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Qualitative, Boolean: [Buchi’60], [Elgot’6 1], [ Trakhtenbrot’61]

Focus on definability / qualitative

Focus on computation / quantitative
Weig ——},
Automata .

Quantitative, weights
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a’s blocks are of even length @-0
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a’s blocks are of even length @-@
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Inspired by weighted automata on semirings

@ L el o o

Qualitative: existence of an accepting path

Quantitative: number of accepting paths

Boolean semiring: (10,1}, V,A,0,1)  p(babaab) = (

I3
Natural semiring: (N7 +, %X, 0, 1) ,u(babaab) i ( )
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Probabilistic semiring:  (R~g, +, x,0, 1)
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po=sllyal e ygiae X o) s gl e X
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[Droste-Gastin, [CALP’05]
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Negation restricted to
atomic formulae

[Droste-Gastin, ICALP’05]



SEER I A0 CHAINGE SEMIAN TS

o =l P.(z) |z <y|xze X|

pVolpAp |z |Vee|IX @ | VX @

Negation restricted to
atomic formulae

Arbitrary constants

from a semiring

[Droste-Gastin, ICALP’05]
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po=sllyal e ygiae X o) s gl e X
pVoloAp|dzp |[Vee |IX o | VX p

Semantics in a semiring S=1(8 % x01)
Atomic formulae: 0O, |
disjunction, existential quantifications: sum

conjunction, universal quantifications: product

Inspired from the boolean semiring 2= 0t v AU 1)
[Droste-Gastin, ICALP’05]
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pVoloAp|Trp|[Vee|IX | VX p

Examples
p1 = Jz Py (x) w2 =V Iy (y <z A Pa(y))
lo1][(w) = |wlg losllabaab)y =1 x 1 x 2 X3 x3

[p2](a™) = n!

[Droste-Gastin, [CALP’05]
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po=sllyal e ygiae X o) s gl e X
pVoloAp|dzp |[Vee |IX o | VX p

Examples
p1 = Jz Py (x)
[p1](w) = |wlq

[Droste-Gastin, [CALP’05]
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Thm [Droste-Gastin] weighted automata = restricted wMSO

[Droste-Gastin, [CALP’05]
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pu=s|Pz)|zsyleeX | P(x) | ~(r<y) |~z e X)

@ almost boolean
commutativity

Thm [Droste-Gastin] weighted automata = restricted wMSO

[Droste-Gastin, [CALP’05]
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X =(Xq,...,X,) run(X) A Vzweight(X, z)

[Droste-Gastin, [CALP’05]
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XX x

AV weight( X, x)

[Droste-Gastin, ICALP’05]



WiElGH B AU TOMATAR G RE S ERIC T E

WSO

XX x

weight of the transition
taken at x by run X

[Droste-Gastin, ICALP’05]
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2 VSO

X - X X

weight of the run

weight of the transition
taken at x by run X

[Droste-Gastin, ICALP’05]
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sum over all runs weight of the run

weight of the transition
taken at x by run X
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WEIGH I ED AUHTOMBTS G BRESERICT ELY WSO

sum over all runs weight of the run

i at X by run X

[Droste-Gastin, ICALP’05]
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pu=s|F(z)|z<y|zeX | -Flz) | ~(z<y) | ~(z € X)
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drdy x < y A Py(z) A Po(y)

[Droste-Gastin, [CALP’05]
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pu=s|FP(z)|z<y|ze X | Fulz) | ~(z<y) | ~(z € X)
pVolehp|Tre |Vep|IX | VX @

oy A (e
Ayo(e =
AV lz =

Py(y)
(z e B ()

%
G e e
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UNAMBIGUOUS FORMULAS

pu=s|FP(z)|z<y|ze X | Fulz) | ~(z<y) | ~(z € X)
pVolehp|Tre |Vep|IX | VX @

e dy e oy N Eilr) b
Ayo(e =
AV lz =

By (y)
(z e B ()

%
G e e

p (T,07)

[~ I(w, o) = {

L e 0 Tw,o0Fg

0 otherwise. 1 otherwise.

[¢™](w,0) = {

[Droste-Gastin, [CALP’05]
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pu=s|Pz)|z<sylezeX | P(x)| -(r<y) |~z e X)
sovsa\saA@\wa\Vw\ﬂXW%ﬁ

@ almost boolean

disjunction : closure under sum
existential quantification : closure under projections/renamings
universal quantification: main difficulty

(P almost boolean: finite image, pre-images are MSO-definable



MANY EXTENSIONS

pu=s|FPz)|zsy|lze X | Flz) | -(r<y) |~z e X)
loVeoloNp|Tzp |Vre|IX p | VX ¢

Thm: weighted automata = restricted wMSO

Finite words: [Droste-Gastin, ICALP’05]

Finite ranked trees: [Droste-Vogler, Theor. Comp. Sci.’06]

Pictures: [Fichtner, STACS’06]

Infinite words: [Droste-Rahonis, DLT°06]

Finite unranked trees: [Droste-Vogler, Theor. of Computing Systems’09]
Traces: [Fichtner-Kuske-Meinecke, Handbook of weighted automata ’09]
Nested words: [Mathissen, LMCS’| 0]
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CHANGING THE STINIAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

No need to write unambiguous formulae

Quantitative fragment
Pi=s|p|0+P|FxD|Y, 8| x| ], @
Formulae are more readable

2 Fa(@)

= ol ol g

[Bollig-Gastin, DLT’09] [Droste-Meinecke’12] [Fulop-Stuber-Vogler'|2]
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Boolean fragment

QL .

=T | |z<ylee X |[-plohp|Vep | VX

No need to write unambiguous formulae

Quantitative fragment

P

=5 || B+ B | DxD| Y, 8|y b| [,

Formulae are more readable

> L. lus oA By

TSk
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CHANGING THE STINIAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

No need to write unambiguous formulae

Quantitative fragment
Bi=s|p|O+0|Ox BT, 0| B[,

Formulae are more readable

b s [ L. Zy (y <z A Py(y))
Jz Py () D VY(y <z — Po(y))

[Bollig-Gastin, DLT’09] [Droste-Meinecke’12] [Fulop-Stuber-Vogler'|2]
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CHANGING THE STINIAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

No need to write unambiguous formulae

® has no 2 or I1

Quantitative fragment

oi=s5|p|0+0|oxD|Y, 0| Y2 |[],2

Formulae are more readable
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CHANGING THE STINIAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp




CHANGING THE SYNTAX
pu=T|F@)|z<y|lzeX|~p|oAp|Vzp| VX
Bi=s|p|P+0|OxD| Y, 0| Xy o],

Thm: weighted automata = restricted wMSO
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A run generates a sequence of weights Wgt(p) == S{Sp S,

We compute the weight of the run Va|(31 59 o Sn)

product  Val(s189-++8,) =81 X S X +++ X Sy,

SI RSP NSy
n

average: Va|(3132 i Sn) —

discounted: Val(s189---8,) =81+ Asg 4+ -+ + e s

[Droste-Meinecke, CIAA’10, IC’12]
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A run generates a sequence of weights Wgt(p) = S8y =G,

We compute the weight of the run Va|(31 59 o Sn)

PrOdUCt Val(3132 i Sn) STl S sy

| s

discounted: Val(s189---8,) =81 + Asg 4+ -+ - + e s

[Droste-Meinecké, - 0,1C’12]
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A run generates a sequence of weights Wgt(p) == S{Sp S,

We compute the weight of the run Va|(31 59 o Sn)

Final semantics IIA]] (w) — Z Val(wgt(p))

P run on w

Valuation monoid (S, +, 0, Val) Val: §7 —= §

[Droste-Meinecke, CIAA’10, IC’12]
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pu=T|FPE)|z<y|lzeX|-p|loAp|Vzp | VX
Pims|p|0+0|Oxd|Y, 8| Y P[],

Semantics in a valuation monoid (S, —|—, O, Val)

+ > ok
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FROM PRODUCTS TO VALUATIONS
pu=T|F@)|z<ylzeX|ploAp|Vzp|VXp
¢‘3:5\90|€l5+€.5|q5><¢\quﬂzxgp‘-

Semantics in a valuation monoid (S, —|—, O, Val)
Dol

[1: Val

[Dioste-Memecke. CIARIGICTE.. &= 00
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Semantics in a valuation monoid (S, —|—, O, Val)
Dol

[1: Val
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Dol

[1: Val
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FROM PRODUCTS TO VALUATIONS
pu=T|FP(z)|z<y|lzeX |-p|loAp|Vzp|VX g

o=@ o+0|@XD| >, 2|52 IS

Semantics in a valuation monoid (S, —|—, O, Val)
Dol

[1: Val

T A A R P 1 e R Y L B T e A A s A o NS S 1 T S R P S S e Ry Y
. ’ ’
roste-lvVieinecke



FROM PRODUCTS TO VALUATIONS
o e e g ee X 0] oG] vrp |y X D

o=@ o+9|@BXS| >, 7|2 I[P

[Droste-Meinecke, CIAA’10, IC’ | 2]
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We compute the weight of the run Va|(31 Sl Sn)

Final semantics

[A](w) = Average{{Val(wgt(p)) | p run on w}}

not associative
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X PEINEUINGS | HIE U

A run generates a sequence of weights Wgt(p) = 5159 "5,

We compute the weight of the run Va|(31 Sl Sn)

Final semantics

[A](w) = Average{{Val(wgt(p)) | p run on w}}

not associative

Valuation structure (S, F, Val) 1 N<S> — S

[Droste-Perevoshchikov, CSR’| 3]
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Abstract semantics {‘A‘} (w) = {{Wgt(p) | 0 run on w}}
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IR TS COFWWERSEEE SR IC (L TRES

A run generates a sequence of weights Wgt(p) = 8182 Sp,

Abstract semantics {‘A‘} (w) = {{Wgt(p) | 0 run on w}}
{|Al}: 2* - N(R*)

weights of A

Aggregation ager . N<R*> — S

[Gastin-Monmege ’ | 4][Droste-Perevoshchikov ' 14]
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Semiring: sum-product

{|Al}: 2* - N(R*)

weights of A

Aggregation ager . N<R*> — S
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MULTISETS OF WEIGHT STRUCTURES
Semiring: sum-product

Valuation monoid: sum-valuation

weights of A

Aggregation ager . N<R*> — S
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MULTISETS OF WEIGHT STRUCTURES

Semiring: sum-product

Valuation monoid: sum-valuation

Valuation structure: F-valuation

= Aggregation ager . N<R*> — S

O I R T N T e L Ty o S T B e P L s R R T R TS T L T o W o R e N N gy S A B L 7 S i Ny oy S F i e T e B e A W W g V) o L L Pl e Sy ST R A A VT

[Gastln-Monmege I4][Droste-Perevoshchlkov '14]
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A run generates a sequence of weights Wgt(p) = 8182 Sp,

ppsrsce semantcs (A} () = {{wet(s) | p run on w)
s oney

Aggregation aggr: N(R*) —» S

Concrete semantics | A] = aggro {|{Al}: * — S

[Gastin-Monmege ’ | 4][Droste-Perevoshchikov ' 14]
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CHANGING AGAIN THE SYNTAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

[Gastin-Monmege, |4]



CHANGING AGAIN THE SYNTAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

Step formulae W —s | oWl

[Gastin-Monmege, |4]
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* Boolean fragment

pu=T|Fr)|z<ylzeX|p|loAp|Vzp|VX

= Step formulae e

iyl n if ... then ... else ...
a o no sum, no product
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CHANGING AGAINTHE SYNTAX

* Boolean fragment

pu=T|Fr)|z<ylzeX|p|loAp|Vzp|VX

= Step formulae e

iyl n if ... then ... else ...
a o no sum, no product

Pyl (Blr) ! —1:0)

R T R T S T e L T o e S T B e P

= [Gastin- Monmege 1 4]
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CHANGING AGAINTHE SYNTAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

Step formulae e

iyl n if ... then ... else ...
a o no sum, no product

Eeyicl (Blte) 1 :0)

G el o Hosld) bas gl 08y L B )

[Gastln-Monmege,|4] el e s s



CHANGING AGAIN THE SYNTAX

* Boolean fragment

pu=T|Fr)|z<ylzeX|p|loAp|Vzp|VX

= Step formulae

if ... then ... else ...

e no sum, no product
(il’))?l (Pb( )7—1 . O)
p1(x)?s1: (p2(x) 7821 - (Pn—1(®) T Sp—1:8n) )



CHANGING AGAINTHE SYNTAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp

Step formulae
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CHANGING AGAIN THE SYNTAX

Boolean fragment

pu=T|Fx)|rcsylzeX |[-ploAp|Vep|VXp
Step formulae W —s | oWl

corewMSO @ :=0|p?9:9|D2+D|> _D|> P |]]. ¥

[Gastin-Monmege, |4]



CHANGING AGAIN THE SYNTAX

Boolean fragment
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= Step formulae Y= O tW
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CI—IANG\NG AGAH\I THE SYNTAX

Boolean fragment

pu=T|Fr)|z<ylzeX|p|loAp|Vzp|VX

Step formulae Y= O tW

core wMSO @ ::=

Semantics

sums over multiset

empty multiset

U1l ZlHw, 0) = W[} (w, oz = 1i])): }} € N(R)
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CONCLUDING REMARKS

Similar approaches
M-expressions for multi-operator monoids [Fulop-Stuber-Vogler’12]

Assignment logic [Perevoshchikov PhD’| 5]

Other structures: ranked trees, unranked trees, ...
multisets of weight-structures

core-wMSO: only the boolean fragment changes

More operators in core-wMSO

any binary operation <) :S xS = S can be lifted to multisets of

weight-structures and added to core-wMSO



