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Given a and a specification @, is there a controller C
such that the closed-loop system C|| P satisfies ¢ ?
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M Synthesis as a game

FEDERALE DE LAUSANNE

Given a and a specification @, is there a controller C
such that the closed-loop system C|| P satisfies ¢ ?

Inputs a
a?
pNege
Outputs u! J

. 2-players game arena

Input (Player 1, System, Controller)
VS.

Output (Player 2, Environment, Plant)

-

Specification

\

o=@ (a,u)Ap,(a,,U,)

o

J

Specification: game objective

for Player 1
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The Synthesis Question

Given a
such that the closed-loop system C|| P satisfies ¢ ?

and a specification @, is there a controller C

(

&

Controller

f)

Controllable actions

Specification
@ =@, (3,,U;) A @,(3,,U,)
J

If a controller C exists, then construct such a controller.
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Synthesis as a game

[

&

Controller

?

Controllable actions

. 2-players game arena

Specification: game objective for Player 1

Controller: winning strategy for Player 1

4 Plant )

Specification
@ =¢,(3,,U;) A @,(3,,U,)
J

We are often interested in simple controllers:
finite-state, or even stateless (memoryless).

We are also often interested in “least restrictive” controllers.
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Obijective: avoid Bad

(GO
\Cﬁ

-

on?, delay?

off?, delay?
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.(I)ﬂ- Examp|e

Obijective: avoid Bad

(GO

\ BRC

Winning strategy = Controller

-
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(& Games for Synthesis

FEDERALE DE LAUSANNE

Several types of games:

* Turn-based vs. Concurrent

» Perfect-information vs. Partial information
« Sure vs. Almost-sure winning

* Obijective: graph labelling vs. monitor
 Timed vs. untimed

« Stochastic vs. deterministic

e efc. ...

This tutorial: Games played on graphs, 2 players,
turn-based, w-regular objectives.
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Part #1: perfect-information

Part #2: partial-information



Two-player

game structures
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Rounded
states belong
to Player 1
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Square
states belong
to Player 2

Rounded
states belong
to Player 1
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.(I)ﬂ- Q belongs to Player 1

belongs to Player 2

Playing the game: the players move a token along the edges of the graph

* The token is initially in v,,.
* In rounded states, Player 1 chooses the next state.
* In square states, Player 2 chooses the next state.
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Play: v,

O belongs to Player 1

belongs to Player 2
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O belongs to Player 1

belongs to Player 2

Play: v, v,
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belongs to Player 2

Play: vq v, v,
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belongs to Player 2

Play: vy v, V3 Vv,




.(I)ﬂ- O belongs to Player 1
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belongs to Player 2

Play: vo v,y Vv3 Vg Vs ...
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>@
H

A 2-player game graph G-={V4, Vo, v, Suce)

consists of:

e 1/ the set of Player 1 states,

e 15 the set of Player 2 states,
with Vi NV =@ and V :=V; U Va;

e U € V the initial state,

e Succ:V — 2V \ @ the transition relation.

Ug
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.(”_ Two-player game graphs

FEDERALE DE LAUSANNE

A play in G ={V1; V5,9, Suce) is an infinite V=VuW;
sequence w = vgvivs - - - € V¥ such that: Succ: V =2V \ @
1. Vp = ’ﬁ,

2. vj41 € Succ(v;) for all 7 > 0.
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Who is winning ?

Play: vo vy V3V Vs ...



) . . .
'\ Who is winning ?

FEDERALE DE LAUSANNE

Play: vo vy V3V Vs ...

A winning condition for Player k is a set W, C V“ of plays.




) . . .
'\ Who is winning ?

FEDERALE DE LAUSANNE

A winning condition for Player k is a set W C V¥ of plays.

A 2-player game is zero-sum if Wo = V¥ \ Wy,
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.(”_ Winning condition

FEDERALE DE LAUSANNE

A winning condition for Player k is a set W, C V¥ of plays.

Given 7 C V., let

e Reach(7) ={vpvy---€ V¥ |Ji:v; €T} Touch 7 eventually

T

AN

Reachability
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.(”_ Winning condition

FEDERALE DE LAUSANNE

A winning condition for Player k is a set W, C V¥ of plays.

Given 7 C V., let
e Reach(7) ={vgvy---€ V¥ |Ji:v; € T} Touch 7 eventually
o Safe(7) ={wvy--- € V¥ |Vi:v, €T} Avoid V' \ T forever

~L 5=

Reachability Safety
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.(”_ Winning condition

FEDERALE DE LAUSANNE

A winning condition for Player k is a set W, C V¥ of plays.

Given 7 C V, let

e Reach(7) ={vovy--- € V¥ |Ti:v; € T} Touch 7 eventually

o Safe(7) = {vovy--- € V¥ |Vi:v; € T} Avoid V' \ T forever

e Biichi(7) = {vovy---€ V¥ |Vj-Ji>j:v;, €T}  Visit T oc-often

e coBiichi(7) = {vovy---€ V¥ |Jj-Vi>j:v; € T} Visit V \ 7 finitely often

NE =N

Reachability Safety Buchi coBuchi

Vv V/":lv

>
-
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A winning condition for Player k is a set W, C V¥ of plays.

Reach(7), Safe(7), Biichi(7) and coBiichi(7)
are subsumed by the parity condition:

e Given a priority function p: V — N, define
Parity(p) = {vov1--- | min{d | Vi-35 > i : p(v;) = d} is even}

“Minimal priority seen oo-often is even”

p=4 > p=1 > p=3 > p=1 > p:O & Parlty (p)
T~
p=2 > p:O > p=3 > p=1 > p=2 € Pa I'It}'(p)
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Players use strategies to play the game,

l.e. to choose the successor of the current state.

A strategy for Player k is a function:

AV =V

such that

Us

A(vivo...vn) € Succ(up) for all vq,..

,Un—1 €V and vy € V.

U7
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B Strategies outcome
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Graph: nondeterministic generator of behaviors.

Strategy: deterministic selector of behavior.

Graph + Strategies for both players — Behavior
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Given strategies A, for Player k (k= 1,2),
the outcome of (A1, \p) is the play
w = vgvy ... Such that:

v; € Vi = vip1 = Ag(vg - .. v;)

for all ¢ >0 and k € {1,2}

This play is denoted|Outcome(G, A1, Ao)
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e Given a game G and winning conditions W, and W,,

a strategy A, is winning for Player k in (G,W,) if for all
strategies A, of Player 3-k, the outcome of {A,, A5, } in G
Is a winning play of W,.

e Player 1 is winning if [ 3A1 - VA5 : Outcome(G, A1, Ap) € W3

e Player 2 is winning if [ 3As - VA1 : Outcome(G, A1, \2) € Wo







Symbolic algorithms to
solve games
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Given 7 C V, let

e dCPre(7)={ve V| € Succ(v):v" € T}

>0
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l(\®® Controllable predecessors

FEDERALE DE LAUSANNE

Given 7 C V, let

e JCPre(7)={v eV | I € Succ(v) :v' € T}

e VCPre(7T) ={v eV |V € Succ(v) :v' € T}

>0
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satiT\e= Controllable predecessors

FEDERALE DE LAUSANNE

Given 7 C V, let

e ICPre(T) ={v eV |3 €Succv) :v' €T}  AD—

e VCPre(7T) ={v eV |V € Succ(v) :v' € T} £

From a state v, Plaver 1 can force the next
position of the game to be in 7 if:

v € (FCPre(7T)NVy) U (VCPre(7)NV5)
1CPre(7)
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1CPre(7) := (dCPre(7)NV7) U (VCPre(7)NV5)

( 4 N I\ — 47D 7 T\
I LCFPre( / ) C 1LFrrel / )
NlA~A+~A- T — 7 nmnline ) \ /. — \ /
INULC. z — Z IHHIMTpPIHICcS §N _ o~ o IN e o o~ PN
- | OO0 Pral(’] 'Y ( D0 Pral(’] )
| €1 1T\ £ ) = &1 1T\ £ )
- M /7 \ ~7 N /7 \ S c .
1CPre(-) and 2CPre(-) are monotone functions



Symbolic algorithm to
solve safety games
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Safe(7) ={vovy - € V¥ |Vi:v; € T} Avoid V' \ T forever
=

To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.
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FEDERALE DE LAUSANNE

To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
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To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N1CPre(7)
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To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N1CPre(7)
2 steps: Xo =7 N1CPre(7) N 1CPre(7 N 1CPre(7))
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FEDERALE DE LAUSANNE

To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N1CPre(7)

2 steps: Xp =T N 1CRr&(T) N 1CPre(7 N 1CPre(T))
subset, of T




) .
M Solving safety games

FEDERALE DE LAUSANNE

To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N1CPre(7)
2 steps: Xo =7 N 1CPre(7 N 1CPre(7))
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To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N 1CPre(Xp)
2 steps: Xo =7 N 1CPre(X1)
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M Solving safety games

FEDERALE DE LAUSANNE

To win a safety game, Player 1 should be able to
force the game to be in 7 at every step.

States in which Player 1 can force the game to
stay in 7 for the next:

Ostep: Xo=7
1step: X1 =7 N 1CPre(Xp)
2 steps: Xo =7 N 1CPre(X1)

nsteps: Xn =7 N1CPre(X,,_1)
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T =V \ {v7} Objective: Safe(7)
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7T =V \{vr} Objective: Safe(7)
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T =V \ {vr} Objective: Safe(7)
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T =V \ {v7} Objective: Safe(7)

Xo=7T
X1|= T N 1CPre(Xp)
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FEDERALE DE LAUSANNE

7T =V \{vr} Objective: Safe(7)

M Us

Q.

Xo=7T
X1|= T N 1CPre(Xp)
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FEDERALE DE LAUSANNE

T =V \ {vr} Objective: Safe(7)

Xo=7T
X1 =T N 1CPre(Xp)

. ~[f EHED
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M Solving safety games

FEDERALE DE LAUSANNE

T =V \ {v7} Objective: Safe(7)

Xo=7T
X1 =T N 1CPre(Xp)
Xo|= 7T N 1CPre(X7)
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T =V \{vr}

Objective: Safe(7)

This is the set of states from which
Xog=1T Player 1 can confine the game in 7

forever no matter how Player 2 behaves.
X1 = TN 1CPF€(X0)

Xo|= 7 N1CPre(X1) =| X1
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M Solving safety games

FEDERALE DE LAUSANNE

X5 is a solution of the set-equation X = 7 N 1CPre(X)

and it is the greatest solution.
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M Solving safety games

FEDERALE DE LAUSANNE

X5 is a solution of the set-equation X = 7 N 1CPre(X)

and it is the greatest solution.

We say that X5 is the greatest fixpoint of the
function 7 N 1CPre(-), written:

X5 =\EY)—(' -7 N 1CPre(X)

/

greatest fixpoint operator
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On fixpoint
computations
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A partially ordered set (S,C) is a set S equipped
with a partial order C, i.e. a relation such that:

Va zCx (reflexivity)
Vae,y,z ifxCyand yC z then z C 2z (transitivity)
Va,y ifx Cy and y C x then z =y (anti-symmetry)

C is not necessarily total, i.e. there can be x, y
suchthat x Ly and y £ x.
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FEDERALE DE LAUSANNE

Let X C S.

y is an upper bound of X ifx L y forall z € X.
Y is a least upper bound of X if

(1) ¥ is an upper bound of X, and

(2)y C v/ for all upper bounds /' of X.

Note: if X has a least upper bound, then it is unique
(by anti-symmetry), and we write ¥ = lub(X).
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Examples: (N, <)

X ={3,5,7,8} lub(X) =8
X ={1,3,5,7,9,...} X hasno lub
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.(Ifl! Partial order

FEDERALE DE LAUSANNE

Examples: (N, <)

X ={3,5,7,8} lub(X) =8
X ={1,3,5,7,9,...} X hasno lub

(P({0,1,2}),S)

X = {{0},{2}} lub(X) = {0, 2}
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Aset X = {zg,x1,20,...}isachainifzgCxz; Czo C ...

The partially ordered set (S, C) is complete if
(1) @ has a lub, written lub(&) = L, and
(2) every chain X C S has a lub.
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'\ Fixpoints

Let f: S — S be a function.

f is monotonic if x C y implies f(z) C f(y).
is continuous if(1) f is monotonic, and
(2) f(lub(X)) = lub(f (X)) for every chain X.

where f(X) = {f(xg), f(z1), f(z2),...}

Note: f(X)is a chain (i.e. f(zo) C f(z1) C f(z2) E...)
by monotonicity, and therefore lub(f(X)) exists.
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FEDERALE DE LAUSANNE

Let f: S — S be a function.
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.(lﬂ- Kleene-Tarski Theorem

FEDERALE DE LAUSANNE

Let (S,C) be a partially ordered set.

If C is a complete partial order,and f : S — S

is a continuous function, then

f has a least fixpoint, denoted Ifp( f)
and Ifp(f) = lub({L, f(L), f2(L), F3(L),... })

Proof: exercise.
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.ﬂﬂ- Kleene-Tarski Theorem

FEDERALE DE LAUSANNE

Let (S,C) be a partially ordered set.

If C is a complete partial order,and f : S — S

is a continuous function, then

f has a least fixpoint, denoted Ifp( f)
and Ifp(f) = lub({L, f(L), f2(L), F3(L),... })

Over finite sets S,
all monotonic functions
are continuous.

Proof: exercise.




) .
.(Lﬂ! Kleene-Tarski Theorem
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Proof: exercise.

Over finite sets S,
all monotonic functions
are continuous.




(| Safety game
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Winning states of a safety game: | #X - 7 N 1CPre(X)

gfp(7 N 1CPre( X))

Limit of the iterations: Xg = 7 N 1CPre(V)
X1 =7 N 1CPre(Xp)
Xo =T N 1CPre(Xq)

Partial order: (QV, S with T=V, L =a.
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Symbolic algorithm to
solve reachability
games
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Reach(7) = {vovy --- € V¥ | Fi:v; € T} Visit 7 eventually

T

AN

To win a reachability game, Player 1 should be
able to force the game be in 7 after finitely
many steps.
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1\ Solving reachability games

FEDERALE DE LAUSANNE

Reach(7) ={vovy--- € V¥ | Ji:v; € T} Visit 7 eventually

T

AN

To win a reachability game, Player 1 should be
able to force the game be in 7 after finitely
many steps.

Let X; be the set of states from which Player 1 can
force the game to be in 7 within at most @ steps:

Xo=T
Xit1 = X; UICPre(X;) foralli>0
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FEDERALE DE LAUSANNE

Tthe limit of this iteration is the least fixpoint
of the function 7 U 1CPre(-), written:

\[._LY)_(l -7 U 1CPre(X)

:

least fixpoint operator




'\ Symbolic algorithms

FEDERALE DE LAUSANNE

Let G = (V1, Vo, v, Succ) be a 2-player game graph.




'\ Remarks ()

FEDERALE DE LAUSANNE

Memoryless strategies are always sufficient to win parity
games, and therefore also for safety, reachability, Buchi
and coBuchi objectives.



'\ Remarks ()

FEDERALE DE LAUSANNE

T =V \ {v7} Objective: Safe(7)

A memoryless winning strategy



'\ Remarks (Il)

FEDERALE DE LAUSANNE

Parity games are determined:
In every state, either Player 1 or Player 2 has a winning
strategy.



'\ Remarks (Il)

FEDERALE DE LAUSANNE

Parity games are determined:
In every state, either Player 1 or Player 2 has a winning
strategy.

$1 = IN1 - Vo : Outcome(G, A1, Ao) € Parity(p)
do> = I - VA1 : Outcome(G, A1, A\o) & Parity(p)

Determinacy says: @1V ¢2

More generally, zero-sum games with Borel objectives
are determined [Martin73].



'\ Remarks (Il)

FEDERALE DE LAUSANNE

For instance, since V¢ \ Safe(7) = Reach(V '\ 7),
Player 1 does not win (G, Safe(T))
iff Player 2 wins (G, Reach(V '\ 7)),

Xy =vX -7 N1CPre(X)

X! = puX"-T"U2CPre(X")

Claim:if 7/ =V \ 7, then X! =

Proof: exercise

V\ X,

Hint: show that V' \ 1CPre(X) = 2CPre(V \ X)
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T =V \ {v7} Objective for Player 1: Safe(7)
for Player 2: Reach({v7})

G
@ g
o

XO — {UO?’IJ]_,UQ,,’EJ3,1)43, ’U5:~U6} XE] — {’E}?}
Xl — {UO?vlaUQ:rv?n?-}ﬁ]-} .Xf == {’1}5,’06,’1}7}

X2 — {UO;’U]_:.UQ:.TJ?,; ?-}4} .Xé - {’U5,U6,U7}



i Remarks (Il)
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T =V \{vr}

States in which Player 1
wins for Safe(7").




Games of imperfect
iInformation
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FEDERALE DE LAUSANNE

O
T

A

\

The controller knows the state of the plant (“perfect information™).
This, however, is often unrealistic.

« Sensors provide partial information (imprecision),
« Sensors have internal delays,

« Some variables of the plant are invisible,

e efc....



Obs 0

Imperfect information =» Observations

off

on, delay




Obs 0

Imperfect information =» Observations

on, delay




Imperfect information = Observations




Obs 0

Imperfect information =» Observations

Obs 2

on, delay

When observing Obs 2,
there is no unique good choice:
memory IS necessary




Player 2 states = Nondeterminism

off

on, delay

on

Playing the game: Player 2 moves a token along the edges of the graph,
Player 1 does not see the position of the token.

 Player 1 chooses an action (on, off, delay), and then
* Player 2 resolves the nondeterminism and announces the color of the state.




off

delay

on, delay

delay off, delay

on

Player 2:

Player 1:



off

delay

on, delay

delay off, delay

on

Player 2: V4 chooses v,, announces Obs 0

Player 1:



off

delay

on, delay

delay off, delay

on

Player 2: V, delay

Player 1: delay plays action delay



off

delay
U1 on, delay
delay off, delay
on
Player2: v,  delay V3 chooses v;, announces/Obs2

Player 1: delay [0



off

delay
U1 on, delay
delay off, delay
on
Player 2: V, delay Vj off

Player 1: delay [0 off



off

on, delay

delay off, delay

on

Player 2: V, delay  Vj off \Z:

Player 1: delay [l off [N



) . .
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FEDERALE DE LAUSANNE

A game graph + Observation structure

G = (V, v, Succ) (3=, Obs)

e ) is a finite alphabet,

e Obs is a partition of V/,

on, delay
%
off, delay
Y = {delay, on, off }
- E= ; Obs = {{"f}l }} {’Ug}, {J”ih T}4}}

e Succ: V x ¥ —2V\ g

Indistinguishable states belong to the same observation.

Let obs(v) € Obs be the (unique) observation containing v.
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Player 1 chooses a letter in 2_,

Player 2 resolves nondeteminisim.

An observation-based strategy for Player 1 is a function:

A1 - 0b5+—>z

A strategy for Player 2 is a function:

/\Q:V_[_)(Z—}V

such that

M (vq...vn,0) € Succ(vp,o) for all vq,...,vn € V and o € =




B Outcome

FCOLE POLYTECHNIQUE
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A1 :ObsT — & M VxSV

The outcome of (A1, Ap) is the play
w = vgv1 ... Such that:

Vi41 = A2(vg . ..v;,0) where o = Aq(obs(vg) . ..obs(v;))

for all + > 0.

This play is denoted |Outcome(G, A1, \>)
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FEDERALE DE LAUSANNE

A winning condition for Player 1 is a set|U; C Obs®
of sequences of observations. The set U; defines the
set of winning plays:

W1 = {wvgvy - - - [ obs(vg)obs(vy) - - - € Uz }

Player 1 is winning if

A1 - VAo : Outcome(G, A1, Ap) € W




Solving games of
imperfect information
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Games of imperfect information can be solved by a
reduction to games of perfect information.

G,Obs -> G’ =  Winning region
Imperfect Perfect
information information
v v
subset classical

construction techniques
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After a finite prefix of a play, Player 1 has a
partial knowledge of the current state of the
game: a set of states, called a cell.
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FEDERALE DE LAUSANNE

After a finite prefix of a play, Player 1 has a
partial knowledge of the current state of the
game: a set of states, called a cell.

Initial knowledge: cell {v}

Player 1 plays o,

Player 2 chooses V3.

_____

Current knowledge: cell {vp, v3}

l

Post,({v}) N 02
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Subset construction

State
space

Initial
state

Imperfect information

Perfect information

G = (V, v, Succ)
(3=, Obs)

\%

)

G/_ (‘f/ xg/ A“/ S ::/>
- 12 V2O )
Vi =2Y
V=2V xx
v = {0}
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G = (V, v, Succ) G' = (V{,V2,¥, Succ’)
(3=, Obs)
Transitions /C>
@f g‘ @ VU2
o
o

Succ’(s) = {(s,0) | o € £}
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G = (V, v, Succ) G' = (V{,V2,¥, Succ’)
(3=, Obs)

Transitions /O
O —
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G = (V, v, Succ)
(3=, Obs)

Parity p:Obs — N
condition

G' = (V{,V2,¥, Succ’)

PVIUVE N

p'(s) =p'(s,0) = p(o)
where s C o.
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G = (V, v, Succ) G' = (V{,V2,%, Succ’)
(3=, Obs)
Parity p:Obs — N pvViuvj—-N
condition
' (s) = p'(s,0) = p(o)
where s C o.
Theorem

Player 1 is winning in G,p if and only if Player 1 is
winning in G',p’.
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G,Obs > 4 G’ =  Winning region
Imperfect Perfect
information information
\/ v
subset classical
construction techniques
Exponential

blow-up
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G,Obs > 4 G’ =  Winning region
implicit
Imperfect Perfect
information information

Direct symbolic algorithm



M Symbolic algorithm

FEDERALE DE LAUSANNE

Controllable predecessor; 1CPre: 2% — 2%

set of cells

/

1CPre(q) = {s| 3(s,0) € Succ'(s) - Vs’ € Succ'(s,0) : s € ¢}

= {s|Jo € = Vo € Obs : Post,(s) No € ¢}

S— g
—

\

set of cells




M Symbolic algorithm

FEDERALE DE LAUSANNE

G = (V,v,Succ) (X, Obs)

1CPre({{v3,v4},{v5,UG}}) — {{Ul}»{W}}
i {{U17U2}}

The union of two controllable cells is not necessarily controllable,
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FEDERALE DE LAUSANNE

1CPre(q) = {s | do € ¥ - Vo € Obs : Post,(s) No € q}

If a cell s is controllable (i.e. winning for Player 1),
then all sub-cells s’ — s are controllable.

NN\ / /

copy the strategy from s




1\ Symbolic algorithm

FEDERALE DE LAUSANNE

1CPre(q) = {s | do € ¥ - VYo € Obs : Post,(s) No € q}

A set g of cells is downward-closed

if s € g and s’ C s implies s’ € gq.
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FEDERALE DE LAUSANNE

Maximal cells in p:||lp]| ={s€p|Vs' €Ep:s & s}

[plis an antichain, j.e. a set of C-incomparable cells.

For downward-closed set p, we have:

1CPre(p) ={s | dJo € ¥ - Vo € Obs : Post,(s) No € p}
={s|Jdo e X Yo e Obs- s’ € [p]: Post,(s)No C s}

Hence, over antichains we define:

1CPre?(q) = [{s | Jo € ©-Vo € Obs- is’ € ¢ : Post,(s) N o C 5'}]
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1CPre(-) is monotone with respect to the following order:

qC ¢ iffVvseq-3s'€q :sC s

(A,C) is a complete partial order.

Least upper bound and greatest lower bound are defined by:

quq =[{s|s€qVseq}]

gng = -{SﬂSf‘SEQ'/\S’Eq”}-‘
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Let G = (V, v, Succ, 2=, Obs) be a 2-player game graph of

imperfect information, and 7 C Obs a set of observations.

Games of imperfect information can be solved by the same

fixpoint formulas as for perfect information, namely:

Theorem

Player 1 has a winning strategy
in (G, Reach(7)) iff {0} C puX -7 UI1CPre(X)
in (G, Safe(7)) iff {9} CvX - -7 M 1CPre(X)
in (G, Buchi(7)) iff {9} CvY . puX-1CPre(X)U (7 M1CPre(Y))
in (G,coBiichi(7)) iff {9} CuY -vX - -1CPre(X) N (7 U1CPre(Y))
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7T = Obs \ {03} Objective: Safe(7)
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FEDERALE DE LAUSANNE

7T = Obs \ {03} Objective: Safe(7)

oF

Has Player 1 an observation-based
strategy to avoid v; ?

We compute the fixpoint vX - 7 M 1CPre(X)
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FEDERALE DE LAUSANNE

7T = Obs \ {03} Objective: Safe(7)

Xo = {{vo,v1}, {va}}

X1 = CPre(Xo) N T = {{v1}y, {vo, va}a} N T



MW  Solving safety games

FEDERALE DE LAUS NNE

7T = Obs \ {03} Objective: Safe(7)

’ Xo = {'UOJUl} {'Uz}

s ///

X1 = CPre(Xo) N T = {{v1}s, {vo, va}a I
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7T = Obs \ {03} Objective: Safe(7)

Xo = {{vo,v1}, {va}}

X1 = {{vo}, {v1}, {v2}
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7T = Obs \ {03} Objective: Safe(7)
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7T = Obs \ {03} Objective: Safe(7)
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7T = Obs \ {03} Objective: Safe(7)

Xo = {{vo,v1}, {va}}
X1 = {{vo}, {v1}, {v2}}

Xo = {{vo}, {v1}, {v2}}
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7T = Obs \ {03} Objective: Safe(7)

a,b Xo = {{vo,vl};{UQ}}
X1 = {{vo}, {v1}, {v2}]
Xz = {{vo}, v}, {02}

Fixed point
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M Solving safety games

FEDERALE DE LAUSANNE

7T = Obs \ {03} Objective: Safe(7)

Xo = {{vo,v1},{v2}]
X1 = {{vo}, {v1}, {v2}}
Xo = {{vo},{v1}, {v2}

Fixed point

Player 1 is winning since {vg} € X»
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7T = Obs \ {03} Objective: Safe(7)

Xo = {{vo,v1},{v2}]
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Fixed point
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1. Finite memory may be necessary to win safety and
reachability games of imperfect information, and therefore
also for Buchi, coBuchi, and parity objectives.
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1. Finite memory may be necessary to win safety and
reachability games of imperfect information, and therefore

also for Buchi, coBuchi, and parity objectives.

2. Games of imperfect information are not determined.
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O

Objective: Reach({v3})

Any fixed strategy A1 of Player 1 can be spoiled by a

strategy Ao of Player 2 as follows:

In Vg: A2 chooses v if in the next step A1 plays b, and
A2 chooses V2if in the next step A1 plays a.
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Objective: Reach({v3})

Player 1 cannot enforce Reach({v3}).

Similarly, Player 2 cannot enforce Safe({vg, v1,v2}).

because when a strategy \»> of Player 2 is fixed, either A1(0101) = a
or \j(o101) = b is a spoiling strategy for Player 1.
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1. Finite memory may be necessary to win safety and
reachability games of imperfect information, and therefore
also for Buchi, coBuchi, and parity objectives.

2. Games of imperfect information are not determined.

3. Randomized strategies are more powerful, already for
reachability objectives.
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The following strategy of Player 1 wins with probability 1:
At every step, play a and b uniformly at random.

After each visit to {v,,v,}, no matter the strategy of Player 2,
Player 1 has probability% to win (reach v,).
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Summary
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» Games for controller synthesis: symbolic
algorithms using fixpoint formulas.

* Imperfect information is more realistic, gives
more robust controllers; but exponentially harder
to solve.

* Antichains: exploit the structure of the subset
construction.
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.ﬂﬂ- Conclusion

FEDERALE DE LAUSANNE

» Games for controller synthesis: symbolic
algorithms using fixpoint formulas.

* Imperfect information is more realistic, gives
more robust controllers; but exponentially harder
to solve.

* Antichains: exploit the structure of the subset
construction.

It is sufficient to keep only
the maximal elements.
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* The antichain principle has applications in other
problems where subset constructions are used:

 Finite automata: language inclusion,
universality, etc. [De Wulf,D,Henzinger,Raskin 086]

* Alternating Buchi automata: emptiness
and language inclusion. [D,Raskin 07]

 LTL: satisfiability and model-checking.

[De Wulf,D,Maquet,Raskin 08]



Alaska

Antichains for Logic, Automata and
Symbolic Kripke Structure Analysis

http://www.antichains.be
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Thank you !

% Questions ?
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