• Operational models (transducers) 
• 1DFT = sequential functions 
• f1NFT = rational functions 
• 2DFT = regular functions 
• Transducers with registers 

• Modular descriptions 
• Rational expressions 
• Composition



SEQUENTIAL FUNCTIONS - 1DFT

• Deterministic left to right parsing of the input 
• Produce output along the way

12 3

b | b

\ | \

a | a % | ε

\n | \n

c | ε
a 2 ⌃

b 2 ⌃ \ {\,%}
c 2 ⌃ \ {\n}
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Exams will take place in May 2019. Students should … 
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Increment is not sequential if the least significant bit (lsb) is on the right
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1 | 0

0 | 1

0 | 0

1 | 1

| ε

| 1 | ε

Increment of a number with lsb on the left is sequential.

1111100101101 
0000010101101

11111111 
000000001
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• Deterministic left to right parsing of the input 

• Produce output along the way

➡ Sequential functions are closed under composition of functions

➡ Sequential transducers can be minimized (canonical)

➡ Equivalence is decidable for sequential transducers
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Lemma Let A be a 1NFT with m states.
If A is functional on all words of length  2m2

Then A is functional.
<latexit sha1_base64="xPAV8/61dWnJMRbiksju97HimdY="></latexit>



RATIONAL FUNCTIONS - f1NFT

p0
a1�! p1

a2�! p2 · · · pn�1
an��! pn

q0
a1�! q1

a2�! q2 · · · qn�1
an��! qn
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Let w = a1a2 . . . an 2 dom(A) with n > 2m2.
Assume A is functional on all words of length < n.
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Let 0  i < j < k  n with (pi, qi) = (pj , qj) = (pk, qk).
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RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[1] Schützenberger, Sur les relations rationnelles, 1975
[2] Gurari & Ibarra, A note on finite-valued and finitely ambiguous transducers, 1983

Let A1 and A2 be two f1NFT.

Check that dom(A1) = dom(A2).

Check that A1 ]A2 is functional.
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<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

1011010011111 
1011010100000



➡ f1NFT = 1DFT with look-ahead = 1UFT [3]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[3] Weber & Klemm, Economy of description for single-valued transducers, 1995

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

1011010011111 
1011010100000



➡ f1NFT = 1DFT with look-ahead = 1UFT [3]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[3] Weber & Klemm, Economy of description for single-valued transducers, 1995

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if word in 1⇤0{0, 1}⇤
<latexit sha1_base64="J/yV845TZ+iMTfvjU6TTTaUBuDw="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

11111111 
100000000

1011010011111 
1011010100000



➡ f1NFT = 1DFT with look-ahead = 1UFT [3]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[3] Weber & Klemm, Economy of description for single-valued transducers, 1995

Let A be a f1NFT with states in Q. Consider a total order (Q,<).
<latexit sha1_base64="FAeVkqYsniyHWei2pfRddcSBMyo="></latexit>

Given w = uav, select the least accepting path wrt. lexicographic order.
<latexit sha1_base64="YnKaprPB9T2wdQi5Oxaayv1Cv3U="></latexit>

q0
<latexit sha1_base64="0OPZC8loxp+xbxqLzlZhVXj0yqU="></latexit>

u | x
<latexit sha1_base64="1hJ5rdjS7XBWkKRV1uSxxhsbLMk="></latexit>

a | y1
<latexit sha1_base64="/rFhjSJFvRM8GM7GIKjnxPPIhuE="></latexit>

a | y2
<latexit sha1_base64="CEvnFjcGnZFNnRAifyiPglgWcko="></latexit>

a | y3
<latexit sha1_base64="XyVbRrf5L3lnGprpCjsUXi3M578="></latexit>

p
<latexit sha1_base64="1pHMSGSk6f4CfCq5gL1go9tTIE8="></latexit>

p1
<latexit sha1_base64="YcZ+ZrFnBIeulU4mBNEqnB/bIsY="></latexit>

p2
<latexit sha1_base64="lyXNUkFJAU0CQuKBE5AYURWJHCU="></latexit>

p3
<latexit sha1_base64="Xnu8f3VKPkdmNFAoywNLQ5GeMi4="></latexit>

v /2 dom(A, p1)
<latexit sha1_base64="ttj0eMSc1k0drS8p/Nidlg4juFQ="></latexit>

v 2 dom(A, p2)
<latexit sha1_base64="JrvHQD+gN2fty1Q5VLQTv6hwiYI="></latexit><

<latexit sha1_base64="G1iWH3HJEO9I2sqavc/eW5bFk1Q="></latexit>

<
<latexit sha1_base64="G1iWH3HJEO9I2sqavc/eW5bFk1Q="></latexit>



➡ f1NFT = 1DFT with look-ahead = 1UFT [3]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[3] Weber & Klemm, Economy of description for single-valued transducers, 1995

Let A be a f1NFT with states in Q. Consider a total order (Q,<).
<latexit sha1_base64="FAeVkqYsniyHWei2pfRddcSBMyo="></latexit>

Given w = uav, select the least accepting path wrt. lexicographic order.
<latexit sha1_base64="YnKaprPB9T2wdQi5Oxaayv1Cv3U="></latexit>

q0
<latexit sha1_base64="0OPZC8loxp+xbxqLzlZhVXj0yqU="></latexit>

u | x
<latexit sha1_base64="1hJ5rdjS7XBWkKRV1uSxxhsbLMk="></latexit>

a | y1
<latexit sha1_base64="/rFhjSJFvRM8GM7GIKjnxPPIhuE="></latexit>

a | y2
<latexit sha1_base64="CEvnFjcGnZFNnRAifyiPglgWcko="></latexit>

a | y3
<latexit sha1_base64="XyVbRrf5L3lnGprpCjsUXi3M578="></latexit>

p
<latexit sha1_base64="1pHMSGSk6f4CfCq5gL1go9tTIE8="></latexit>

p1
<latexit sha1_base64="YcZ+ZrFnBIeulU4mBNEqnB/bIsY="></latexit>

p2
<latexit sha1_base64="lyXNUkFJAU0CQuKBE5AYURWJHCU="></latexit>

p3
<latexit sha1_base64="Xnu8f3VKPkdmNFAoywNLQ5GeMi4="></latexit>

v /2 dom(A, p1)
<latexit sha1_base64="ttj0eMSc1k0drS8p/Nidlg4juFQ="></latexit>

v 2 dom(A, p2)
<latexit sha1_base64="JrvHQD+gN2fty1Q5VLQTv6hwiYI="></latexit><

<latexit sha1_base64="G1iWH3HJEO9I2sqavc/eW5bFk1Q="></latexit>

<
<latexit sha1_base64="G1iWH3HJEO9I2sqavc/eW5bFk1Q="></latexit>

First, deterministic with look-ahead.
Then unambiguous without look-ahead.

<latexit sha1_base64="VRcdoq6deNGp1XcL4VJUz9RFZhI="></latexit>



RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[1] Schützenberger, Sur les relations rationnelles, 1975
[2] Gurari & Ibarra, A note on finite-valued and finitely ambiguous transducers, 1983
[3] Weber & Klemm, Economy of description for single-valued transducers, 1995



➡ Rational transducers (1NFT) need not be functional
➡ Functionality is decidable [1] in PTIME [2] for rational transducers
➡ Equivalence is decidable [1] in PTIME [2] for f1NFT
➡ f1NFT = 1DFT with look-ahead = 1UFT [3]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[1] Schützenberger, Sur les relations rationnelles, 1975
[2] Gurari & Ibarra, A note on finite-valued and finitely ambiguous transducers, 1983
[3] Weber & Klemm, Economy of description for single-valued transducers, 1995



➡ Rational transducers (1NFT) need not be functional
➡ Functionality is decidable [1] in PTIME [2] for rational transducers
➡ Equivalence is decidable [1] in PTIME [2] for f1NFT
➡ f1NFT = 1DFT with look-ahead = 1UFT [3]
➡ Decidable in PTIME if a rational function is sequential [3,4]

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[1] Schützenberger, Sur les relations rationnelles, 1975
[2] Gurari & Ibarra, A note on finite-valued and finitely ambiguous transducers, 1983
[3] Weber & Klemm, Economy of description for single-valued transducers, 1995
[4] Choffrut, Une caractérisation des fonctions séquentielles … en tant que relations rationnelles, 1977



➡ Rational transducers (1NFT) need not be functional
➡ Functionality is decidable [1] in PTIME [2] for rational transducers
➡ Equivalence is decidable [1] in PTIME [2] for f1NFT
➡ f1NFT = 1DFT with look-ahead = 1UFT [3]
➡ Decidable in PTIME if a rational function is sequential [3,4]
➡ Rational functions are closed under composition

RATIONAL FUNCTIONS - f1NFT

• Non-deterministic left to right parsing of the input 
• Produce output along the way 
• 1UFT: Unambiguous left to right parsing of the input

[1] Schützenberger, Sur les relations rationnelles, 1975
[2] Gurari & Ibarra, A note on finite-valued and finitely ambiguous transducers, 1983
[3] Weber & Klemm, Economy of description for single-valued transducers, 1995
[4] Choffrut, Une caractérisation des fonctions séquentielles … en tant que relations rationnelles, 1977



SUMMARY

• Operational models (transducers) 
• 1DFT = sequential functions 
• f1NFT = rational functions 
• 2DFT = regular functions 
• Transducers with registers 

• Modular descriptions 
• Rational expressions 
• Composition



REGULAR FUNCTIONS - 2DFT

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if word in 1⇤0{0, 1}⇤
<latexit sha1_base64="J/yV845TZ+iMTfvjU6TTTaUBuDw="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

11111111 
100000000

1011010011111 
1011010100000



REGULAR FUNCTIONS - 2DFT

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if word in 1⇤0{0, 1}⇤
<latexit sha1_base64="J/yV845TZ+iMTfvjU6TTTaUBuDw="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

11111111 
100000000

1011010011111 
1011010100000

Increment of a number with lsb on the right

We have a 1DFT with look-ahead: locate the last 0



REGULAR FUNCTIONS - 2DFT

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if word in 1⇤0{0, 1}⇤
<latexit sha1_base64="J/yV845TZ+iMTfvjU6TTTaUBuDw="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

11111111 
100000000

1011010011111 
1011010100000

Increment of a number with lsb on the right

We have a 1DFT with look-ahead: locate the last 0

Implement the look-ahead with deterministic 2-way parsing



REGULAR FUNCTIONS - 2DFT
• Deterministic 2-way parsing of the input 
• Produce output along the way

1 2

1 | 0

0 | 1

0 | 0

1 | 1

| ε | 1

| ε

if su�x in 1⇤
<latexit sha1_base64="GQ4Bu1n/qtgNWEW4iUZ/KvDmQIM="></latexit>

if word in 1⇤0{0, 1}⇤
<latexit sha1_base64="J/yV845TZ+iMTfvjU6TTTaUBuDw="></latexit>

if su�x in 1⇤0{0, 1}⇤
<latexit sha1_base64="s14DcduivPM/2iCUV92M7T7G0KA=">AAADfHicjVJdT9RAFL27RQX8WuDRlwm7JsaPTbsmyosE4wuPkLBAwiJpu1OY0K90pipp+uqv8VX/i/8A/wThzGXWiMSPadqeOfeeO/fcTFSmShvf/97penO3bt+ZX1i8e+/+g4e9peVdXdRVLMdxkRbVfhRqmapcjo0yqdwvKxlmUSr3otN3Nr73QVZaFfmOOSvlYRYe5ypRcWhAHfWESoSuk0R9EioXg+B987T1J43/PJi0Fg +Oen1/6PMSN0HgQJ/c2iqWOqs0oSkVFFNNGUnKyQCnFJLGc0AB+VSCO6QGXAWkOC6ppUVoa2RJZIRgT/E9xu7AsTn2tqZmdYxTUrwVlIIeQ1MgrwK2pwmO11zZsn+q3XBN29sZ/pGrlYE1dAL2X7pZ5v/qrBdDCa2xBwVPJTPWXeyq1DwV27n4xZVBhRKcxVPEK+CYlbM5C9Zo9m5nG3L8nDMta/exy63pB3dp+8zBfeR5ZewgR/0G/Fv0Y/8zV7ZqCsby7V+VU2auqzVcNz8jrTu75E415qOA31zdDty74PdbdhPsjobBy+Foe9TfWHc3cJ4e0So9wS17TRu0SVs0Rnef6Qt9pW/dC2/gPfNeXKV2O06zQteW9+oSBti2pw==</latexit>

if word in 1⇤
<latexit sha1_base64="g/BsFB7bGkLkv8CESMLYyh9oGa4="></latexit>

11111111 
100000000

1011010011111 
1011010100000

Increment of a number with lsb on the right

We have a 1DFT with look-ahead: locate the last 0

Implement the look-ahead with deterministic 2-way parsing



REGULAR FUNCTIONS - 2DFT
• Deterministic 2-way parsing of the input 
• Produce output along the way

11111111 
100000000

1011010011111 
1011010100000

0 1 2 3

4 5 6

! | !,→

1 | ε,→

0 | ε,←

1 | ε,←
0 | 0,→
! | ε,→

1 | 1,→

0 | ε,→$ | ε,←

1 | ε,←

0 | 1,→
! | 1,→

1 | 0,→

$ | $,→

0 in the suffix Move back 
to the last 0

copy the 
part in 01*

Increment of a number with lsb on the right 

We have a 1DFT with look-ahead: locate the last 0 

Implement the look-ahead with deterministic 2-way parsing



REGULAR FUNCTIONS - 2DFT
• Deterministic 2-way parsing of the input 
• Produce output along the way

11111111 
100000000

1011010011111 
1011010100000

Increment of a number with lsb on the right with a 2DFT 

We have a 1DFT with look-ahead: locate the last 0 

Implement the look-ahead with 2-way parsing

0 1 2 3

4 5 6

! | !,→

1 | ε,→

0 | ε,←

1 | ε,←
0 | 0,→
! | ε,→

1 | 1,→

0 | ε,→$ | ε,←

1 | ε,←

0 | 1,→
! | 1,→

1 | 0,→

$ | $,→

suffix in 1*

Move back 
to the last 0

replace 011111 
by 100000



REGULAR FUNCTIONS - 2DFT
• Deterministic 2-way parsing of the input 
• Produce output along the way
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REGULAR FUNCTIONS - 2DFT
• Deterministic 2-way parsing of the input 
• Produce output along the way

➡ 2DFT = reversible 2DFT [7]
➡ Regular functions are closed under composition [6]
➡ f2NFT = 2DFT with look-ahead & look-behind = 2UFT = 2DFT [8]
➡ Equivalence is decidable for 2DFT [9]

[6] Chytil & Jákl, Serial composition of 2-way finite-state transducers and simple programs on strings, 1977

VERY ROBUST CLASS OF TRANSFORMATIONS

[7] Dartois, Fournier, Jecker, Lhote, On reversible transducers, 2017
[8] Engelfriet & Hoogeboom, MSO definable string transductions and two-way finite-state transducers, 2001
[9] Culik & Karhumäki, The equivalence of finite valued transducers (on HDT0L languages) is decidable, 1986
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SIMPLE PROGRAMS: REGISTERS
• Deterministic parsing of the input 
• Produce output in registers

[6] Chytil & Jákl, Serial composition of 2-way finite-state transducers and simple programs on strings, 1977

1

! | X := ε; Y := 1

" | Y

1 | X := X1; Y := Y 0 0 | Y := X1; X := X0

11111111 
100000000

1011010011111 
1011010100000• X keeps a copy of the input binary number

• Y contains its increment

• Register updates: X := u  |  X := Xu  |  X := Yu   (with u finite string)  
• 1-way or 2-way 
• Simple programs may be composed 
• Simple programs = 2DFT
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SIMPLE RTE
• Compositional and modular
• Unambiguous input parsing
• 1-way parsing (no reverse)
• No duplication, no composition

f, g ::= (u, v) | f + g | f · g | f⇤
<latexit sha1_base64="RukT+D9zKSXBN9vftM1IuD1yWBw="></latexit>

UNAMBIGUOUS INPUT PARSINGUNAMBIGUOUS INPUT PARSINGUNAMBIGUOUS INPUT PARSING

➡ SRTE = Rational functions (1UFT = 1DFT with look-ahead = f1NFT)
➡ Special case of weighted automata (unambiguous)

[11] Schützenberger, On the definition of a family of automata, 1961
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<latexit sha1_base64="+M5tAQ6FNtICZAZCqhll1gcmDLM="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times

➡ Hadamard product (f � g)(w) = f(w) · g(w)
<latexit sha1_base64="+M5tAQ6FNtICZAZCqhll1gcmDLM="></latexit>

copy := ((0 | 0) + (1 | 1))⇤
<latexit sha1_base64="YlU5IkG/AQ4KIYpJb82UzT++T7I="></latexit>

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo="></latexit>

(copy · (" | $))� copy
<latexit sha1_base64="rVV1Ylr1rB3M+68Yc1UDoBd0mD0="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times

➡ Hadamard product (f � g)(w) = f(w) · g(w)
<latexit sha1_base64="+M5tAQ6FNtICZAZCqhll1gcmDLM="></latexit>

copy := ((0 | 0) + (1 | 1))⇤
<latexit sha1_base64="YlU5IkG/AQ4KIYpJb82UzT++T7I="></latexit>

erase := ((0 | ") + (1 | "))⇤
<latexit sha1_base64="KlIqT8x2Z6p9PR6TzobZN1ZEY80="></latexit>

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo="></latexit>

(copy · (" | $))� copy
<latexit sha1_base64="rVV1Ylr1rB3M+68Yc1UDoBd0mD0="></latexit>

exchange : u#v 7! vu
<latexit sha1_base64="dxyD/2d+q/gM6/z+2uG0r0qtGCA="></latexit> ⇣

erase · (# | ") · copy
⌘
�

⇣
copy · (# | ") · erase

⌘

<latexit sha1_base64="AU8OcFJpXZECzFudjDvyGwFQIog="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

➡ Composition

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>

(f � g)(w) = f(g(w))
<latexit sha1_base64="WuXj3mRcfxphsAJnIdxWNzKrXlA="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

➡ Composition

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>

(f � g)(w) = f(g(w))
<latexit sha1_base64="WuXj3mRcfxphsAJnIdxWNzKrXlA="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

UNAMBIGUOUS INPUT PARSINGUNAMBIGUOUS INPUT PARSINGUNAMBIGUOUS INPUT PARSING



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

➡ Composition f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo=">AAADpHicjVLLbtNAFD2pgZbySmHJxiIBdRUlQYJuKhXYsGBRBGkrNaWynUk7ql/yjIkqK7/A17CF/+AP4C84czMBSsVjLNtnzr3nzL1XE5epNrbf/9JaCa5cvba6dn39xs1bt++0N+7umaKuEjVKirSoDuLIqFTnamS1TdVBWakoi1O1H5+9cPH996oyusjf2vNSHWXRSa6nOoksqeP2ZnecRfbUTJtJzfNIq/nY2ebhjJHS2I KgO+setzv9Xl9WeBkMPOjAr91iozXEGBMUSFAjg0IOS5wiguFziAH6KMkdoSFXEWmJK8yxTm3NLMWMiOwZvyfcHXo25955GlEnPCXlW1EZ4iE1BfMqYndaKPFanB37J+9GPF1t5/zH3isja3FK9l+6Zeb/6lwvFlNsSQ+aPZXCuO4S71LLVFzl4S9dWTqU5ByeMF4RJ6JczjkUjZHe3WwjiX+VTMe6feJza3yTKl2dObmZzCuTDnL6N+SfsR73X3blXFMyjp//VTkR5qLasOvmR2Tuzy6lUi3KRWXb/ob8jBpOTxNv48kiwns5+P0WXgZ7w97gcW/4etjZee5v6Bru4wE2eQufYgcvsYsRq/+Aj/iEz8Gj4FXwJhgtUldaXnMPF1bw7jvnW8Ed</latexit>

f := (duplicate · (# | #))⇤
<latexit sha1_base64="Z3KuBIyK0Fb8RzyjO/HNkwaUZfc="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

f : u1#u2#u3 · · ·un# 7! u1$u1#u2$u2#u3$u3 · · ·un$un#
<latexit sha1_base64="Fam8sOZ/vgUrcXc1doWNVx0vUqk="></latexit>

➡ Composition f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo=">AAADpHicjVLLbtNAFD2pgZbySmHJxiIBdRUlQYJuKhXYsGBRBGkrNaWynUk7ql/yjIkqK7/A17CF/+AP4C84czMBSsVjLNtnzr3nzL1XE5epNrbf/9JaCa5cvba6dn39xs1bt++0N+7umaKuEjVKirSoDuLIqFTnamS1TdVBWakoi1O1H5+9cPH996oyusjf2vNSHWXRSa6nOoksqeP2ZnecRfbUTJtJzfNIq/nY2ebhjJHS2I KgO+setzv9Xl9WeBkMPOjAr91iozXEGBMUSFAjg0IOS5wiguFziAH6KMkdoSFXEWmJK8yxTm3NLMWMiOwZvyfcHXo25955GlEnPCXlW1EZ4iE1BfMqYndaKPFanB37J+9GPF1t5/zH3isja3FK9l+6Zeb/6lwvFlNsSQ+aPZXCuO4S71LLVFzl4S9dWTqU5ByeMF4RJ6JczjkUjZHe3WwjiX+VTMe6feJza3yTKl2dObmZzCuTDnL6N+SfsR73X3blXFMyjp//VTkR5qLasOvmR2Tuzy6lUi3KRWXb/ob8jBpOTxNv48kiwns5+P0WXgZ7w97gcW/4etjZee5v6Bru4wE2eQufYgcvsYsRq/+Aj/iEz8Gj4FXwJhgtUldaXnMPF1bw7jvnW8Ed</latexit>

f := (duplicate · (# | #))⇤
<latexit sha1_base64="Z3KuBIyK0Fb8RzyjO/HNkwaUZfc="></latexit>

erase : w 7! "
<latexit sha1_base64="mBejLBAqzqY/pLYhNR10wryKREs="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

f : u1#u2#u3 · · ·un# 7! u1$u1#u2$u2#u3$u3 · · ·un$un#
<latexit sha1_base64="Fam8sOZ/vgUrcXc1doWNVx0vUqk="></latexit>

exchange : u#v 7! vu
<latexit sha1_base64="dxyD/2d+q/gM6/z+2uG0r0qtGCA="></latexit>

g := erase · ($ | ") · (exchange · ($ | #))⇤ · erase · (# | ")
<latexit sha1_base64="CoJytwvl0g2sW7loaL47KQZIRhc="></latexit>

➡ Composition f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
• A 2DFT (or 2UFT) may read its input several times in pieces

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo=">AAADpHicjVLLbtNAFD2pgZbySmHJxiIBdRUlQYJuKhXYsGBRBGkrNaWynUk7ql/yjIkqK7/A17CF/+AP4C84czMBSsVjLNtnzr3nzL1XE5epNrbf/9JaCa5cvba6dn39xs1bt++0N+7umaKuEjVKirSoDuLIqFTnamS1TdVBWakoi1O1H5+9cPH996oyusjf2vNSHWXRSa6nOoksqeP2ZnecRfbUTJtJzfNIq/nY2ebhjJHS2I KgO+setzv9Xl9WeBkMPOjAr91iozXEGBMUSFAjg0IOS5wiguFziAH6KMkdoSFXEWmJK8yxTm3NLMWMiOwZvyfcHXo25955GlEnPCXlW1EZ4iE1BfMqYndaKPFanB37J+9GPF1t5/zH3isja3FK9l+6Zeb/6lwvFlNsSQ+aPZXCuO4S71LLVFzl4S9dWTqU5ByeMF4RJ6JczjkUjZHe3WwjiX+VTMe6feJza3yTKl2dObmZzCuTDnL6N+SfsR73X3blXFMyjp//VTkR5qLasOvmR2Tuzy6lUi3KRWXb/ob8jBpOTxNv48kiwns5+P0WXgZ7w97gcW/4etjZee5v6Bru4wE2eQufYgcvsYsRq/+Aj/iEz8Gj4FXwJhgtUldaXnMPF1bw7jvnW8Ed</latexit>

f := (duplicate · (# | #))⇤
<latexit sha1_base64="Z3KuBIyK0Fb8RzyjO/HNkwaUZfc="></latexit>

erase : w 7! "
<latexit sha1_base64="mBejLBAqzqY/pLYhNR10wryKREs="></latexit>

g � f : u1#u2# · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="tsba0RyqC5SFse9W0q8D3VS277s="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

f : u1#u2#u3 · · ·un# 7! u1$u1#u2$u2#u3$u3 · · ·un$un#
<latexit sha1_base64="Fam8sOZ/vgUrcXc1doWNVx0vUqk="></latexit>

exchange : u#v 7! vu
<latexit sha1_base64="dxyD/2d+q/gM6/z+2uG0r0qtGCA="></latexit>

g := erase · ($ | ") · (exchange · ($ | #))⇤ · erase · (# | ")
<latexit sha1_base64="CoJytwvl0g2sW7loaL47KQZIRhc="></latexit>

h = g � f
<latexit sha1_base64="VqLO4BGi/ua5Sx/lgnnz7fbWGJE="></latexit>

➡ Composition f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

• A 2DFT may produce output while reading its input backwards

reverse : a1a2 · · · an 7! an · · · a2a1
<latexit sha1_base64="KI9tcO5Q82XAkcf8GMeHre8Zxmw="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

• A 2DFT may produce output while reading its input backwards

➡ Not possible with

reverse : a1a2 · · · an 7! an · · · a2a1
<latexit sha1_base64="KI9tcO5Q82XAkcf8GMeHre8Zxmw="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

• A 2DFT may produce output while reading its input backwards

➡ Not possible with

reverse : a1a2 · · · an 7! an · · · a2a1
<latexit sha1_base64="KI9tcO5Q82XAkcf8GMeHre8Zxmw="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

• A 2DFT may produce output while reading its input backwards

➡ Not possible with

reverse : a1a2 · · · an 7! an · · · a2a1
<latexit sha1_base64="KI9tcO5Q82XAkcf8GMeHre8Zxmw="></latexit>

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="TCBTPuluSO5XB8fnwSgbLYT3PTs="></latexit>

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>

➡ RTE-chr = 2DFT = Regular functions

WITH COMPOSITION, 
HADAMARD PRODUCT 

AND REVERSE



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>

➡ Replace Hadamard product with duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo="></latexit>

f � g = (f · ($ | ") · g) � duplicate
<latexit sha1_base64="MrI2HM7ucIN3IwQq2cfyvtY7l5Y="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>

➡ Replace Hadamard product with

f, g ::= reverse | duplicate | (u, v) | f + g | f · g | f⇤ | f � g
<latexit sha1_base64="vpSKGNGVRp4iXMarYFhrXmJ30SE="></latexit>

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo="></latexit>

f � g = (f · ($ | ") · g) � duplicate
<latexit sha1_base64="MrI2HM7ucIN3IwQq2cfyvtY7l5Y="></latexit>



RTE WITH COMPOSITION AND REGULAR FUNCTIONS

➡ Add reverse as basic function

f, g ::= reverse | (u, v) | f + g | f · g | f⇤ | f � g | f � g
<latexit sha1_base64="4SeXZ9v2y90ax4u3zqptH4OzJ/4="></latexit>

➡ RTE-cdr = 2DFT = Regular functions

WITH COMPOSITION, 
DUPLICATE AND REVERSE

➡ Replace Hadamard product with

f, g ::= reverse | duplicate | (u, v) | f + g | f · g | f⇤ | f � g
<latexit sha1_base64="vpSKGNGVRp4iXMarYFhrXmJ30SE="></latexit>

duplicate : w 7! w$w
<latexit sha1_base64="0PIZvZ9EM9wCI17wyHqrycB9deo="></latexit>

f � g = (f · ($ | ") · g) � duplicate
<latexit sha1_base64="MrI2HM7ucIN3IwQq2cfyvtY7l5Y="></latexit>



FULL RTE FOR REGULAR FUNCTIONS

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

• A 2DFT (or 2UFT) may read its input several times in pieces



FULL RTE FOR REGULAR FUNCTIONS

➡ 2-chained Kleene iteration [12]

[12] Alur & Freilich & Raghothaman, Regular combinators for string transformations, 2014

[K,h]2+
<latexit sha1_base64="MQbHLFNLtVJjtFABK6Dz54RxCS4="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

• A 2DFT (or 2UFT) may read its input several times in pieces



FULL RTE FOR REGULAR FUNCTIONS

➡ 2-chained Kleene iteration [12]

[12] Alur & Freilich & Raghothaman, Regular combinators for string transformations, 2014

[K,h]2+
<latexit sha1_base64="MQbHLFNLtVJjtFABK6Dz54RxCS4="></latexit>

parse an input word as w = u1u2 · · ·un with u1, . . . , un 2 K
<latexit sha1_base64="z+YtiC0jfOKcjOgYWWpCUzxEDLc="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

• A 2DFT (or 2UFT) may read its input several times in pieces



FULL RTE FOR REGULAR FUNCTIONS

➡ 2-chained Kleene iteration [12]

[12] Alur & Freilich & Raghothaman, Regular combinators for string transformations, 2014

[K,h]2+
<latexit sha1_base64="MQbHLFNLtVJjtFABK6Dz54RxCS4="></latexit>

parse an input word as w = u1u2 · · ·un with u1, . . . , un 2 K
<latexit sha1_base64="z+YtiC0jfOKcjOgYWWpCUzxEDLc="></latexit>

[K,h]2+ : w 7! h(u1u2)h(u2u3) · · ·h(un�1un)
<latexit sha1_base64="84dtu10kVtWz2bpBfODBecaAEXA="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

• A 2DFT (or 2UFT) may read its input several times in pieces



FULL RTE FOR REGULAR FUNCTIONS

➡ 2-chained Kleene iteration [12]

[12] Alur & Freilich & Raghothaman, Regular combinators for string transformations, 2014

[K,h]2+
<latexit sha1_base64="MQbHLFNLtVJjtFABK6Dz54RxCS4="></latexit>

parse an input word as w = u1u2 · · ·un with u1, . . . , un 2 K
<latexit sha1_base64="z+YtiC0jfOKcjOgYWWpCUzxEDLc="></latexit>

[K,h]2+ : w 7! h(u1u2)h(u2u3) · · ·h(un�1un)
<latexit sha1_base64="84dtu10kVtWz2bpBfODBecaAEXA="></latexit>

UNAMBIGUOUS INPUT PARSING

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
<latexit sha1_base64="xELuhukwu0ZEUpbZE7YVW835YQ8="></latexit>

h cannot be described using +, ·, ⇤, �
<latexit sha1_base64="yv2+fU03l2cCYF1VW5anPzvWjwk="></latexit>

• A 2DFT (or 2UFT) may read its input several times in pieces



FULL RTE FOR REGULAR FUNCTIONS

➡ 2-chained Kleene iteration [12]

[12] Alur & Freilich & Raghothaman, Regular combinators for string transformations, 2014

[K,h]2+
<latexit sha1_base64="MQbHLFNLtVJjtFABK6Dz54RxCS4="></latexit>

parse an input word as w = u1u2 · · ·un with u1, . . . , un 2 K
<latexit sha1_base64="z+YtiC0jfOKcjOgYWWpCUzxEDLc="></latexit>

[K,h]2+ : w 7! h(u1u2)h(u2u3) · · ·h(un�1un)
<latexit sha1_base64="84dtu10kVtWz2bpBfODBecaAEXA="></latexit>

h : u1#u2#u3 · · ·un# 7! u2u1#u3u2# · · ·unun�1#
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• A 2DFT (or 2UFT) may read its input several times in pieces

• A 2DFT may produce output while reading its input backwards

➡ Full RTE [12]

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | [K,h]2+ | [K,h]r-2+
<latexit sha1_base64="Y+TV0W6pseZx09ZC02+Cij1HdBY="></latexit>



FULL RTE FOR REGULAR FUNCTIONS
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• A 2DFT (or 2UFT) may read its input several times in pieces

• A 2DFT may produce output while reading its input backwards

➡ Full RTE [12]

f, g ::= (u, v) | f + g | f · g | f⇤ | f � g | [K,h]2+ | [K,h]r-2+
<latexit sha1_base64="Y+TV0W6pseZx09ZC02+Cij1HdBY="></latexit>

➡ Full RTE = 2DFT = Regular functions
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➡ Regular functions RF: 2DFT = 2DFT with l-a & l-b = 2UFT = f2NFT
➡ Equivalence is decidable
➡ Closed under composition [6]
➡ RF = simple programs with registers [6]
➡ RF = streaming string transducers [10]
➡ RF = regular expressions with composition, reverse, duplicate
➡ RF = regular expressions with (reversed) 2-chained Kleene-+ [12]
➡ RF = MSO transductions [8]
➡ RF = Regular list functions [16]
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