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Automatic analysis of affine hybrid systems
Example:
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Discrete states + Affine dynamics
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Reminder

Some classes of hybrid automata:
Timed automata (X =1)
Rectangular automata (X € [a,D])
Linear automata (> a, X, ~Db)

....... PSP v s
Polynomial automata (p(X;,%;) ~C)

etc.

— Limit for symbolic computation of Post with HyTech

— Limit for decidability of Language Emptiness
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Methodology

Affine automaton A and set of states Bad
Check that Reach(A) N Bad =@

Affine dynamics iIs too complex ?
mmdp- Abstractit!

Abstraction Is too coarse ?

mmp- Refineit!

HOW 7
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1. Abstraction: over-approximation

Affine dynamics mmp- Rectangular dynamics

.

Le{ If(x) :{ X Then [-12]=[min ., f(x),max,, f(x)]
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Methodology

Original Automaton

A
' _ using Reach(A”)
(Abstract) ( Refme ) using Pre*(Bad)

A’
- 7 ) NO
(Reach(A’)mBad =2 |

\ \ (Undecidable)

Property verified
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Refinement

2. Refinement: split locations by a line cut

Which location(s) ?
Loc, = Locations reachable in the last step
Loc, = Reachable locations that can reach Bad
Better: replace the state space by Loc,

Which line cut ?

The best cut for some criterion characterizing the
goodness of the resulting approximation.
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P C R?

(z,y) € P —

[Zmin.Zmax] = f(P) rz = Tmax — Tmin

Ymax — Ymin

[Ymin,Ymax] = g(P) Ty
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Definition Let AC P and B C P.
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Notations

e Y

® >
(z,y) € P / —

Definition Let AC P and BC P. [aT,bT]=f(PT) [a—,b"]=Ff(P)
[cT,dT]=g(PT) [c™,d7]=g(P7)

sizeRange” (P/¢) = b~ —a™
sizeRange,"(P/¢) = d™~—c~
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Goodness of a cut

A good cut should minimize

max sizeRange” " (P//¢
Ve, gey (P/€) 9

Yy sizeRange,” (P/{) 1
xeVar,~e{+,—}

— / \ 2

> (sizeRange, (P/¢)) 7

reVar,~e{+,—} \ /




Goodness of a cut

A good cut should minimize

[

max sizeRange” " (P//¢
Ve Xy 3 ger (P/2) |« 2

Yy sizeRange,” (P/{) 1

rcVar,~c{+,—} Our choice
— / \ 9
> (sizeRange, (P/0)) 7

zeVar,~e{+,—} ’




Finding the optimal cut

(z,y) € P




Extremal level sets of f(x,y)

(z,y) € P

f(z,y) = Tmin f(z,y) = Tmax



Extremal level sets of g(x,y)

[ 9, Y) =Ymin

(z,y) € P

[ g(z,y) = gmax [



(z,y) € P

Tx

> 'r'y
Assume 7T



Example

(z,y) € P

’
: Then any line separating {@} and {¢}

T r '
Assume Tz > Ty is better than any other line.
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Example

P / Intersection

;
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Y,
S
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14
...............

(z,y) € P

[ [

The process continues because it is still possible to separate

both « from ﬁ’ and s from &

When an intersection occurs...
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(z,y) € P

Intersection

When a second intersection occurs...
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G " (z.9) € P
N e

Intersection

In this case, we have reached the "limit of separability”



Example

(z,y) € P

An optimal cut



How to compute the intersection ?
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How to compute the intersection ?

I e+ A ICB Mmax
/ / /  We have to find the

=2 minimal A such that:

lllllllll
llllll
...............
llllllll
!

Ju,v € R :
e (u,v) € P

.I:I:I:I:I:I:I:l
lllllll
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o f(u,v) ==Zmax —€— A

llllll
.

¢ g(u,v) — ymax T A

where € =7, — 1,



How to compute the intersection ?

Zb MaxXx
s We have to find the
=2  minimal A such that:

lllllllllllllllllllllllll
llllllllll
llllllllllll

ol u u |
...........
Ao

Ju,v € R :
e (u,v) € P

N\
lllll
!
........

o f(u,v) ==Zmax —€— A

lllll
llllll
.

/ . /. / ... ® 9(u,v) = Jmax — A

where € =7, — 1,

mmPp> This is a linear program !
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The algorithm

Applies in the plane (2D)
Several particular cases

What for higher dimension ?
An option: discretize the problem using a grid
Apply a (more) discrete algorithm

The exact solution can be arbitrarily closely
approximated

N.B.: it is possible to define a general algorithm in nD,
but it requires to solve difficult geometrical
problems (parametric convex hulls).



The algorithm

Algorithm 1: Algorithm OPTIMALCUT for computing the optimal cut in the 2D.

Data : An instance S = (P, F) of the optimal cut problem such that P C R? and F = {f1, fo}.

Applies in the plane |
Several particular cas

6

)illo that solves the optimal cut problem for S.

] fl( i [Bmin; Ymax] — f2(P) ;
Tz < Tmax — &n TJ(_y _ymin:
Sume wlog that Ty > Ty ;
y = 27, then return 0= fo(2,y) = fmin + 2
Do =1y =705
Let A be d symbolic parameter ;
apn < f2 '[lmin + AO + A al f] Trnin + A

ba —wf1 max — Ao )
SloR 77

n fz Ymin + A() + A)
for z=a toddo A, <—m1n{A|zA6P}
Al — min(A,, A,)

je problem-usinga grid

What for higher dime
An option: discretize:

- 15 if f2(Quig) v Umin + Do) D A f2(Qmin) N [Ymax — Do, Ymax] # @ then
Apply a (more) dlscre eseaigm hmﬂ
if f2(Qmax) N [Ymir in + o] # @ then

The exact solution can bfg:g[?l:traﬂly closely
approximated ) i

else if f2(Qmin) N [Jmax — Ao, Ymax] # @ then
22 if f2(Qumx) n [yumx - A[) Umax ] 7é @ then
23 ‘ return ( = fl(z y) ymin + 2 ;
else

| return line(aa,,ca,)

N.B.: it is possible to define ‘afgﬂnerﬁtﬁ@@rithm innB,

but it requires to sofve Iﬂﬁ‘ﬁw It gegimetrical
problems (parametrl;c cohvex hulls).
33 elferetum line(ba,, da,) ;

end




Navigation benchmark

In each location, the dynamics has the form:

(T = v

= A(w—uv;) — We cut in the plane v;-v,
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x1 and xo do not appear...



Navigation benchmark

In each location, the dynamics has the form:

;

r = v
v=A(w—vy) — We cut in the plane v;-v,
\ \ ~ J/

x1 and xzo do not appear...

Instance  Grid Time (PT)

NAVO1 3x3 5s (35s)
N1 OAN S~ —~ —~ - o~ o~~~ )\
NAV0O3 3x3 10s (625)_
NAV04 3x3 75 (225s%)
NAVO7 4 x4 11mn

© obtained with a heuristic.



Results

NAV 04
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Results: NAV 07

Backward
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Conclusion

Approximations

Rectangular
Over-approximations

Refinements
Automatic
Optimal split for some criterion (at least in 2D)

Possible future work
Under-approximations
Optimal split for some other criterion

Combine with other approaches (barrier certificates,
ellipsoids, ...)
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