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Abstract

We consider Markov decision processes (MDP) as generators of sequences
of probability distributions over states. A probability distribution is p-
synchronizing if the probability mass is at least p in a single state, or in a given
set of states. We consider four temporal synchronizing modes: a sequence of
probability distributions is always p-synchronizing, eventually p-synchronizing,
weakly p-synchronizing, or strongly p-synchronizing if, respectively, all, some,
infinitely many, or all but finitely many distributions in the sequence are p-
synchronizing.

For each synchronizing mode, an MDP can be (i) sure winning if there is
a strategy that produces a 1-synchronizing sequence; (i) almost-sure winning
if there is a strategy that produces a sequence that is, for all € > 0, a (1-
¢)-synchronizing sequence; (iii) limit-sure winning if for all ¢ > 0, there is a
strategy that produces a (1-¢)-synchronizing sequence.

We provide fundamental results on the expressiveness, decidability, and com-
plexity of synchronizing properties for MDPs. For each synchronizing mode, we
consider the problem of deciding whether an MDP is sure, almost-sure, or limit-
sure winning, and we establish matching upper and lower complexity bounds of
the problems: for all winning modes, we show that the problems are PSPACE-
complete for eventually and weakly synchronizing, and PTIME-complete for
always and strongly synchronizing. We establish the memory requirement for
winning strategies, and we show that all winning modes coincide for always
synchronizing, and that the almost-sure and limit-sure winning modes coincide
for weakly and strongly synchronizing.
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1. Introduction

Markov decision processes (MDP) are finite-state stochastic models of dy-
namic systems studied in many applications such as planning [50], randomized
algorithms [3, 56], communication protocols [32], and in many problems re-
lated to reactive system design and verification [31, 6, 29]. MDPs exhibit both
stochastic and nondeterministic behavior, as in the control problem for reactive
systems: nondeterminism represents the possible choice of actions of the con-
troller, and stochasticity represents the uncertainties about the system response
(see Figure 1).

The controller synthesis problem is to compute the largest probability with
which a control strategy can ensure that the system satisfies a given specifica-
tion, and to construct an optimal strategy [12, 31]. The qualitative variant of
the problem is to decide if the system can satisfy the specification with prob-
ability 1. Fundamental well-studied specifications are state-based and describe
correct behaviors as infinite sequences of states of the MDP, including safety
and liveness properties such as reachability, Biichi, and co-Biichi conditions,
which require the system to visit a set of target states once, infinitely often, and
ultimately always, respectively [38, 24].

In contrast to this traditional approach, we consider a distribution-based
semantics where the specification describes correct behaviors of MDPs as infi-
nite sequences of probability distributions d; : @ — [0, 1] over the finite state
space @ of the system, where d;(q) is the probability that the MDP is in state
q € @ after ¢ execution steps. The distribution-based semantics is adequate
in large-population models, such as systems biology [39], robot planning [8],
distributed systems [35], etc. where the system consists of several copies of the
same process (molecules, robots, sensors, etc.), and the relevant information
along the execution of the system is the number of processes in each state, or
the relative frequency (i.e., the probability) of each state. In the context of
several identical processes, the same control strategy is used in every process,
but the internal state of each process need not be the same along the execution,
since probabilistic transitions may have a different outcome in each process.
Therefore, the global execution of the system (consisting of all the processes) is
better described by the sequence of probability distributions over states along
the execution. However, the control strategy is local to each process and can
select control actions depending on the full history of the process execution,
which corresponds to general perfect-information strategies that we consider in
this work.

Previously, the special case of blind strategies has been considered, which in
each step select the same control action at all states, and thus only depend on the
number of execution steps of the system. In automata theory, a blind strategy
corresponds simply to an input word. In MDPs with blind strategies, also known
as probabilistic automata [58, 55|, several basic problems are undecidable such
as deciding if there exists a blind strategy that ensures a coBiichi condition
with probability 1 [7], or deciding if a reachability condition can be ensured
with probability arbitrarily close to 1 [36].



Figure 1: An MDP with four states and set of actions {a, b}. All transitions are deterministic
except from @i, where on all actions, the successors are gj,i; and q; with probability L1 The
incoming arrow in g,y denotes an initial Dirac distribution that assigns probability 1 to ginit-

The main contribution of this article is to establish the decidability and op-
timal complexity of deciding synchronizing properties for the distribution-based
semantics of MDPs under general strategies. Synchronizing properties require
that the sequence of probability distributions accumulate all the probability
mass in a single state, or in a given set of states. They generalize synchronizing
properties of finite automata [63, 26]. Formally, for 0 < p < 1 let a probability
distribution d : @ — [0, 1] be p-synchronized if it assigns probability at least p
to some state. A sequence d = dod; ... of probability distributions is

(a

) always p-synchronizing if d; is p-synchronized for all i;

b) eventually p-synchronizing if d; is p-synchronized for some 4;
)
)

(
(c

weakly p-synchronizing if d; is p-synchronized for infinitely many i’s;
(d) strongly p-synchronizing if d; is p-synchronized for all but finitely many 4’s.

We present a consistent and comprehensive theory of the qualitative synchro-
nizing properties, corresponding to the case where either p = 1, or p tends to 1,
which are analogous to the traditional safety, reachability, Biichi, and coBiichi
conditions [23].

Applications. A typical application scenario of synchronizing properties is the
design of a control program for a group of mobile robots running in a stochastic
environment [52]. The possible behaviors of the robots and the stochastic re-
sponse of the environment (such as obstacle encounters) are represented by an
MDP, and a synchronizing strategy corresponds to a control program that can
be embedded in every robot to ensure that they meet (or synchronize) all the
time, eventually once, infinitely often, or eventually forever.

Synchronization properties are central in large-population models in biology,
such as yeast, where experimental synchronization methods have been developed
to get a population of yeast in the same cell cycle stage [11, 34]. A simple
abstraction of large populations of identical finite-state stochastic agents is to
consider a continuum of agents, described by the relative fraction of agents in
each possible state, i.e. by a distribution. For example, consider a model of cells
where at each time instant half of the cells get activated, and once activated
we can block them for a while, or release them to reach a fluorescent state.
In the MDP of Figure 1, the state g; corresponds to activation, action a is



blocking, and action b is releasing. The fluorescent state is go. Probability
mass arbitrarily close to 1 can be accumulated in g9, thus for all ¢ > 0 we
can generate an eventually (1 — ¢)-synchronizing sequence in ¢, but not an
eventually 1-synchronizing sequence. If it was possible to reset the cell state
after fluorescence, such as in the MDP of Figure 8, then we can obtain a sequence
of distribution that is weakly (1 — €)-synchronizing, for all € > 0.

We consider the following qualitative winning modes, summarized in Table 1:
(1) sure winning, if there is a strategy that generates an {always, eventually,
weakly, strongly} 1-synchronizing sequence; (i7) almost-sure winning, if there is
a strategy that generates a sequence that is, for all € > 0, {always, eventually,
weakly, strongly} (1 — e)-synchronizing; (#i) limit-sure winning, if for all € > 0,
there is a strategy that generates an {always, eventually, weakly, strongly}
(1 — e)-synchronizing sequence.

Contribution. The contributions of this article are summarized as follows:

o FEzxpressiveness. We show that the three winning modes form a strict
hierarchy for eventually synchronizing: there are limit-sure winning MDPs
that are not almost-sure winning, and there are almost-sure winning MDPs
that are not sure winning. This is in contrast with the traditional state-
based reachability objectives for which the notions of almost-sure and
limit-sure winning coincide in MDPs. In this context, a more unexpected
and difficult result is that the almost-sure and limit-sure modes coincide for
weakly and strongly synchronizing. Thus those two synchronizing modes
are more robust than eventually synchronizing, although we show that
almost-sure weakly synchronizing strategies can be constructed from the
analysis of eventually synchronizing (in limit-sure winning mode). Finally,
for always synchronizing the three winning modes coincide, and we show
that they coincide with a traditional safety objective.

e Complexity. For each synchronizing and winning mode, we consider the
problem of deciding if a given initial distribution is winning. The com-
plexity results are shown in Table 2 (p. 13). We establish the decidability
and optimal complexity bounds for all winning modes. Under general
strategies, the decision problems have much lower complexity than with
blind strategies. We show that all decision problems are decidable, in
polynomial time for always and strongly synchronizing, and PSPACE-
complete for eventually and weakly synchronizing. This is also in contrast
with almost-sure winning in the traditional semantics of MDPs, which is
solvable in polynomial time for both safety and reachability [22].

o Memory bounds. We complete the picture by proving optimal memory
bounds for winning strategies, summarized in Table 3 (p. 14). Mem-
oryless strategies are sufficient for always synchronizing (like for safety
objectives). We show that linear memory is sufficient for strongly syn-
chronizing, and we identify a variant of strongly synchronizing for which



memoryless strategies are sufficient. For eventually and weakly synchro-
nizing, exponential memory is sufficient and may be necessary for sure
winning strategies, and in general infinite memory is necessary for almost-
sure winning.

Some results in this article rely on insights about games and alternating au-
tomata that are of independent interest. Firstly, the sure-winning problem for
eventually synchronizing is equivalent to a two-player game with a synchronized
reachability objective, where the goal for the first player is to ensure that a tar-
get state is reached after a number of steps that is independent of the strategy
of the opponent (and thus this number can be fixed in advance by the first
player). This condition is stronger than plain reachability, and while the winner
in two-player reachability games can be decided in polynomial time, deciding
the winner for synchronized reachability is PSPACE-complete. This result is
obtained by turning the synchronized reachability game into a one-letter alter-
nating automaton for which the emptiness problem (i.e., deciding if there exists
a word accepted by the automaton) is PSPACE-complete [41, 44]. Secondly, our
PSPACE lower bound for the limit-sure winning problem in eventually synchro-
nizing uses a PSPACE-completeness result that we establish for the universal
finiteness problem, which is to decide, given a one-letter alternating automata,
whether from every state the accepted language is finite.

Related Works. The traditional state-based semantics of MDPs has been stud-
ied extensively [57, 21, 31] and plays a central role in recent developments
of system verification and controller synthesis, including expressiveness and
complexity analysis of various classes of properties [33], using techniques
such as symbolic algorithms for Biichi objectives [18], game-based abstrac-
tion techniques [45], and multi-objective analysis for assume-guarantee model-
checking [29].

On the other hand, the distribution-based semantics has received a greater

Table 1: Winning modes for always, eventually, weakly, and strongly synchronizing objectives
(where M%(T) denotes the probability that under strategy «, after n steps the MDP M is in
a state of T').

Always Eventually
Sure Ja Vn ME(T)=1| Fu In M&(T) =1
Almost-sure Ja inf,, MET)=1| Za sup, M(T)=1
Limit-sure sup,, inf,, M&(T)=1| sup, sup, MT)=1
Weakly Strongly
Sure Jo YNIn>N MET)=1| Ja INVR >N M¥(T)=1
Almost-sure Ja limsup,_,.o ME(T)=1| Ja liminf, .o M(T)=1
Limit-sure sup,, limsup,,_, .o M%(T) =1| sup, liminf,,,c M2(T)=1




interest only recently, as it is shown that relevant key properties of MDPs
can only be expressed in a distribution-based logical framework [9, 47] and
that a new useful notion of probabilistic bisimulation can be obtained in the
distribution-based semantics [40]. Several recent works have investigated this
new approach showing that the verification of quantitative properties of the
distribution-based semantics is undecidable [47, 30], and decidability can be ob-
tained for special subclasses of systems [15], or through approximations [1]. In
this context, a challenging goal is to identify useful decidable properties for the
distribution-based semantics.

Synchronization problems were first considered for deterministic finite au-
tomata (DFA) where a synchronizing word is a finite sequence of control actions
that can be executed from any state of an automaton and leads to the same
state (see [63] for a survey of results and applications). While the existence of a
synchronizing word can be decided in NLOGSPACE for DFA| extensive research
effort is devoted to establishing a tight bound on the length of the shortest syn-
chronizing word [10, 53, 60], which is conjectured to be (n — 1)? for automata
with n states [14]. Various extensions of the notion of synchronizing word have
been proposed for non-deterministic and probabilistic automata [13, 42, 46, 59],
leading to results of PSPACE-completeness [51], or even undecidability [46].

For probabilistic systems, it is natural to consider infinite input words (i.e.,
blind strategies) in order to study synchronization at the limit. In particular,
almost-sure weakly and strongly synchronizing with blind strategies has been
studied [27] and the main result is that the problem of deciding the existence
of a blind almost-sure winning strategy is undecidable for weakly synchroniz-
ing, and PSPACE-complete for strongly synchronizing [26, 28]. In contrast in
this article, for general strategies, we establish the PSPACE-completeness and
PTIME-completeness of deciding almost-sure weakly and strongly synchronizing
respectively.

Synchronization has been studied recently in a variety of classical computa-
tion models that extend finite automata, such as timed automata [25], weighted
automata [43, 25], visibly pushdown automata [20], and register automata [4].
Automata with partial observability have been considered to model systems
that disclose information along their execution, which can help the synchroniz-
ing strategy [49, 48]. An elegant extension of the computation tree logic (CTL)
has been proposed to express synchronizing properties [17].

2. Markov Decision Processes and Synchronizing Properties

A probability distribution over a finite set S is a function d : S — [0, 1] such
that }7 _gd(s) = 1. The support of d is the set Supp(d) = {s € S| d(s) > 0}.
We denote by D(S) the set of all probability distributions over S. Given a set
TCS, let

d(T)=> d(s) and |d|r = maz.crd(s).
seT

For T # @, the uniform distribution on T assigns probability ﬁ to every



state in T'. Given s € S, we denote by £° the Dirac distribution on s that assigns
probability 1 to s.

A Markov decision process (MDP) is a tuple M = (Q,A,d) where Q is a
finite set of states, A is a finite set of actions, and § : @ x A — D(Q) is a
probabilistic transition function. A state g is absorbing if §(g,a) is the Dirac
distribution on ¢ for all actions a € A. Given state ¢ € Q and action a € A, the
successor state of ¢ under action a is ¢’ with probability d(g,a)(¢’). Denote by
post(g, a) the set Supp(d(g,a)), and given T' C Q let

Pre(T) = {g € Q| Ja € A : post(q,a) C T}

be the set of states from which there is an action to ensure that the successor
state is in T. For k > 0, let Pre®(T) = Pre(Pre"* ™! (T')) with Pre®(T) = T..

Note that the sequence Prek(T) of iterated predecessors is ultimately peri-
odic, precisely there exist k < k' < 2|9l such that Pre®(T) = Pre"’ (7).

A path in M is an infinite sequence m = qpapqia; ... such that ¢;41 €
post(g;, a;) for all ¢ > 0. A finite prefix p = qoapqia1 . .. ¢, of a path (or simply
a finite path) has length |p| = n and last state Last(p) = ¢,. We denote by
Path(M) and Pref(M) the set of all paths and finite paths in M respectively.

For the decision problems considered in this article, only the support of the
probability distributions in the transition function is relevant (i.e., the exact
value of the positive probabilities does not matter); therefore, we can assume
that MDPs are encoded as A-labelled transition systems (Q, R) with R C @ X
A x @ such that (g,a,q’) € R is a transition if ¢’ € post(q, a).

Strategies. A randomized strategy for M (or simply a strategy) is a function
a : Pref(M) — D(A)

that, given a finite path p, returns a probability distribution «(p) over the action
set, used to select a successor state ¢’ of p with probability > a a(p)(a) -
0(g,a)(q") where ¢ = Last(p).

A strategy « is pure if for all p € Pref(M), there exists an action a € A
such that a(p)(a) = 1; and memoryless if a(p) = a(p’) for all p, p’ such that
Last(p) = Last(p’). We view pure strategies as functions « : Pref(M) — A, and
memoryless strategies as functions o : Q — D(A).

Finally, a strategy « uses finite-memory if it can be represented by a finite-
state transducer T'= (Mem, my, a,, @, ) where Mem is a finite set of modes (the
memory of the strategy), mo € Mem is the initial mode, «, : Mem x (A x Q) —
Mem is an update function that, given the current memory, last action, and
state updates the memory, and «;, : Mem x @ — D(A) is a next-move function
that selects the probability distribution a,(m, q) over actions when the current
mode is m and the current state of M is q. For pure strategies, we assume that
ap, : Mem x Q@ — A. The memory size of the strategy is the number |Mem| of
modes. For a finite-memory strategy «, let M(«) be the Markov chain obtained
as the product of M with the transducer defining «.



2.1. State-based semantics

In the traditional state-based semantics, given an initial distribution dy €
D(Q) and a strategy « in an MDP M, a path-outcome is a path m = goapqias . ..
in M such that gy € Supp(dp) and a; € Supp(a(goao .. .q;)) for all i > 0. The
probability of a finite prefix p = qoapqira1 ... ¢, of 7 is

n—1

do(qo) - [ ] elaoao - - 4;)(a;) - 6(g5,05)(g511)-

=0

We denote by Outcome(dy, @) the set of all path-outcomes from dy under strat-
egy . An event Q C Path(M) is a measurable set of paths, and given an initial
distribution dy and a strategy c, the probability Pr®(£2) of Q is uniquely de-
fined [61]. We consider the following classical winning modes. Given an initial
distribution dp and an event (2, we say that M is: sure winning if there exists
a strategy « such that Outcome(dy, o) C ; almost-sure winning if there exists
a strategy « such that Pr®(Q2) = 1; limit-sure winning if sup,, Pr®(Q2) = 1, that
is the event 2 can be realized with probability arbitrarily close to 1. Given a
set T' C @ of target states, and k& € N, we define the following events:

o OT = {goapq1--- € Path(M) | Vi : ¢; € T} the safety event of always
staying in T';

o OT = {qoapqy - - € Path(M) | 3i : ¢; € T} the event of reaching T’

e OFT = {qoapq - -+ € Path(M) | gx € T} the event of reaching T' after
exactly k steps;

o OSKT =|J, ), O T the event of reaching T’ within at most k steps.

For example, if Pr*(©T) = 1 then almost-surely a state in T is reached under
strategy o.

It is known for reachability objectives T, that an MDP is almost-sure
winning if and only if it is limit-sure winning, and the set of initial distributions
for which an MDP is sure (resp., almost-sure or limit-sure) winning can be
computed in polynomial time [22].

2.2. Distribution-based semantics

In contrast to the state-based semantics, we consider a symbolic outcome
of MDPs viewed as generators of sequences of probability distributions over
states [47]. Given an initial distribution dy € D(Q) and a strategy « in M,
the symbolic outcome of M from dy is the sequence (M )pen of probability
distributions defined by M¢(g) = Pre(<* {g}) for all k > 0 and ¢ € Q. Hence,
M$ is the probability distribution over states after k steps under strategy o.
Note that M§ = dy and the symbolic outcome is a deterministic sequence of
distributions: each distribution M¢ has a unique (deterministic) successor.

Informally, synchronizing objectives require that the probability of some
state (or some group of states) tends to 1 in the sequence (MS)nen, either



always, once, infinitely often, or always after some point. Given a set T' C Q,
consider the functions

sumr : D(Q) — [0,1] defined by sumr(d) =3 c,d(q), and
mazr : D(Q) — [0,1] defined by mazr(d) = maxger d(q).

For f € {sumr, mazr} and p € [0,1], we say that a probability distribution d
is p-synchronized according to f if f(d) > p, and that a sequence d = dod; . ..
of probability distributions is:

b

(a) always p-synchronizing if d; is p-synchronized for all i > 0;
event (or eventually) p-synchronizing if d; is p-synchronized for some i > 0;
(

(b)
(¢) weakly p-synchronizing if d; is p-synchronized for infinitely many 4’s;
)

d) strongly p-synchronizing if d; is p-synchronized for all but finitely many

7’s.

For p = 1, these definitions are analogous to the traditional safety, reachabil-
ity, Biichi, and coBiichi conditions [23]. In this article, we consider the following
winning modes where either p = 1, or p tends to 1 (we do not consider p < 1,
see the discussion in Section 6). Given an initial distribution dy and a function
f € {sump, mazr}, we say that for the objective of {always, eventually, weakly,
strongly} synchronizing from dy, the MDP M is:

o sure winning if there exists a strategy a such that the symbolic outcome
of a from dy is {always, eventually, weakly, strongly} 1-synchronizing
according to f;

e almost-sure winning if there exists a strategy a such that for all € > 0 the
symbolic outcome of « from dy is {always, eventually, weakly, strongly}
(1 — €)-synchronizing according to f;

o [limit-sure winning if for all € > 0, there exists a strategy « such that the
symbolic outcome of « from dy is {always, eventually, weakly, strongly}
(1 — &)-synchronizing according to f;

Note that the winning modes for synchronizing objectives differ from the
traditional winning modes in MDPs: synchronizing objectives specify sequences
of distributions, in a deterministic transition system with infinite state space
(the states are the probability distributions). Since the transitions are deter-
ministic and the probabilities are embedded in the state space, the behavior of
the system is non-stochastic and the specification is simply a set of sequences (of
distributions). In contrast, the traditional almost-sure and limit-sure winning
modes of MDPs specify probability measures over sequences of states (called
paths) in a probabilistic system with finite state space. Since the probabili-
ties influence the transitions, the behavior of the system is stochastic and the
specification is a set of probability measures over paths. For instance almost-
sure reachability requires that the probability measure of all paths that visit a



target state is 1, while almost-sure eventually synchronizing requires that the
single symbolic outcome belongs to the set of sequences of distributions that
are (1 — €)-synchronizing for all € > 0.

We often write ||d||7 instead of mazr(d) (and we omit the subscript when
T = Q) and d(T) instead of sumy(d), as in Table 1 where the definitions of
the various winning modes and synchronizing objectives for f = sump are
summarized.

2.83. Membership problem

For f € {sump, mazr} and X € {always, event, weakly, strongly}, the win-
ning region ((1)2,,.(f) is the set of initial distributions such that M is sure
winning for A-synchronizing (we assume that M is clear from the context).
We define analogously the sets (1), (f) and (1)7 .. (f) of almost-sure and
limit-sure winning distributions.

By an abuse of notation, if a Dirac distribution £¢ belongs to <<1>>ﬁ(f), we of-
ten write ¢ € (1)) (f) instead of €2 € (1))} (f). For a singleton T' = {q} we have
sump = mazy, and we simply write (1))} (¢) (where u € {sure, almost, limit}).
We are interested in the algorithmic complexity of the membership problem,
which is to decide, given a probability distribution dy and a function f, whether
do € (1)X(1).

We show that the winning region is identical for always synchronizing in
the three winning modes (Lemma 2), whereas for eventually synchronizing, the

winning regions of the three winning modes are in general different (Lemma 3).

Remark 1. First, note that it follows from the definitions that for all f €
{sump, mazr}, for all X € {always, event, weakly, strongly}, and for all p €
{sure, almost, limit} :

o (Lt (f) € (Uhronat (f) € (Uheet () € (I)ier(f), and
i <<1>>;\ure(f) g <<1>>2lmost(f) g <<1>>l>;mzt (f)

Lemma 2. Let T be a set of states. For all functions f € {mazxr, sump}, we

have (1) 20avs (f) = (L) 20 (f) = (1) e (f).

Proof. By Remark 1, we obtain a cyclic chain of inclusions (thus an overall
equality) if we show that

(L) pheaws (£) C (1)) 2hwavs (f),

that is for all distributions dy, if M is limit-sure always synchronizing from
dp, then M is sure always synchronizing from dy. For f = maxr, consider
¢ smaller than the smallest positive probability in the initial distribution dy
and in the transitions of the MDP M = (Q,A,d). If M is limit-sure always
synchronizing, then by definition there exists an always (1 — €)-synchronizing
strategy o, and it is easy to show by induction on k that the distributions M§
are Dirac for all £ > 0. In particular dy is Dirac, and let gjhit € T' be such that

10



do(ginit) = 1. Tt follows that there is an infinite path from g in the graph
(T, E) where (q,q¢') € E if there exists an action a € A such that 6(¢,a)(¢') = 1.
The existence of this path entails that there is a loop reachable from g,;; in the
graph (T, E), and this naturally defines a sure-winning always synchronizing
strategy in M. A similar argument for f = sumqp shows that for sufficiently
small e, an always (1 — €)-synchronizing strategy a must produce a sequence
of distributions with support contained in 7', until some support repeats in the
sequence. This naturally induces an always 1-synchronizing strategy. a

The results established in this article will entail that the almost-sure and
limit-sure modes coincide for weakly and strongly synchronizing (see Theorem 7,
Corollary 26, and Corollary 28). The other winning regions are distinct, as
shown in the following lemma.

Lemma 3. There exists an MDP M and states q1,q2 such that:

() (1) Nure (@) © (D)Mo (@r) for all A € {event, weakly, strongly}, and

< almost
(i1) (1) ghmost (a2) & (L)t (42)-

Proof. Consider the MDP M with states ginit, q1, g2, 93 and actions a,b as
shown in Figure 1. All transitions are deterministic except from ¢,y where on
all actions, the successors are g,y and ¢; with probability %

To establish (4), it is sufficient to prove that

Ginit € (L)oo’ (1) and ginie & (1)50ee"(q1),
because, by Remark 1, it implies that

Ginit € <<1>>2lmost (ql) and Ginit g <<1>>;\ure (Q1)

for all A € {event, weakly, strongly}, establishing all strict inclusions at once.
To prove that gt € (1)57°"9% (q;), consider the pure strategy that always
plays a. The outcome is such that the probability to be in ¢; after k steps is
1- 2%, showing that M is almost-sure winning for the strongly synchronizing
objective in g1 (from ginit). On the other hand, g & (1))€9™ (q1) because for
all strategies «, the probability in g+ remains always positive, and thus in ¢;
we have M%(q1) < 1 for all n > 0, showing that M is not sure winning for the
eventually synchronizing objective in ¢ (from ginit)-

To establish (i¢), we first show that M is limit-sure winning for the eventually
synchronizing objective in g2 (from ginit): for k > 0 consider a strategy that plays
a for k steps, and then plays b. Then the probability to be in g2 after k£ + 1
steps is 1 — 2%, showing that this strategy is eventually (1 — %)—synchronizing
in qo.

Second, we show that almost-sure eventually synchronizing is impossible
because, to get probability 1 —e€ in g9, the probability mass needs to accumulate
for more and more steps in ¢ as € gets smaller, which cannot be achieved by a

single strategy. Formally, for all strategies, since the probability in g, remains
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Figure 2: State duplication ensures that the probability mass can never be accumulated in a
single state except in ¢ (we omit action a for readability).

always positive, the probability in ¢o is always smaller than 1. Moreover, if
the probability p in go is positive after n steps (p > 0), then after any number
m > n of steps, the probability in g2 is bounded by 1 —p < 1. It follows that the
probability in g5 is never equal to 1 and cannot tend to 1 for m — oo, showing
that M is not almost-sure winning for the eventually synchronizing objective
in g2 (from gGinit). O

Finally, for eventually and weakly synchronizing we present in Lemma 4 a
reduction of the membership problem with function mazr to the membership
problem with function sumy for a singleton 7. It follows that the complexity
results established in this article for eventually and weakly synchronizing with
function sumy also hold with function maz (this is trivial for the upper bounds,
and for the lower bounds it follows from the fact that our hardness results
hold for sumy with singleton 7', and thus for maz as well since in this case
sump = mazxr).

Lemma 4. For eventually and weakly synchronizing, in each winning mode the
following problems are polynomial-time equivalent:

o the membership problem with a function maxr where T is an arbitrary
subset of the state space, and

e the membership problem with a function sump where T' is a singleton.

Proof. Let u € {sure,almost,limit} and A € {event,weakly}. First we
have <<1>>f;(maxT) = quT<<1>>;)l(q>’ showing that the membership problems for
max and maxp are polynomial-time reducible to the corresponding membership
problem for sumy: with singleton 7”.

The reverse reduction is as follows. Given an MDP M, a state ¢ and an
initial distribution dg, we can construct an MDP M’ and initial distribution

dy such that do € (1)) (q) iff df € (1))} (mazq) where Q' is the state space

12



Table 2: Computational complexity of the membership problem.

Always Eventually Weakly Strongly
Sure PSPACE-C PSPACE-C PTIME-C
Almost-sure | PTIME-C | PSPACE-C PSPACE.C PTIME-C
Limit-sure PSPACE-C

of M’ (thus maz¢g is simply the function max). The idea is to construct M’
and df, as a copy of M and dy where all states except ¢ are duplicated, and the
initial and transition probabilities are equally distributed between the copies
(see Figure 2). Therefore, if the probability tends to 1 in some state, it has to
be in ¢ (since the probability in any other state of M’ can be at most 1/2). O

The rest of this article is devoted to the solution of the membership problem.
By definition, a sequence of probability distribution is sure always synchronizing
according to sumy if all supports are contained in 7T, i.e., all states in all path-
outcomes are in T, that is all path-outcomes are contained in O7. Hence, it
follows from the proof of Lemma 2 that the winning region for always synchro-
nizing according to sumqp coincides with the set of winning initial distributions
for the safety objective OT in the traditional semantics, which can be computed
in polynomial time [19]. Moreover, always synchronizing according to maz is
equivalent to the existence of an infinite path staying in 7" in the transition
system (@, R) of the MDP restricted to transitions (g,a,q’) € R such that
8(g,a)(¢") = 1, which can also be decided in polynomial time. In both cases,
pure memoryless strategies are sufficient.

Theorem 1. The membership problem for always synchronizing can be solved
in polynomial time, and pure memoryless strategies are sufficient.

Remark 5. For the other synchronizing modes (namely, eventually, weakly,
and strongly synchronizing), it is sufficient to consider Dirac initial distributions
(i.e., assuming that MDPs have a single initial state) because the answer to the
general membership problem for an MDP M with initial distribution dg can be
obtained by solving the membership problem for a copy of M with a new initial
state from which the successor distribution on all actions is dy.

In the rest of the article, we present algorithms to decide the membership
problem and we establish matching upper and lower bounds for the complexity
of the problem: we show that eventually and weakly synchronizing are PSPACE-
complete, whereas strongly synchronizing is PTIME-complete (like always syn-
chronizing). We also establish optimal memory bounds for the memory needed
by strategies to win. Our results will show that pure strategies are sufficient in
all modes. The complexity results are summarized in Table 2, and we present
the memory requirement for winning strategies in Table 3.
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Table 3: Memory requirement.

1
Always Eventually Weakly Strongly
sump mazr
Sure exponential | exponential | memoryless linear
Almost-sure | memoryless infinite . . .
— infinite memoryless linear
Limit-sure unbounded

2.4. One-Letter Alternating Automata

In this section, we consider one-letter alternating automata (1L-AFA) and
show a tight connection with MDP. We present complexity results for 1L-AFA
that are useful to establish the PSPACE lower bounds for eventually and weakly
synchronizing in MDPs (in Theorem 2, Lemma 10, 17, and 19).

In 11-AFA, the alphabet is a singleton, and thus only the length of a word is
relevant. The transitions of an alternating automaton are described by Boolean
formulas over the set of automaton states using only A and V (but no negation).
For example, if the formula (g2 A g3) V ga describes the transitions from a state
q1, then the word of length n is accepted from ¢; if the word of length n — 1 is
accepted either from both ¢z and g3, or from g4.

One-letter alternating automata. Let B*(Q) be the set of positive Boolean for-
mulas over a set @), i.e. Boolean formulas built from elements in @) using A
and V (but no negation). A set S C Q satisfies a formula ¢ € BT (Q) (denoted
S | ) if ¢ is satisfied when replacing in ¢ the elements in S by true, and the
elements in @\ S by false.

A one-letter alternating finite automaton is a tuple A = (Q, 6 4, F) where Q
is a finite set of states, 4 : Q@ — B¥(Q) is the transition function, and F C Q is
the set of accepting states. We assume that the formulas in transition function
are in disjunctive normal form. Note that the alphabet of the automaton is
omitted, as it consists of a single letter. As in the language of a 1L-AFA, only
the length of words is relevant, define for all n > 0, the set Acca(n,F) C Q of
states from which the word of length n is accepted by A as follows:

o Acca(0,F) =F;
o Acca(n,F)={qe Q| Acca(n —1,F) = d(q)} for all n > 0.

The set L(Aq) = {n € N| g € Acca(n,F)} is the language accepted by A
from state ¢ (called initial state in this context).

Ezample. Consider the 1L-AFA A in Figure 3(a) with initial state gnit. Transi-
tion function is defined by d4(ginit) = @1 A g2 and d4(q1) = (gnit Aq2) V (g2 A q3),
etc. The word of length 3 is accepted by A, as witnessed by the execution tree
in Figure 4(a): for every node of the tree (let ¢ be its label), the labels of the
successor nodes form a set that satisfies the transition function at q. The root
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(b) Predecessor sequence.

Figure 3: 1L-AFA and MDP with the same under- Figure 4: Execution tree and predeces-
lying structure. sor sequence (determinization of A).

of the tree is labeled by ginit and all leaves are accepting. Note that all branches
are of the same length, namely 3, the length of the input word.

For every 1L-AFA with n states, there is an equivalent deterministic au-
tomaton with at most 2" states (that accepts the same language), which can
be constructed as follows [16]. It is easier to think that the deterministic au-
tomaton accepts the reverse image of the words in the language of A, which
is the same as the language of A. For all n > 1, we view Acca(n,-) as an
operator on 2% that, given a set F C @ computes the set Acc4(n,F). Note
that Acca(n,F) = Acca(1, Acca(n — 1, F)) for all n > 1. Call Acca(l,s) the
predecessor of s. The deterministic automaton has state space {sg,...,S2n}
where s; = Acca(i, F), and a deterministic transition from s; to its predeces-
sor Acca(1,s;). The sequence of predecessors for the 1L-AFA of Figure 3(a) is
shown in Figure 4(b). It is easy to see that this sequence is always ultimately
periodic (for all & > 2™ there exists k' < 2™ such that s; = si/), and therefore
the transitions of the deterministic automaton are well defined. Let sg = F
be the initial state, and let all s; such that g,x € s; be the accepting states,
then its language is £(Ag,,). Considering the sequence of predecessors in Fig-
ure 4(b) it is easy to see that the language of A is the set {n > 1| n is odd} of
odd numbers greater than 1. Note that the language of A is nonempty because
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in the sequence of predecessors there is a state s such that g,y € s, and the
language of A is infinite because there is such a state s in the periodic part of
the sequence.

Relation with MDPs. Consider the MDP M in Figure 3(b), obtained from A
by transforming the transition function, which is a disjunction of conjunctions
of states as follows: each conjunction is replaced by a uniform probability dis-
tribution over its elements, and the elements of the disjunction are labeled by
a letter from the alphabet of M.

The correspondence between 1L-AFA and MDPs is based on the observation
that they have the same underlying structure of alternating graph (or AND-OR

graph):

e the combinatorial structure of an MDP (Q, A, ) can be described as an
alternating graph, with existential vertices ¢ € @ with successors (g, a)
for all actions a € A, and universal vertices (q,a) € @ x A with successors

q' € Supp(d(q, a));

e the structure of a 1L-AFA (Q, .4, F) is also an alternating graph, where
states ¢ € @ are existential vertices with successors the clauses c1,...,¢n
such that 04(¢) = 1 V-V ¢, where each ¢; is a conjunctive clause, and
the conjunctive clauses c; are universal vertices with successors the states
that belong to c;.

The common structure of 1L-AFA and MDP is illustrated in Figure 3 where
we show only the existential vertices. The correspondence is defined formally as
follows. Given a 1L-AFA A = (Q, d 4, F), assume without loss of generality that
the transition function § 4 is such that 6 4(¢) = ¢1 V- - - Ve, has the same number
m of conjunctive clauses for all ¢ € @ (we can duplicate clauses if necessary).
From A, construct the MDP M4 = (Q, A, dp) where A = {aq,...,a,,} and
Om(q, ar) is the uniform distribution over the states occurring in the k-th clause
¢k in 6.4(q), for all ¢ € @ and ay, € A. Then, we have Acca(n,F) = Pre'y((F)
for all n > 0.

Similarly, from an MDP M and a set T of states, we can construct a 1L-AFA
A =(Q,04,F) with F = T such that Acca(n,F) = Pre}((T) for all n > 0:
let 54(q) = Vaen /\q,epost(q)a) q for all ¢ € Q. For example, for A = {a,b}
if am(gs,a)(q1) = Opml(gs,a)(qs) = 5 and Saq(gs, b)(gs) = 1, then d4(qs) =
(q1 A qa) V g5 (see Figure 3).

It follows that, up to the correspondence between 1L-AFA and MDPs es-
tablished above, Acca(n,T) = Prely(T). In the sequel we denote the operator
Acca(1,-) by Prea(-) (note the subscript). Then for all n > 0 the operator
Acca(n,-) coincides with Pre’(+), the n-th iterate of Pre4(-).

Decision problems. Questions related to MDPs have a corresponding formula-
tion in terms of alternating automata. We show that such connections exist
between synchronizing problems for MDPs and language-theoretic questions for
alternating automata.
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Several decision problems for 1L-AFA can be solved by computing the se-
quence Acca(n,F) (i.e., Pre’;(F)), and analogously we show that synchronizing
problems for MDPs can also be solved by computing the sequence Pre'y,(F).
Therefore, the above relationship between 1L-AFA and MDPs provides a tight
connection that we use in Section 3 to transfer complexity results between 1L-
AFA and MDPs.

We review classical decision problems for 1L-AFA, namely the emptiness
and finiteness problems, and establish the complexity of a new problem, the
universal finiteness problem which is to decide if from every initial state the
language of a given 1L-AFA is finite. These results of independent interest
are useful to establish the PSPACE lower bounds for eventually and weakly
synchronizing in MDPs.

e The emptiness problem for 1L-AFA is to decide, given a 1L-AFA A and
an initial state ¢, whether £(A;) = @. The emptiness problem can be
solved by checking whether ¢ € Pre’; (F) for some n > 0. It is known that
the emptiness problem is PSPACE-complete, even for transition functions
in disjunctive normal form [41, 44].

e The finiteness problem is to decide, given a 1L-AFA A and an initial
state ¢, whether £(A,) is finite. The finiteness problem can be solved in
(N)PSPACE by guessing n, k < 219! such that Pre’y"*(F) = Pre’y(F) and
q € Pre’y(F). The finiteness problem is PSPACE-complete by a simple
reduction from the emptiness problem: from an instance (A,q) of the
emptiness problem, construct (A’,¢") where ¢’ = ¢ and A" = (Q, ', F) is
a copy of A = (Q, 4, F) with a self-loop on ¢ (formally, §'(q) = q V 6(q)
and 0'(r) = 0(r) for all r € @\ {¢}). It is easy to see that L(A,) = @ iff
L(A,) is finite.

e The universal finiteness problem is to decide, given a 1L-AFA A, whether
L(Ag) is finite for all states ¢. This problem can be solved by checking
whether Pre’y (F) = @ for some n < 219/ and thus it is in PSPACE. Note
that if Pre’; (F) = @, then Pre’y(F) = @ for all m > n.

Given the PSPACE-hardness proofs of the emptiness and finiteness prob-
lems, it is not easy to see that the universal finiteness problem is PSPACE-hard.

Lemma 6. The universal finiteness problem for 1L-AFA is PSPACE-hard.

Proof. We show the result by a reduction from the emptiness problem for

1L-AFA, which is PSPACE-complete [41, 44]. We first present a basic fact about
1L-AFA, then an overview of the reduction, and a detailed description of the
reduction and the correctness argument.
Basic result. The language of a 1L-AFA A = (Q,0,F) from initial state g
is non-empty if gy € Pre’y(F) for some i > 0. Since the sequence Pre’y(F) is
ultimately periodic, it is sufficient to compute Preil(]: ) for every i < 21l to
decide emptiness.
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from Figure 6

Figure 5: Sketch of reduction to show PSPACE-hardness of the universal finiteness problem
for 11-AFA.

Overview of the reduction. From A, we construct a 1L-AFA B = (Q’,d', F')
with set F' of accepting states such that the sequence Prelz(F’) in B mimics
the sequence Pre’y(F) in A for 219 steps. The automaton B contains the state
space of A, i.e. Q C Q. The goal is to have

Prels(F') N Q = Pre’y (F) for all i < 219! as long as qo & Pre’y(F).

Moreover, if gy € Prely(F) for some i > 0, then Prel;(F’) will contain gy for all
J > i (the state go has a self-loop in B), and if qo ¢ PreA*(F) for all i > 0,
then B is constructed such that Prel;(F') = @ for sufficiently large j (roughly
for j > 2|91, Hence, the language of A is non-empty if and only if the sequence
Prel;(F') is not ultimately empty, that is if and only if the language of B is
infinite from some state (namely qo).

Detailed reduction. The key is to let B simulate A for exponentially many steps,
and to ensure that the simulation stops if and only if ¢y is not reached within
2|9l steps. We achieve this by defining B as the gadget in Figure 5 connected
to a modified copy A’ of A with the same state space. The transitions in A’ are
defined as follows, where z is the entry state of the gadget (see Figure 6): for
all g € Q let (i) dp(q) = x A dalq) if ¢ # go, and (1) dp(q0) = qo V (z A d.4(q0))-
Thus, go has a self-loop, and given a set S C @ in the automaton A, if gy &€ S,
then Pre(S) = Prep(S U {z}) that is Prep mimics Pre4 when x is in the
argument (and go has not been reached yet). Note that if z ¢ S (and ¢ & S),
then Preg(S) = &, that is unless go has been reached, the simulation of A by
B stops. Since we need that B mimics A for 2!9! steps, we define the gadget
and the set F' to ensure that = € F and if z € Pre’y(F'), then = € Pre’J ' (F')
for all 4 < 21€l.
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1L-AFA A/

: qo V (z A 5A(Qo))§

L IL-AFAA L ILAFA A

Figure 6: Detail of the copy A’ obtained from A in the reduction of Figure 5.

In the gadget (Figure 5), the state = has nondeterministic transitions
Sp(x) =cgVegV---Veh

to n components with state space C; = {cj, ... ,c;)i_l} where p; is the (i + 1)-th
prime number, and the transitions' dp(c}) =2 Acl,, (i =1,...,n) form a loop
in each component. We choose n such that pf =[], p; > 2|9/ (take n = |Q|).
Note that the number of states in the gadget is 1 + > . | p; € O(n?logn) [5]
and thus the construction is polynomial in the size of A.

By construction, for all sets S, we have x € Preg(S) whenever the first
state ¢ of some component C; is in S, and if z € S, then cj— € S implies
5y € Preg(S). Thus, if x € S, the operator Prep(S) ‘shifts’ backward the
states in each component; and, x is in the next iteration (i.e., x € Prep(S)) as
long as ¢f € S for some component C;.

Now, define the set of accepting states F/ in B in such a way that all states
¢l disappear simultaneously only after pi iterations. Let F' = F U {z} U
Ui<i<n(Ci\ {c},_1}), thus F’ contains all states of the gadget except the last
state of each component.

Correctness argument. It is easy to check that, irrespective of the transition
relation in A, we have z € Prelz(F’) if and only if 0 < i < pjf. Therefore, if
Qo € Pref4(}') for some 4, then go € Prel;(F’) for all j > i by the self-loop on go.
On the other hand, if gy ¢ Pre’y(F) for all i > 0, then since = ¢ Pre’y (F') for
all i > p#, we have Prely(F') = @ for all i > p#. This shows that the language
of A is non-empty if and only if the language of B is infinite from some state
(namely ¢p), and establishes the correctness of the reduction. a

i

1In expression cj, we assume that j is interpreted modulo p;.
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3. Eventually Synchronizing

In this section, we show the PSPACE-completeness of the membership prob-
lem for eventually synchronizing objectives and the three winning modes. By
Lemma 4 and Remark 5, we consider without loss of generality the membership
problem with function sum and Dirac initial distributions (i.e., single initial
state).

The eventually synchronizing objective is reminiscent of a reachability ob-
jective in the distribution-based semantics: it requires that in the sequence of
distributions of an MDP M under strategy o we have sup,, M%(T) = 1 (and
that the sup is reached in the case of sure winning, that is M%(T) = 1 for some
n > 0).

The sure winning mode can be solved by a reachability analysis in the alter-
nating graph underlying the MDP (Section 3.1). We show that the almost-sure
winning mode can be solved by a reduction to the limit-sure winning mode (Sec-
tion 3.2). We solve the limit-sure winning mode by a reduction to a reachability
question in a modified MDP of exponential size that ensures the probability
mass reaches the target set synchronously (Section 3.3). We present reductions
to show PSPACE-hardness of each winning mode, matching our PSPACE upper
bounds.

3.1. Sure eventually synchronizing

Given a target set T', the membership problem for sure-winning eventually
synchronizing objective in T' can be solved by computing the sequence Pre™(T')
of iterated predecessors, like in 1L-AFA, as shown in the following lemma.

Lemma 7. Let M be an MDP and T be a target set. For all states ginit, we have
Ginit € (1) 2 (sumy) if and only if there existsn > 0 such that ginie € Prely(T').

sure

Proof. We prove the following equivalence by induction (on the length ¢): for
all initial states gint, there exists a strategy a sure-winning in ¢ steps from gin;t
(i.e., such that M®(T') = 1) if and only if ginie € Pre’(T'). The case i = 0 trivially
holds since for all strategies a, we have M§(T) =1 if and only if gnit € T

Assume that the equivalence holds for all i < n. For the induction step,
show that M is sure eventually synchronizing from g, (in n steps) if and only
if there exists an action a such that M is sure eventually synchronizing (in n—1
steps) from all states ¢ € post(ginit,a) (equivalently, post(ginit, ) € Pre™ (T
by the induction hypothesis, that is ¢t € Pre™(T) by definition of Pre). First,
if all successors ¢’ of ¢,y under some action a are sure eventually synchronizing,
then so is ¢init by playing a followed by a winning strategy from each successor ¢’.
For the other direction, assume towards contradiction that M is sure eventually
synchronizing from gi,ir (in n steps), but for each action a, there is a state
q' € post(ginit, @) that is not sure eventually synchronizing. Then, from ¢’ there
is a positive probability to reach a state not in T' after n — 1 steps, no matter
the strategy played. Hence from ginit, for all strategies, the probability mass
in T cannot be 1 after n steps, in contradiction with the fact that M is sure
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Figure 7: The MDP Ma.

eventually synchronizing from gt in n steps. It follows that the induction step
holds, and the proof is complete. O

The following theorem summarizes the results for sure eventually synchro-
nizing.

Theorem 2. For sure eventually synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Ezponential memory is necessary and sufficient for both pure
and randomized strategies, and pure strategies are sufficient.

Proof. By Lemma 7, the membership problem for sure eventually synchro-
nizing is equivalent to the emptiness problem of 11-AFA, and thus PSPACE-
complete. Moreover, if ginir € Prely,(T), a finite-memory strategy with n modes
that at mode i in a state ¢ plays an action a such that post(q,a) C Preiil(T) is
sure winning for eventually synchronizing. Note that this strategy is pure.

We present a family of MDPs M,, (n € N) over alphabet {a,b} that are
sure winning for eventually synchronizing, and where the sure winning strategies
require exponential memory. The MDP M3 is shown in Figure 7. The structure
of M, is an initial uniform probabilistic transition to n components Hy, ..., H,
where H; is a cycle of length p; the ith prime number. On action a, the next
state in the cycle is reached, and on action b the target state gr is reached, only
from the last state in the cycles. From other states, the action b leads to ¢
(transitions not depicted). A sure winning strategy for eventually synchronizing
in {gr} is to play a in the first p#¥ = [[;__, p; steps, and then play b. This requires
memory of size pjf > 2" while the size of M,, is in O(n?logn) [5]. It can be
proved by standard pumping arguments that no strategy of size smaller than
pi is sure winning. o
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Figure 8: An MDP where infinite memory is necessary for almost-sure eventually and almost-
sure weakly synchronizing strategies.

8.2. Almost-sure eventually synchronizing

We show an example where infinite memory is necessary to win for almost-
sure eventually synchronizing. Consider the MDP in Figure 8 with initial state
Qinit- We construct a strategy that is almost-sure eventually synchronizing in
q2, showing that ginie € (1)50" (g2). First, observe that for all e > 0 we can

have probability at least 1 — € in ¢ after finitely many steps: playing n times
1

a and then b leads to probability 1 — & in ¢z (and Qin in ginit) . Choosing n
sufficiently large (namely, n > logQ(%)) shows that the MDP is limit-sure even-
tually synchronizing in g». Moreover, the remaining probability mass is in ginit-
By playing a we get again support {ginit}, thus from any (initial) distribution
with support {ginit, g2}, the MDP is again limit-sure eventually synchronizing
in g2, and with support in {gnit, g2 }. Therefore, we can take a smaller value of
¢ and play a strategy to have probability at least 1 — ¢ in ¢o in finitely many
steps, then reaching back support {ginit}, and we can repeat this for ¢ — 0. This
strategy ensures probability mass 1 —¢ in ¢y for all € > 0, hence it is almost-sure
eventually synchronizing in g3. The next result shows that infinite memory is

necessary for almost-sure winning in this example.

Lemma 8. There exists an almost-sure eventually synchronizing MDP for
which all almost-sure eventually synchronizing strategies require infinite mem-
ory.

Proof. Consider the MDP M shown in Figure 8. We argued before the
lemma that ginie € (1)S0™ (g2) and we now show that infinite memory is
necessary from g,z for almost-sure eventually synchronizing in g;. Note that
M is not sure eventually synchronizing in g2 since the probability in gt is
positive at all times (for all strategies).

Assume towards contradiction that there exists a (possibly randomized)
finite-memory strategy « that is almost-sure eventually synchronizing in gs.
Consider the Markov chain M(«) (the product of the MDP M with the finite-
state transducer defining «). A state (¢,m) in M(«) is called a g-state. Since
« is almost-sure eventually synchronizing (but is not sure eventually synchro-
nizing) in ¢q, there is a go-state in the recurrent states of M(«). Since on all
actions ¢t i a successor of ¢z, and ¢t is a successor of itself, it follows that
there is a recurrent ginit-state in M(«), and that all periodic classes of recurrent
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states in M(«) contain a ginir-state. Hence, in each stationary distribution there
is a gjnit-state with a positive probability, and therefore the probability mass in
Ginit s bounded away from zero. It follows that the probability mass in ¢o is
bounded away from 1 thus « is not almost-sure eventually synchronizing in g2,
a contradiction. O

The membership problem for almost-sure eventually synchronizing can be
reduced to other winning modes since an almost-sure eventually synchroniz-
ing strategy is either sure eventually synchronizing or almost-sure weakly syn-
chronizing. Nevertheless we give a direct proof that the problem is decidable
in PSPACE, using a characterization that will be useful later for almost-sure
weakly synchronizing.

It turns out that in general, almost-sure eventually synchronizing strategies
can be constructed from a family of limit-sure eventually synchronizing strate-
gies if we can also ensure that the probability mass remains in the winning region
(as in the MDP in Figure 8). We present a characterization of the winning re-
gion for almost-sure winning based on an extension of the limit-sure eventually
synchronizing objective with exact support. This objective requires to ensure
probability arbitrarily close to 1 in the target set T, and moreover that after
the same number of steps the support of the probability distribution is con-
tained in the given set U. Formally, given an MDP M, let (1))s2" (sumyp,U)
for T C U be the set of all initial distributions such that for all € > 0 there exists
a strategy o and n € N such that MY(T) > 1 — ¢ and M%(U) = 1. We say
that « is limit-sure eventually synchronizing in T with support in U (consider
the example at the beginning of Section 3.2 with T' = {g2} and U = {Ginit, ¢2})-

We will present an algorithmic solution to limit-sure eventually synchroniz-
ing objectives with exact support in Section 3.3. Our characterization of the
winning region for almost-sure winning is as follows.

Lemma 9. Let M be an MDP and T be a target set. For all states ginit, we
have ginie € (1) (sumr) if and only if there exists a set U of states such
that:

o Ginit € (1) (sumy), and

sure

o dy € (1)svemt (sumyp,U) where dy is the uniform distribution over U.

Proof. First, if gine € (1)0™, (sumy), then there is a strategy a such
that sup,cy MS(T) = 1. Then either MQ(T) = 1 for some n > 0, or
limsup,,_,.o M%(T) = 1. If MY(T) = 1, then ¢t is sure winning for even-
tually synchronizing in 7', thus ginix € (1))2" (sumr) and we can take U = T.
Otherwise, for all ¢ > 0 there exists n; € N such that M% (T) > 1 — 2%
and moreover n;y1 > n; for all @ > 0. Let s; = Supp(Ms.) be the support
of M7 . Since the state space is finite, there is a set U that occurs infinitely
often in the sequence sgs; ..., thus for all £ > 0 there exists m; € N such that
Mg (T) > 1—27% and Mg, (U) = 1. It follows that « is sure eventually

synchronizing in U from ginit, hence ginie € (1)) €96 (sumys). Moreover, M with
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initial distribution dq = My, is limit-sure eventually synchronizing in 7" with
exact support in U. Since Supp(di) = U = Supp(dy ), it follows by Corollary 15
that dy € (1) 2™ (sump,U).

To establish the converse, note that since dyy € (1)) £2% (sump, U), it follows
from Corollary 15 that from all initial distributions with support in U, for all
£ > 0 there exists a strategy a. and a position n. such that M5:(T) > 1 —¢
and Ma=(U) = 1. We construct an almost-sure limit eventually synchronizing
strategy « as follows. Since ginix € (1)¢2" (sumy ), play according to a sure
eventually synchronizing strategy from ginir until all the probability mass is in
U. Then fori =1,2,... and ; = 27, repeat the following procedure: given the
current probability distribution, select the corresponding strategy a., and play
according to a., for n., steps, ensuring probability mass at least 1—2~%in T, and
since after that the support of the probability mass is again in U, play according
to ae,,, for n., , steps, etc. This strategy a ensures that sup,cy M5 (T) =1

from ginit, hence ginie € (1) ¢9¢™  (sumr). Note that « is a pure strategy. O

almost

As we show in Section 3.3 that the membership problem for limit-sure even-
tually synchronizing with exact support can be solved in PSPACE, it follows
from the characterization in Lemma 9 that the membership problem for almost-
sure eventually synchronizing is in PSPACE, using the following (N)PSPACE
algorithm: guess the set U, and check that g € (1)¢2" (sumy), and that

dy € {(1)§ve (sumyp, U) where dy is the uniform distribution over U (this can

be done in PSPACE by Theorem 2 and Theorem 4). We present a matching
lower bound.

Lemma 10. The membership problem for {1)¢ve™ (sumy) is PSPACE-hard
even if T is a singleton.

Proof. We show the result by a reduction from the membership problem
for sure eventually synchronizing, which is PSPACE-complete by Theorem 2.
Given an MDP M = (Q, A, §), an initial state ginr € @, and a state ¢ € @, we
construct an MDP N = (Q', A, ¢") with Q C Q' and a state p € Q' such that
Ginit € (1)E2ert(§) in M if and only if gine € (1)) 0™, (p) in N. The MDP N is
a copy of M with two new states p and sink reachable only by a new action
(see Figure 9). Formally, Q' = QU{p, sink} and A’ = AU{#}, and the transition
function §’ is defined as follows, for all ¢ € @ and a € A: 0'(¢,a) = d(q,a),
and §'(q,#)(sink) = 1 if ¢ # ¢, and §'(§,4)(p) = 1; finally, for all a € A’, let
8’ (p, a)(sink) = &' (sink, a)(sink) = 1.

The goal is that N simulates M until the action # is played in ¢ to move the
probability mass from ¢ to p, ensuring that if M is sure-winning for eventually
synchronizing in ¢, then N is also sure-winning (and thus almost-sure winning)
for eventually synchronizing in p. Moreover, the only way to be almost-sure
eventually synchronizing in p is to have probability 1 in p at some point, be-
cause the state p is transient under all strategies, thus the probability mass
cannot accumulate and tend to 1 in p in the long run. Therefore (from all
initial states ginit) M is sure-winning for eventually synchronizing in § if and
only if A/ is almost-sure winning for eventually synchronizing in p. It follows
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e

Figure 9: Sketch of the reduction to show PSPACE-hardness of the membership problem for
almost-sure eventually synchronizing.

from this reduction that the membership problem for almost-sure eventually
synchronizing objective is PSPACE-hard. o

The results of this section are summarized as follows.

Theorem 3. For almost-sure eventually synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Infinite memory is necessary in general for both pure and
randomized strategies, and pure strategies are sufficient.

3.8. Limit-sure eventually synchronizing

In this section, we present the algorithmic solution for limit-sure eventually
synchronizing with exact support, which requires to get probability arbitrar-
ily close to 1 in a target set T while all the probability mass is contained in
a given set U. Note that the limit-sure eventually synchronizing objective is
a special case where the support is the state space of the MDP. Consider the
MDP in Figure 1 which is limit-sure eventually synchronizing in {g2}, as shown
in Lemma 3. For i = 0,1,..., the sequence Pre'(T) of predecessors of T = {ga2}
is ultimately periodic: Pre?(T") = {g2}, and Pre’(T') = {¢} for all i > 1. Given
e > 0, a strategy to get probability 1 — ¢ in g9 first accumulates probability
mass in the periodic subsequence of predecessors (here {¢;}), and when the
probability mass is greater than 1 — ¢ in ¢;, the strategy injects the probability
mass in g2 (through the aperiodic prefix of the sequence of predecessors). This
is the typical shape of a limit-sure eventually synchronizing strategy. Note that
in this scenario, the MDP is also limit-sure eventually synchronizing in every
set Pre’ (T) of the sequence of predecessors. A special case is when it is possible
to get probability 1 in the sequence of predecessors after finitely many steps.
In this case, the probability mass injected in T" is 1 and the MDP is even sure-
winning. The algorithm for deciding limit-sure eventually synchronizing relies
on the above characterization, generalized in Lemma 11 to limit-sure eventually
synchronizing with exact support, saying that limit-sure eventually synchroniz-
ing in T" with support in U is equivalent to either sure eventually synchronizing
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in T (and therefore also in U), or limit-sure eventually synchronizing in Pre® (T)
with support in Pre® (U) (for arbitrary k). The intuition of the proof is that if an
MDP is limit-sure eventually synchronizing in 7" with support in U, then either
a bounded number of steps is sufficient to get probability 1—¢ in T' (and then we
argue that the MDP is sure eventually synchronizing), or unbounded number
of steps is required, which means that k steps before getting probability 1 — &
in T', the probability mass in Prek(T) must also be close to 1 (and arbitrarily
close to 1 as € tends to 0).

Lemma 11. For all T C U and all k > 0, we have
()it (sumeg, U) = (1) sore (sumep) U (1) frit! (sump, Z)
where R = Pre®(T) and Z = Pre®(U).

Proof. We establish the equality in the lemma by showing inclusions in the
two directions. First we show that

(W) sire” (sume) U QU) G (sump, Z) € (L) e’ (sume, U).

sure limit limit

Since T' C U, it follows that (1))¢u¢™ (sumz) C (1)) &2 (sumyr, U); to show that

sure limat
(Aysvent (sump, Z) C (1) et (sumr,U) in an MDP M, let € > 0 and consider
an initial distribution dy and a strategy a such that for some i > 0 we have
MG (R) > 1—¢e and M$(Z) = 1. We construct a strategy 3 that plays like « for
the first i steps, and then since R = Pre”(T) and Z = Pre® () plays from states
in R according to a sure eventually synchronizing strategy with target 7', and
from states in Z \ R according to a sure eventually synchronizing strategy with
target U (such strategies exist by Lemma 7 since R = Pre® (T')). The strategy
B ensures from dy that Mﬂrk(T) >1—¢ and MiBJrk(U) = 1, showing that M
is limit-sure eventually synchronizing in 7" with support in U.
Second we show the converse inclusion, namely that
(D)t (suma, U) € ()i (sume) U ()i (sump, Z).

limat sure limsit

Consider an initial distribution dy € (1)) 2" (sumy, U) in the MDP M and for

g; = 1 (i € N) let o; be a strategy and n; € N such that M3 (T) > 1 —¢; and
Mgi(U) = 1. We consider two cases.

(a) If the set {n; | ¢ > 0} is bounded, then there exists a number n that occurs
infinitely often in the sequence (n;);en. It follows that for all ¢ > 0, there
exists a strategy 3; such that M%(T) > 1 —¢; and MP(U) = 1. Since n
is fixed, we can assume w.l.o.g. that the strategies [3; are pure, and since
there is a finite number of pure strategies over paths of length at most n,
it follows that there is a strategy 8 that occurs infinitely often among the
strategies 3; and such that for all € > 0 we have M53(T) > 1 — ¢, hence
MPB(T) = 1, showing that M is sure winning for eventually synchronizing
in T, that is do € (1))¢2™ (sumr).

sure
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(b) otherwise, the set {n; | i > 0} is unbounded and we can assume w.l.o.g.
that n; > k for all i > 0. We claim that the family of strategies a; ensures
limit-sure eventually synchronizing in R = Prek(T) with support in Z =
Pre®(U). Essentially this is because if the probability in 7T is close to 1
after n; steps, then k steps before the probability in Prek(T) must be close
to 1 as well. Formally, we show that «; is such that Mg:_;k(R) >1— f]—;
and Mpi_,(Z) = 1 where 7 is the smallest positive probability in the
transitions of M. Towards contradiction, assume that M7"_, (R) < 1-Zt.
Then M7 (Q\R) > o and from every state q € Q\ R, no matter which
sequence of actions is played by «; for the next k steps, there is a path
from ¢ to a state outside T (by Lemma 7 since R = Pre®(T')), thus with
probability at least n*. Hence, the probability in Q \ T after n; steps
is greater than i - n*, and therefore M2 (T) < 1 — &;, in contradiction
with the definition of «;. This shows that sz_k(R) >1-— ;—;, and an
argument analogous to the proof of Lemma 7 shows that Mg:fk(Z) =1.
It follows that do € (1))2" (sumpg, Z) and the proof is complete. O

Thanks to Lemma 11, since sure-winning is already solved in Section 3.1,
it suffices to solve the limit-sure eventually synchronizing problem for target
R = Pre"(T) and support Z = Pre®(U) with arbitrary k, instead of T and U.
We choose k such that both Pre®(T") and Pre®(U) lie in the periodic part of the
sequence of pairs of predecessors (Pre’(T'), Pre’ (U)).

Note that Pre’(T) C Pre’(U) C Q for all i > 0, and there are at most 3!
different pairs (A, B) with A C B C @ (each state ¢ € @ belongs either to A,
orto B\ 4, or to @\ B). Hence, we can assume that k < 3%l

For such value of k the limit-sure problem is conceptually simpler: once
some probability is injected in R = Pre® (T), it can loop through the sequence
of predecessors and visit R infinitely often (every r steps, where r < 3!l is the
period of the sequence of pairs of predecessors). It follows that if a strategy
ensures with probability 1 that the set R can be reached by finite paths whose
lengths are congruent modulo r, then the whole probability mass can indeed
synchronously accumulate in R in the limit.

Therefore, limit-sure eventually synchronizing in R reduces to standard
limit-sure reachability (in the state-based semantics) with target set R and
the additional requirement that the numbers of steps at which the target set is
reached be congruent modulo 7. In the case of limit-sure eventually synchroniz-
ing with support in Z, we also need to ensure that no mass of probability leaves
the sequence Pre’(Z). In a state ¢ € Pre’(Z), we say that an action a € A is
Z-safe at position i if? post(q,a) C Pre’"'(Z). In states ¢ ¢ Pre’(Z) there is no
Z-safe action at position 7.

To encode the above requirements, we construct an MDP Mz x [r] that
allows only Z-safe actions to be played (and then mimics the original MDP),

2Since Pre"(Z) = Z and Pre"(R) = R, we assume a modular arithmetic for exponents of
Pre, that is Pre?(-) is defined as Pre® ™°4 7(.). For example Pre~1(Z) is Pre"~1(Z).
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and tracks the position (modulo r) in the sequence of predecessors, thus simply
decrementing the position on each transition since all successors of a state ¢ €
Pre’(Z) on a safe action are in Pre’*(Z).

Formally, if M = (Q,A,d) then Mz x [r] = (Q’,A,d") where

e Q' =Qx{r—1,...,1,0}U{sink}; a state {q, 1) consisting of a state q of M
and a position i in the predecessor sequence corresponds to the promise
that ¢ € Pre'(Z);

e ¢’ is defined as follows for all {¢,4) € Q' and a € A (assuming an arithmetic
modulo 7 on positions): if a is a Z-safe action in ¢ at position i, then

8'({q,7),a)((¢',i — 1)) = d(q,a)(q),

otherwise ¢'({g, ), a)(sink) = 1 (and sink is absorbing).

Note that the size of the MDP My x [r] is exponential in the size of M
(since r is at most 3/91).

Lemma 12. Let M be an MDP and R C Z be two sels of states such that
Pre"(R) = R and Pre"(Z) = Z where r > 0. Then a state ginit is limit-sure
eventually synchronizing in R with support in Z (ginix € (1)) 2% (sump, Z)) if
and only if there exists 0 <t < r such that {init,t) is limit-sure winning for the
reachability objective O(R x {0}) in the MDP Mz X [r].

Proof. For the first direction of the lemma, assume that g is limit-sure
eventually synchronizing in R with support in Z, and for € > 0 let 8 be a strategy
such that Mf(Z) =1and Mf(R) > 1 — ¢ for some number k of steps. Let 0 <
t < rsuchthatt =k mod r. Let Ry = Rx{0}. We show that from initial state
(Ginit, t) the strategy « in Mz x [r] that mimics (copies) the strategy £ is limit-
sure winning for the reachability objective O Ry: it follows from Lemma 7 that o
plays only Z-safe actions, and since Pr(ORg) > Pro(OFRy) = MQ(R) >1-—¢,
the result follows.

For the converse direction, assuming that there exists 0 < ¢t < r such that
(Ginit, t) 18 limit-sure winning for the reachability objective O Ry in Mz x [r], we
show that ¢init is limit-sure synchronizing in target set R with exact support in
Z. Since the winning region of limit-sure and almost-sure reachability coincide
for MDPs [24], there exists a (pure) strategy o in Mz X [r] with initial state
(Ginit, t) such that Pr*(ORy) = 1.

Given ¢ > 0, we construct from « a pure strategy f in M that is
(1 — e)-synchronizing in R with support in Z. Given a finite path p =
q0G0q101 - - -G in M (with g9 = g@init), there is a corresponding path p’ =
(qo,k())ao(ql,kl}al . <qn,l€n> in MZ X [’I”] where ko =t and ki+1 = kz -1
for all ¢ > 0. Since the sequence kg, k1, ... is uniquely determined from p, there
is a clear bijection between the paths in M starting in g, and the paths in
Mz x [r] starting in (Ginit, t). In the sequel, we freely omit to apply and mention
this bijection. Define the strategy (8 as follows: if ¢, € Prefn (R), then there
exists an action a such that post(g,,a) C Pre*"~'(R) and we define 5(p) = a,
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otherwise let B(p) = «a(p’). Thus S mimics « (thus playing only Z-safe ac-
tions) unless a state q is reached at step n such that ¢ € Pre’”™(R), and then
B switches to always playing actions that are R-safe (and thus also Z-safe since
R C Z). We now prove that g is limit-sure eventually synchronizing in target
set R with support in Z. First since § plays only Z-safe actions, it follows for
all k such that t — k = 0 (modulo r), all states reached from gi,ix with positive
probability after k steps are in Z. Hence, MQ(Z ) = 1 for all such k. Second,
we show that given € > 0 there exists k such that ¢t —k = 0 and Mf(R) >1—¢,
thus also ./\/lf (Z) =1 and B is limit-sure eventually synchronizing in target set
R with support in Z. To show this, recall that Pr*(CRy) = 1, and therefore
Pre(C0=FRy) > 1 — ¢ for all sufficiently large k. Without loss of generality,
consider such a k satisfying ¢t — k = 0 (modulo r). For i =1,...,r — 1, let
R; = Pre'(R) x {i}. Then trivially Pr*(0=F(JI_, R;) > 1 —¢ and since 3 agrees
with « on all finite paths that do not (yet) visit |J;_, Ri, given a path p that
visits (J;_o R; (for the first time), only R-safe actions will be played by $ and
thus all continuations of p in the outcome of 5 will visit R after k steps (in
total). It follows that Pr’(OFRy) > 1 — e, that is ./\/lg(R) > 1 —e. Note that
we used the same pure strategy g for all € > 0 and thus [ is also almost-sure
eventually synchronizing in R. ]

From the proof of Lemma 12 (last sentence), it follows that if the MDP M
is limit-sure eventually synchronizing in R with support in Z, then M is also
almost-sure eventually synchronizing in R. Since almost-sure synchronization
implies limit-sure synchronization by definition, the two notions coincide in this
case.

Z two sets of states in an MDP such that
Z where r > 0, we have (1) (sump,Z) =

limit

Corollary 13. Given R C
Pre"(R) = R and Pre"(Z) =
(1) eimost (sump).

Since deciding limit-sure reachability is PTIME-complete, it follows from
Lemma 12 that limit-sure eventually synchronizing (with exact support) can be
decided in EXPTIME.

We show in Lemma 14 that the problem can be solved in PSPACE by ex-
ploiting the special structure of the exponential MDP used in Lemma 12. We
conclude this section by Lemma 17 showing that limit-sure eventually synchro-
nizing with exact support is PSPACE-complete (even in the special case where
the support is the whole state space).

Lemma 14. The membership problem for limit-sure eventually synchronizing
with exact support is in PSPACE.

Proof. We present a (nondeterministic) PSPACE algorithm to decide, given
an MDP M = (Q,A,d), a state gnit, and two sets T C U, whether gt is
limit-sure eventually synchronizing in T' with support in U.

First, the algorithm computes numbers k& > 0 and r > 0 such that for
R = Pre®(T) and Z = Pre*(U) we have Pre"(R) = R and Pre"(Z) = Z. As
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discussed before, this can be done by guessing k,r < 3!9l. By Lemma 11, we

have
(D) iimere (sump, U) = (1) et (sump, Z) U (1) sore” (sumr),

limit limit sure

and since sure eventually synchronizing in T can be decided in PSPACE (by
Theorem 2), it suffices to decide limit-sure eventually synchronizing in R with
support in Z in PSPACE. According to Lemma 12, it is therefore sufficient to
show that deciding limit-sure winning for the (standard) reachability objective
O(R x {0}) in the MDP Mz x [r] can be done in polynomial space. As we
cannot afford to construct the exponential-size MDP Mz x [r], the algorithm
relies on the following characterization of the limit-sure winning set for reach-
ability objectives in MDPs. It is known that the winning region for limit-sure
and almost-sure reachability coincide [24], and pure memoryless strategies are
sufficient. Therefore, we can see that the almost-sure winning set W for the
reachability objective (R x {0}) satisfies the following property: there exists
a memoryless strategy a : W — A such that:

(1) W is closed, that is post(q, a(q)) C W for all ¢ € W, and

(2) in the graph of the Markov chain M («), for every state ¢ € W, there is a
path (of length at most |WW|) from ¢ to some state in R x {0}.

This property ensures that from every state in W, the target set R x {0} is
reached within |WW| steps with positive (and bounded) probability, and since W
is closed it ensures that R x {0} is reached with probability 1 in the long run.
Thus any set W satisfying the above property is almost-sure winning.

Our algorithm will guess and explore on the fly a set W to ensure that it
satisfies this property, and contains the state (gnit,t) for some ¢ < r. As we
cannot afford to explicitly guess W (remember that W could be of exponential
size), we decompose W into slices Wy, W71, ... such that W; C @ and W; x {—i
mod r} = W N (Q x {—i mod r}). We start by guessing Wy, and we use
the property that in Mz x [r], from a state (g, j) under all Z-safe actions, all
successors are of the form (-,7 — 1). It follows that the successors of the states
in W; x {—i} should lie in the slice W;;1 x {—i — 1}, and we can guess on
the fly the next slice W;11 C @ by guessing for each state ¢ in a slice W; an
action a4 such that |J,cy, post(q,aq) € Wit1. Moreover, we need to check
the existence of a path from every state in W to R x {0}. As W is closed,
it is sufficient to check that there is a path from every state in Wy x {0} to
R x {0}. To do this we guess along with the slices Wy, Wy,... a sequence of
sets Py, P1,... where P; C W; contains the states of slice W; that belong to the
guessed paths. Formally, Py = Wy, and for all ¢ > 0, the set P;;1 is such that
post(q, aq) N Piy1 # @ for all ¢ € P/ (where P/ = P; \ R if ¢ is a multiple of r,
and P/ = P; otherwise), that is P;41 contains a successor of every state in P;
that is not already in the target R (at position 0 modulo 7).

We need polynomial space to store the first slice Wy, the current slice W;
and the set P;, and the value of ¢ (in binary). As Mgz x [r] has |Q)| - r states,
the algorithm runs for |@| - r iterations and then checks that:
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(1) Wg|.r € Wy to ensure that W = J W; x {i mod r} is closed,

i<[Q[-r

2) Pg|., = & showing that from every state in Wy x {0} there is a path to
lQl
R x {0} (and thus also from all states in W), and

(3) the state gt occurs in some slice W;.

The correctness of the algorithm follows from the characterization of the almost-
sure winning set for reachability in MDPs: if some state (ginit,t) is limit-sure
winning, then the algorithm accepts by guessing (slice by slice) the almost-sure
winning set W and the paths from Wy x {0} to R x {0} (at position 0 modulo
r), and otherwise any set (and paths) correctly guessed by the algorithm would
not contain gt in any slice. O

It follows from the proof of Lemma 12 that all winning modes for eventually
synchronizing are independent of the numerical value of the positive transition
probabilities.

Corollary 15. Let u € {sure,almost,limit} and T C U be two sets. For two
distributions d,d" with Supp(d) = Supp(d’), we have d € {(1))="" (sumr,U) if
and only if d' € (1))5"*™ (sumr,U).

Remark 16. Corollary 15 ensures that knowing the support of the initial dis-
tribution is sufficient to establish that it is eventually synchronizing. However,
this corollary should be used carefully in the case of limit-sure eventually syn-
chronizing: given a support S C Q, if for all € > 0 there exists a distribution d.
with support S that is eventually (1 — €)-synchronizing, this does not imply that
the distributions with support S are limit-sure eventually synchronizing.

For example, consider an MDP with set of states @ = {q1,q2}, self-loops
on both q1 and qa, and target set T = {q1} (with function sumr). For e > 0,
the initial distribution d defined by d(q1) = 1 — ¢ and d(g2) = € has support
S = Q and ensures probability 1 —e in T'. Thus for all € > 0, we have an initial
distribution that satisfies the requirement, but the uniform distribution over S
is obviously not limit-sure eventually synchronizing in T.

To establish the PSPACE-hardness for limit-sure eventually synchronizing
in MDPs, we use a reduction from the universal finiteness problem for 1L-AFAs.

Lemma 17. The membership problem for (1)5'¢" (sumr) is PSPACE-hard
even if T is a singleton.

Proof. We show the result by a reduction from the universal finiteness prob-
lem for one-letter alternating automata (1L-AFA), which is PSPACE-complete
(by Lemma 6). It is easy to see that this problem remains PSPACE-complete
even if the set T of accepting states of the 1L-AFA is a singleton, and given
the tight relation between 1L-AFA and MDP (see Section 2.4), it follows from
the definition of the universal finiteness problem that deciding, in an MDP M,
whether the sequence Pre'y((T) # & for all n > 0 is PSPACE-complete.
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Figure 10: Sketch of the reduction to show PSPACE-hardness of the membership problem for
limit-sure eventually and almost-sure weakly synchronizing.

The reduction is as follows (see also Figure 10). Given an MDP M =
(Q,A,d) and a singleton T C @, we construct an MDP N = (Q’, A’,§’) with
state space Q' = Q W {qinit} such that Prely,(T) # @ for all n > 0 if and only
if ginit is limit-sure eventually synchronizing in 7. The MDP N is essentially
a copy of M with alphabet A W {#} and the transition function on action f is
the uniform distribution on ) from g, and the Dirac distribution on g,z from
the other states ¢ € Q). There are self-loops on gyt for all other actions a € A.
Formally, the transition function ¢’ is defined as follows, for all ¢ € Q:

e §(q,a) = 5(q,a) for all a € A (copy of M), and & (q, #)(ginit) = 1;

o & (qinit, @)(ginit) = 1 for all a € A, and &' (Ginit, ) (q) = ﬁ

We establish the correctness of the reduction as follows. For the first di-
rection, assume that Prely(T) # & for all n > 0. Then since N embeds a
copy of M it follows that Prely,(T) # & for all n > 0 and there exist num-
bers ko, < 2/9 such that Pref? ™" (T) = Prej’i? (T') # @. Using Lemma 11 with
k=koand R = Prej’i? (T) (and U = Z = @' is the trivial support), it is sufficient
to prove that ginit € (1) (R) to get ginie € (1)) 5221 (T) (in V). We show the
stronger statement that ginit is actually almost-sure eventually synchronizing in
R with the pure strategy a defined as follows, for all play prefixes p (let m = |p|

mod r):
o if Last(p) = ginit, then a(p) = §;
e if Last(p) = ¢ € @, then

— if ¢ € Prel\y " (R), then «a(p) plays a R-safe action at position 7 — m;

— otherwise, a(p) = 4.
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The strategy a ensures that the probability mass that is not (yet) in the
sequence of predecessors Prel;(R) goes to ginit, where by playing f at least a
fraction ﬁ of it would reach the sequence of predecessors (at a synchronized

position). It follows that after 2i steps, the probability mass in ginit is (1 — ‘Tlg‘)z

and the probability mass in the sequence of predecessors is 1 — (1 — ﬁ)l For

1 — o0, the probability in the sequence of predecessors tends to 1 and since
Prely/(R) = R for all positions n that are a multiple of r, we get sup, M%(R) =1
and ginie € (1) 515000 (12)-

For the converse direction, assume that ginie € (1))52¢%(T') is limit-sure even-
tually synchronizing in 7. By Lemma 11, either (1) ginit is limit-sure eventually
synchronizing in Prej,(T) for all n > 0, and then it follows that Prej (T') # @
for all n > 0, or (2) gnit is sure eventually synchronizing in 7', and then since
only the action £ leaves the state ginit (and post(ginit, ) = @), the characteriza-
tion of sure eventually synchronizing in Lemma 7 shows that @ C Prei/(T) for
some k > 0, and since Q C Prex(Q) and Prex(-) is a monotone operator, it
follows that @ C Prei(T) for all n > k and thus Prej,(T) # @ for all n > 0.
We conclude the proof by noting that Pre’y,(T") = Prej,(T) N @ and therefore
Prely (T) # @ for all n > 0. m|

The example in the proof of Lemma 8 can be used to show that the mem-
ory needed by a family of strategies to win limit-sure eventually synchronizing
objective (in target T = {¢2}) is unbounded. Observe that given £ > 0, the re-
quired memory to accumulate 1 —¢ in T is finite, but the memory size increases
and cannot be bounded as ¢ tends to 0. The following theorem summarizes the
results for limit-sure eventually synchronizing.

Theorem 4. For limit-sure eventually synchronizing (with or without exact
support) in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Unbounded memory is required for both pure and randomized
strategies, and pure strategies are sufficient.

4. Weakly Synchronizing

We establish the complexity and memory requirement for weakly synchro-
nizing objectives. We show that the membership problem is PSPACE-complete
for sure and almost-sure winning, that exponential memory is necessary and
sufficient for sure winning while infinite memory is necessary for almost-sure
winning, and we show that limit-sure and almost-sure winning coincide. By
Lemma 4, the complexity results established in this section for function sump
hold for function maxy as well.

The weakly synchronizing objective is reminiscent of a Biichi objective in the
distribution-based semantics: it requires that in the sequence of distributions
of an MDP M under strategy o« we have limsup,, ..  M%(T) = 1 (and that
ME(T) =1 for infinitely many n in the case of sure winning).

33



The sure winning mode can be solved by a technique similar to the search
for a lasso in Biichi automata [62] (Section 4.1). We show that the almost-sure
winning mode can be solved by a reduction analogous to the case of eventually
synchronizing (Section 4.2). For the limit-sure winning mode, we show that
it coincides with the almost-sure winning mode. The proof of this result is
technical and requires a careful characterization of the limit-sure winning mode.
We present examples to provide intuitive illustration of the proof (Section 4.3).

4.1. Sure weakly synchronizing

The PSPACE upper bound of the membership problem for sure weakly syn-
chronizing is obtained by the following characterization.

Lemma 18. Let M be an MDP and T be a target set. For all states ginit, we
have

Ginit € (1) 2k (sumq) if and only if there exists a set S C T such that

sure

Ginit € Pre™(S) for some m >0 and S C Pre™(S) for some n > 1.

Proof. First, if gnix € (1)“°%W (sumr), then let a be a sure winning weakly
synchronizing strategy. Then there are infinitely many positions n such that
ME(T) = 1, and since the state space is finite, there is a set S of states such
that for infinitely many positions n we have Supp(M%) = S and M(T) = 1,
and thus S C T. By the characterization of sure eventually synchronizing in
Lemma 7, it follows that g, € Pre™(S) for some m > 0, and by considering
two positions n; < ny where Supp(M;, ) = Supp(Ms)) = S, it follows that
S C Pre"(S) forn=ng —ng > 1.

The reverse direction is straightforward by considering a strategy a that
ensures M% (S) = 1 for some m > 0, and then ensures that the probability mass
from all states in S remains in S after every multiple of n steps where n > 0 is
such that S C Pre™(S), showing that « is a sure winning weakly synchronizing
strategy in S (and thus in T') from ginir, thus ginie € (1)“°%% (sum7). Note that
« is a pure strategy. O

The PSPACE upper bound follows from the characterization in Lemma 18.
A (N)PSPACE algorithm is to guess the set S C T, and the numbers m, n (with
m,n < 2|9 since the sequence Pre"(S) of predecessors is ultimately periodic),
and check that ginie € Pre”™(S) and S C Pre"(S). We present a matching
PSPACE lower bound in the following lemma.

Lemma 19. The membership problem for {(1)“%W (symz) is PSPACE-hard
even if T is a singleton.

Proof. We show the result by a reduction from the membership problem for
(1) cvent (sumy) with a singleton T, which is PSPACE-complete (Theorem 2).
From an MDP M = (Q,A,§) with initial state gz and target state §, we
construct another MDP A = (Q’,A’,d’) and a target state p such that gt €

{1)event(4) in M if and only if gnie € (1)“%*W () in N.

sure sure
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'MDP M

OROIy

Figure 11: The reduction sketch to show PSPACE-hardness of the membership problem for
sure weakly synchronizing in MDPs.

The MDP N is a copy of M with two new states p and sink that are reachable
only by a new action f (see Figure 11). Formally, Q' = Q U {p,sink} and
A’ = AU {#}. The transition function ¢’ is defined as follows: §'(g,a) = (g, a)
for all states ¢ € Q and a € A, d(¢,#)(sink) = 1 for all ¢ € Q" \ {¢} and
4(4,8)(p) = 1. The state sink is absorbing and from state p all other transitions
lead to the initial state, i.e. d(sink,a)(sink) = 1 and §(p,a)(ginit) = 1 for all
a € A.

We establish the correctness of the reduction as follows. First, if ¢z €
{1)eeent(4) in M, then let a be a sure winning strategy in M for eventually
synchronizing in {G}. A sure winning strategy in A for weakly synchronizing
in {p} is to play according to « until the whole probability mass is in §, then
play g followed by some a € A to visit p and get back to the initial state ginit,
and then repeat the same strategy from gnie. Hence, ginit € (1)2%W (p) in N.

sure

Second, if gnir € (1))2°%W (p) in N, then consider a strategy o such that
N2(p) =1 for some n > 0. By construction of N, it follows that N () = 1,
that is all path-outcomes of « of length n — 1 reach ¢, and « plays f in the
next step. If a never plays f before position n — 1, then « is a valid strategy
in M up to step n — 1 and it shows that ginix € (1))2¢"(§) is sure winning in
M for eventually synchronizing in {G}. Otherwise let m be the largest number
such that there is a finite path-outcome p of « of length m < n — 1 with
# € Supp(a(p)). Thus between position m and n — 1, the strategy a does not
play #. Note that the action # can be played by « only in the state ¢, and thus
Last(p) = ¢. Hence two steps later, in the path-outcome p’ of length m + 2
that extends p, we have Last(p’) = @it Since the action f is not played by
o until position n — 1, after position m + 2 in p’ the strategy o corresponds
to a valid strategy from Last(p’) in M that brings all the probability mass of
Last(p’) = Ginit to ¢, witnessing that ginit € (1)S27 (). O

The proof of Lemma 18 suggests an exponential-memory pure strategy for
sure weakly synchronizing that in ¢ € Pre™(S) plays an action a such that
post(q,a) C Pre” !(S), which can be realized with exponential memory since

n < 2@ Tt can be shown that exponential memory is necessary in general,
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using an argument similar to the proof of exponential memory lower bound for
sure eventually synchronizing (Theorem 2), and by modifying the MDPs M,,
(illustrated in Figure 7) as follows: let the transitions from state ¢r go to ginit
(instead of the absorbing state ¢, ).

Theorem 5. For sure weakly synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Exponential memory is necessary and sufficient for both pure
and randomized strategies, and pure strategies are sufficient.

4.2. Almost-sure weakly synchronizing

We present a characterization of almost-sure weakly synchronizing that gives
a PSPACE upper bound for the membership problem. Our characterization,
similar to Lemma 9 for almost-sure eventually synchronizing, uses the limit-
sure eventually synchronizing objectives with exact support introduced in Sec-
tion 3.2. We show that an MDP is almost-sure weakly synchronizing in target T
if (and only if), for some set U, there is a sure eventually synchronizing strategy
in target U, and from the probability distributions with support U there is a
limit-sure winning strategy for eventually synchronizing in Pre(T") with support
in Pre(U). This ensures that from the initial state we can have the whole prob-
ability mass in U, and from U have probability 1 — in Pre(T) (and in T in the
next step), while the whole probability mass is back in Pre(U) (and in U in the
next step), allowing to repeat the strategy for ¢ — 0, thus ensuring infinitely
often probability at least 1 — e in T (for all € > 0).

Lemma 20. Let M be an MDP and T be a target set. For all states ginit, we
have ginir € <<1>>7:;Z];lsyt(sumT) if and only if there exists a set U of states such
that

® Ginit € (L) ot (sumy ), and

sure

o dy € (1)rert (sumpye(r), Pre(U)) where dy is the uniform distribution
over U.

Proof. First, if ginie € (1)“°**% (sumy), then there exists a strategy a such
that for all i > 0 there exists n; € N such that My (T') > 1—27"*, and moreover
nit1 > n; for all i > 0. Let s; = Supp(M ) be the support of My, . Since
the state space is finite, there is a set U that occurs infinitely often in the
sequence Ss1 .. ., thus for all & > 0 there exists mj, € N such that Mg, (T) >
1—27% and M, (U) = 1. It follows that « is sure eventually synchronizing in
U from @init, i-e. init € (1)¢27 (sumyr). Moreover, we can assume that my; >
my for all k > 0 and thus M is also limit-sure eventually synchronizing in Pre(T")

with exact support in Pre(U) from the initial distribution® d; = M$, . Since

3Note that the initial distribution di = Mﬂll can be fixed before the other quantifications
in the statement that we want to prove, namely: 3d; € D(U) Ve > 0-3a- Imy, : Mg, (T) >
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Supp(dy) = U = Supp(dy) and since only the support of the initial probability
distributions is relevant for the limit-sure eventually synchronizing objective
(Corollary 15), it follows that dy € (1)) 52" (sumpye(r), Pre(U)).

To establish the converse, note that since dy € (1)) ;27 (sumpye(r), Pre(U)),
it follows from Corollary 15 that from all initial distributions with support in U,
for all € > 0 there exists a strategy a. and a position n. such that Mg:(T) >
1 —¢ and M;:(U) = 1. We construct an almost-sure weakly synchronizing

strategy « as follows:

e Since ginir € (1)) (sumy ), play according to a sure eventually synchro-

nizing strategy from gjny until all the probability mass is in U.
e Then for i = 1,2,... and ¢; = 2%, repeat the following procedure:

— given the current probability distribution, play according to a., for
ne, steps (ensuring probability mass at least 1 — 27 in Pre(T) and
support of the probability mass in Pre(U));

— then from states in Pre(T"), play an action to ensure reaching 7" in
the next step, and from states in Pre(U) ensure reaching U.

— continue playing according to a., , for n.,,, steps, etc.

Since ne; +1 > 0 for all ¢ > 0, this strategy ensures that limsup,,_, .. M3 (T) =1
from ginit, hence ginie € (1)%¢% (sumr). Note that this strategy is pure. O

almost

Since the membership problems for sure eventually synchronizing and for
limit-sure eventually synchronizing with exact support are PSPACE-complete
(Theorem 2 and Theorem 4), the membership problem for almost-sure weakly
synchronizing is in PSPACE by guessing the set U, and checking that g €
(I)soert(sumy), and that dy € (1)52" (sumpre(ry, Pre(U)). We establish a

sure limit

matching PSPACE lower bound.

Lemma 21. The membership problem for (1)“¢“*™ (sumq) is PSPACE-hard

almost
even if T is a singleton.

Proof. We use the same reduction and construction as in the PSPACE-
hardness proof of Lemma 17 where from an MDP M and a singleton T', we con-
structed N and ginit. Referring to that construction, we show that Prey,(T') # @
for all n > 0 if and only if g € (1)“C**% (T).

almost

First, if Pre'y,(T) # & for all n > 0, then by Lemma 20 we need to show that
(i) ginie € (1) " (sumq), and (ii) dg € (1) fer (sumpre(r), Pre(Q)) where dg
is the uniform distribution over Q). To show (i), we can play f from g to get

1 — 27% where we compute M® with initial distribution d;. This is because we fixed the
strategy « in the first step of the proof, and this is why we need that g, is almost-sure
weakly synchronizing. Otherwise, if gjn¢ is only limit-sure weakly synchronizing, we would
get a possibly different initial distribution d; for each € > 0 (induced by a possibly different
strategy « for each ) which would be problematic (see the example in Remark 16, p.31).
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Figure 12: An example to show giniz € «1»?;;;:121:13/ (qa) implies ginit € <(1>>Zjﬁiﬁl§2 (qa).

the probability mass synchronized in ). To show (i), since playing § from dg
ensures to reach gnit, it suffices to prove that g € (1))£2% (sumr, Q), which
is done in the proof of Lemma 17.

For the converse direction, if gt is almost-sure weakly synchronizing in 7T,
then gt is also limit-sure eventually synchronizing in 7', and we can directly
use that argument in the proof of Lemma 17 to show that Prely,(T) # & for
all n > 0.

It follows from this reduction that the membership problem for almost-sure
weakly synchronization is PSPACE-hard. |

It is easy to show that winning strategies require infinite memory for almost-
sure weakly synchronizing in the same example that we used in the proof of
Lemma 8 to show that infinite memory may be necessary for almost-sure even-
tually synchronizing (Figure 8),

Theorem 6. For almost-sure weakly synchronizing in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Infinite memory is mecessary in general for both pure and
randomized strategies, and pure strategies are sufficient.

4.8. Limit-sure weakly synchronizing

We show that the winning regions for almost-sure and limit-sure weakly
synchronizing coincide. The result is not intuitively obvious (recall that it does
not hold for eventually synchronizing, by Lemma 3(éi)) and requires a careful
analysis of the structure of limit-sure winning strategies to show that they always
imply the existence of an almost-sure winning strategy. The construction of an
almost-sure winning strategy from a family of limit-sure winning strategies is
illustrated in the following example.

Consider the MDP M5 in Figure 12 with initial state ¢,; and target set
T = {q4}. Note that there is a relevant strategic choice only in g3, where we can
either loop through g¢o, or go to the target 4. First we argue that M5 is limit-
sure weakly synchronizing, then we explain why limit-sure weakly synchronizing
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implies that we can construct an almost-sure weakly synchronizing strategy in
this example, using the same line of arguments as in our proof of the general
result (that limit-sure winning implies almost-sure winning) presented further
as Lemma 22, Lemma 23, and Theorem 7.

4.3.1. The MDP M2 is limit-sure weakly synchronizing
To show that Mjs (Figure 12) is limit-sure weakly synchronizing, we rely
on the following claims:

® (init is limit-sure eventually synchronizing with target T = {q4};

® ¢4, which can be viewed as a uniform distribution over T, is also limit-
sure eventually synchronizing with target 7' = {qs} (even after at least
one step).

The above claims hold since for arbitrarily small € > 0, from both ¢,;; and
qa, we can inject probability mass 1 — ¢ in g3 (by playing a long enough in g¢s3),
and then switching to playing b in g3 gets probability 1 — e in T'.

Now, these two claims are sufficient to show that ¢,;; is limit-sure weakly
synchronizing in T = {q}, and to define a family a. of limit-sure winning
strategies as follows: given € > 0, let a. play from ginix a strategy to ensure
probability at least p; = 1 — 5 in ¢4 (in finitely many steps), and then play
according to a strategy that ensures from g4 probability p» = p; — § in g4 (in
finitely many, and at least one step), and repeat this process using strategies
that ensure, if the probability mass in g4 is at least p;, that (in at least one
step) the probability in g4 is at least p;y1 = p; — 55r. It follows that p; =
1-5—5—— 57 > 1—¢foralli > 1, and thus limsup,_, ., pi > 1—¢, thus a.
is weakly (1 —¢)-synchronizing. Therefore g is limit-sure weakly synchronizing
for target {q4}.

Lllustration of Lemma 23. We show in Lemma 23 that in general the above
two claims hold in a limit-sure weakly synchronizing MDP (and it is easy to
generalize the argument we used for M2 to show that the converse implication
of Lemma 23 holds as well, although we do not need to prove this for our pur-
pose). Hence, Lemma 23 shows that limit-sure weakly synchronizing strategies
can always be decomposed as a repetition of eventually (1 — ¢)-synchronizing
strategies, played for finitely many steps (and with decreasing ).

4.3.2. The MDP M2 is almost-sure weakly synchronizing
The following claims are central to show that Mo (Figure 12) is almost-sure
weakly synchronizing (note the slight difference with the claims in Section 4.3.1):

® (init is limit-sure eventually synchronizing with target {qs};

e ¢4, which can be viewed as a uniform distribution over T, is also limit-sure
eventually synchronizing with target {gs}.
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The above claims hold by the exact same argument as in Section 4.3.1 (and
follow directly from the fact that M2 is limit-sure weakly synchronizing). In-
tuitively, an almost-sure weakly synchronizing strategy in Mjo repeats the fol-
lowing phases (informally):

1. accumulate probability mass (arbitrarily close to 1, say 1 — &¢) in gs;
2. transfer the probability mass from g3 to qu;
3. given the current distribution, decrease ¢ by half and repeat from (1.).

Such a strategy would ensure, for all € > 0, probability mass at least 1 —¢ in
q4 infinitely often, and thus it is almost-sure weakly synchronizing. To show that
such a strategy exists and is well defined, we need to show that at every iteration
from the distribution at the beginning of step (1.) we can indeed accumulate
probability mass in g3. This is true in the first iteration, as we start from ginjt-
After one iteration, the distribution has support S = {¢1, g2, ¢4} = {q1, g2} U{qa}
where the distributions over {q1, g2} are limit-sure eventually synchronizing to
{¢g3} (by analogous argument as the first claim above), and ¢4 is also limit-
sure eventually synchronizing to {¢3} (by the second claim above). In the next
iterations, from the distribution at step 1 the situation is similar (as in fact all
states are limit-sure weakly synchronizing with target {qs}).

Lllustration of Theorem 7 (claim 1 of the proof). The state g3 plays a crucial
role here because {g3} = Pre(T) and {¢3} = Pre?*({gs}), thus R = {¢s} occurs
infinitely often in the sequence Pre’(T)) (for i > 0), which is ultimately periodic
with period r = 2. It follows from the general result established in Claim 1 of the
proof of Theorem 7 that limit-sure weakly synchronizing with target T = {q4}
implies limit-sure eventually (and even almost-sure weakly) synchronizing with
target {gs}.

Intuitively, from the fact that the distributions over both {q1,¢2} and {q4}
are limit-sure eventually synchronizing to {gs}, it may not be obvious that the
distributions over {q1,¢2,q4} are limit-sure eventually synchronizing to {gs}.
For instance in the example of Mis (Figure 12), (almost all) the probability
mass in T' = {q4} can move to g3 in an even number of steps, while from {q1, g2}
an odd number of steps is required, resulting in a shift of the probability mass.

Tllustration of Theorem 7 (claim 2 of the proof). Although, the simplest strat-
egy accumulates probability mass in g3 after even number of steps from {q4},
by repeating the same strategy two times from g4 (injecting large probability
mass in g3, moving to g4, and injecting in ¢3 again), we can accumulate proba-
bility mass in g3 after odd number of steps from {q4}, thus in synchronization
with the probability mass accumulated in g3 from {q1,g2}. However, by doing
that, we also hit several other states and the remaining (small) probability mass
is distributed over support {q1, ¢2, 43, ¢4, g5, g6} when the next iteration starts.
By a similar argument, we can again construct a strategy to implement the
phases described above, and this can be done for all iterations and for ¢ — 0.
Indeed, the result of Claim 2 in the proof of Theorem 7 shows that by repeating
strategies with shifting, we can eventually synchronize all the shifts.
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Figure 13: The state g2 is vanishing for target set T' = {q2, g3} and strategies (a);cn where o
repeats playing ¢ times a, then playing b forever.

Vanishing states and Lemma 22. In the example of M;o (Figure 12), the target
T is a singleton, which makes the result easier to prove than for an arbitrary set
T. In particular, the second claim at the beginning of this section (that g4 is
limit-sure eventually synchronizing with target {¢gs}) follows from the fact that
@4 is limit-sure weakly synchronizing to itself: it is easy to argue that if the
probability is infinitely often arbitrarily close to 1 in T' = {q4}, then (starting
with probability 1) from g4 there must be a way to inject (almost all) the
probability mass back to g4 (via ¢3). However, if T is not a singleton, the same
argument is more difficult because when the probability mass is 1—¢ in 7', it may
still be that some state ¢ in T holds only a tiny (less than €) probability mass,
which makes it more difficult to argue that we must be able to inject (almost
all) the probability mass from ¢ back to T (because if the tiny probability in ¢
could not be injected at all in 7', there would be no contradiction to the fact
that probability 1 — ¢ is in T infinitely often).

Therefore, given an arbitrary target set 7', we need to get rid of the states in
T that do not contribute a significant (i.e., bounded away from 0) probability
mass in the limit, that we call the vanishing states. We show that the vanishing
states can be removed from T without changing the winning region for limit-
sure winning. When the target set has no vanishing state, we can construct an
almost-sure winning strategy similarly to the case of a singleton target set.

Given an MDP M with initial state ginic € (1)““**% (sum) that is limit-sure
winning for the weakly synchronizing objective in target set T, let (a;);en be a
family of limit-sure winning strategies such that limsup,, , ., M%(T) > 1 —¢;
where lim; ,,,€; = 0. Hence, by definition of limsup, for all ¢ > 0 there
exists a strictly increasing sequence k;o < k;1 < --- of positions such
that MZ‘J (T) > 1 —2¢; for all j > 0. A state ¢ € T is vanishing if
liminf;_, o liminf; o ./\/lg] (q) = 0 for some family of limit-sure weakly syn-
chronizing strategies (a;)ien. Intuitively, the contribution of a vanishing state
q to the probability in T tends to 0 and therefore M is also limit-sure winning
for the weakly synchronizing objective in target set T\ {¢}.
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Ezxample. Consider the MDP in Figure 13 where all transitions are deterministic
except from the initial state gini;. The state g,i; has two successors on all actions:

1
=5
Let T = {g2,q3} be the target set and for all i € N, let «; be the strategy
that repeats forever the following template in every state: playing ¢ times a
and then playing b. The family of strategies («;)ien is a witness to show that
Ginit € (1)2°M (sumr) where the state go is a vanishing state. The contribution
of g2 in accumulating the probability mass in {g2,¢3} tends to 0 when i — oo.
As a result, ginie € (1) (g3) too.

limsit

3 (Ginit> @) (Ginit) = 0(Ginit, @)(q1) = % and  6(ginit, 0)(Ginit) = 0 (Ginit, 0)(q2)

4.8.8. Proof that limit-sure weakly and almost-sure weakly coincide
We present the formal proof of the main result (Theorem 7) along with the
intermediate lemmas that we illustrated in Section 4.3.1 and Section 4.3.2.

Lemma 22. If an MDP M is limit-sure weakly synchronizing in target set T,
then there exists a set T' C T such that M is limit-sure weakly synchronizing
n T' without vanishing states.

Proof. If there is no vanishing state for (o;)icn, then take 77 = T and
the proof is complete. Otherwise, let («;);en be a family of limit-sure winning
strategies such that limsup,, ,. M (T) > 1 — ; where lim;_,oc €; = 0 and let
¢ be a vanishing state for («;);en. We show that (o;)sen is limit-sure weakly
synchronizing in T\ {q}. For every i > 0 let k;o < k;1 < --- be a strictly
increasing sequence such that (a) My’ (T) = 1 — 2¢; for all 4,j > 0, and (b)
lim inf; o0 lim infj 0o M7 (q) =0.

It follows from (b) that for all £ > 0 and all # > 0 there exists i > z such
that for all y > 0 there exists j > y such that ./\/lg] (¢) < €, and thus

Mgii,j (T\ {Q}) 2 1-— 2‘€i — £

by (a). Since this holds for infinitely many 4’s, we can choose i such that ¢; < &
and we have
lim sup MZ‘ZJ (T\{q})>1-3¢
j—o0
and thus
limsup MS(T\ {q}) > 1— 3¢
n—oo
since the sequence (k; j)jen is strictly increasing. This shows that (o)ien is
limit-sure weakly synchronizing in T\ {¢}.
By repeating this argument as long as there is a vanishing state (thus at
most |T'| — 1 times), we can construct the desired set 77 C T' without vanishing
state. O

For a limit-sure weakly synchronizing MDP in target set T' (without van-
ishing states), we show that from a probability distribution with support 7', a
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probability mass arbitrarily close to 1 can be injected synchronously back in
T (in at least one step), that is dp € (1){2¢" (sumpye(r)). The same holds
from the initial state ginix of the MDP. This property is the key to construct an
almost-sure weakly synchronizing strategy.

Lemma 23. If an MDP M with initial state gnix is limit-sure weakly syn-
chronizing in o target set T without vanishing states, then we have gnix €
<<1>>Z“72?tt(sumpre(;p)) and dr € <<1>>Z“72?tt(sumpre(;p)) where dr is the uniform dis-
tribution over T.

Proof. As ginit € (1)““* (sump) and (1) (sumqp) C (1) (sumy)

limit limit limit
(Remark 1), we have ginie € (1))52¢" (sumy) and thus it suffices to prove that
dp € (1) 52ent (sumpre(ry). This is because then from ginit, probability arbitrarily
close to 1 can be injected in Pre(T) through a distribution with support in T’
(since by Corollary 15 only the support of the initial probability distribution is
important for limit-sure eventually synchronizing).

Let (a;)ien be a family of limit-sure winning strategies such that

limsup M (T) > 1 — ¢; where lim ¢; =0,

n— o0 71— 00
and such that there is no vanishing state. For every ¢ > 0 let k; o < k;1 < ---

be a strictly increasing sequence such that MZ‘ZJ (T) > 1—2¢; for all 4,5 > 0,
and let 1

Z‘ZJ (q) = ligg}f hjrggolf gg%l MZ‘ZJ (q).

B = min liminf lim inf M
qeT 11— Jj—o0
Note that B > 0 since there is no vanishing state. It follows that there exists z >
0 such that for all ¢ > x there exists y; > 0 such that for all j > y; and allg € T
we have M* (q) > =
Given v > 0, let ¢« > x such that ¢; < %, and for j > y;, consider the
positions ny = k; ; and ny = k; j11. We have n; < ny and M (T) > 1 — 2¢;
and M2 (T) > 1 — 2¢;, and MSi(q) > £ for all ¢ € T. Consider the strategy
B that plays like «; plays from position ny and thus transforms the distribution
M into Myi. For all states ¢ € T, from the Dirac distribution on ¢ under
strategy [, the probability to reach @ \ T' in no — ny steps is thus at most
Mt (Q\T) _ 26
Mii(e) — B/2
Therefore, from an arbitrary probability distribution with support T we have
Mﬁz_m (T) > 1 — v, showing that dr is limit-sure eventually synchronizing in
T and thus in Pre(T) since ny —ny > 0 (it is easy to show that if the mass of
probability in T is at least 1 — v, then the mass of probability in Pre(T) one
step before is at least 1 — % where 7 is the smallest positive probability in M).
O

<.

To show that limit-sure and almost-sure winning coincide for weakly synchro-
nizing objectives, from a family of limit-sure winning strategies we construct an
almost-sure winning strategy that uses the eventually synchronizing strategies
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of Lemma 23. The construction consists in using successively strategies that
ensure probability mass 1 —¢; in the target T, for a decreasing sequence €; — 0.
Such strategies exist by Lemma 23, both from the initial state and from the set
T. However, the mass of probability that can be guaranteed to be synchronized
in T by the successive strategies is always smaller than 1, and therefore we need
to argue that the remaining mass of probability (of total size ;) scattered in
the state space can also get synchronized in 7', despite the variable shifts with
the main mass of probability.

Two main key arguments are needed to establish the correctness of the con-
struction: (1) eventually synchronizing implies that a finite number of steps is
sufficient to obtain a probability mass of 1 — g; in T', and thus the construction
of the strategy is well defined, and (2) by the finiteness of the period r (such
that R = Pre”(R) where R = Pre®(T) for some k) from every state, we can ac-
cumulate shifts such that their sum is 0 mod r, and thus the probability mass
from every state contributes (synchronously) to the probability accumulated in
the target.

Theorem 7. <<1>>ny;];ly(sumT) = <<1>>Z’;Z§g(sumT) for all MDPs and target
sets T'.

Proof. Since ((1)“C™™ (sump) C (AN““™ (sumqp) holds by the defini-

almost limat

tion, it is sufficient to prove that (1)1 (sumz) C (1)“C“™ (sums) and
weakly

by Lemma 22 it is sufficient to prove that if ginie € (1)) 5  (Sumz) is limit-
sure weakly synchronizing in T' without vanishing state, then gjn;t is almost-sure
weakly synchronizing in T'. If T has vanishing states, then consider 77 C T as
in Lemma 22 and it will follows that gt is almost-sure weakly synchronizing in
T’ and thus also in T. We proceed with the proof that ginie € (1) (sumq)

» limait
implies ginie € (1) oo (sume). ‘
For i = 1,2,... consider the sequence of predecessors Pre'(T), which is

ultimately periodic: let 1 < k,r < 2|9l such that Pre®(T) = Pre"*™(T), and let
R = Pre®(T). Thus R = Pre"™"(T) = Pre"(R).
Claim 1. We have ginix € {(1)€9¢™ (sump) and dr € (1)¢ve™  (sump).

almost almost

Proof of Claim 1. By Lemma 23, since there is no vanishing state in T we
have Ginie € (1) 527 (sumpyre(ry) and dp € (1) 27 (sumpye(r)). The character-
ization of the winning region for limit-sure eventually synchronizing given by
Lemma 11, and the fact that almost-sure and limit-sure coincide for eventually
synchronizing in the set R (Corollary 13) give the following:

o cither (1) gine € (L)E20 (sumprary) ot (2) i € (1S4, (sumpg), and

almost

o cither (a) dr € (L) (sumprery) or (b) dp € (L)ELRE (sump).

almost

We show that (a) implies (b), hence that (b) holds. Then we show that (1)
implies (2), hence that (2) holds. We conclude that both (2) and (b), which
establishes Claim 1.
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Figure 14: Sketch of the outcome of almost-sure eventually synchronizing strategies (with
shifts).

To show that (a) implies (b): by the characterization of sure eventually
synchronizing (Lemma 7), if (a) holds, then T' C Pre’(T) for some i > 1, and
thus T C Pre™(T) for all n > 0 by monotonicity of Pre’(-). This entails for
n-i > k that T C Pre"™(R) where m = (n-i—k) mod r and thus dr is sure (and
almost-sure) winning for the eventually synchronizing objective in target R (by
Lemma 7), hence (b) holds.

To show that (1) implies (2): if (1) holds, then we can play a sure-winning
strategy from gt to ensure in finitely many steps probability 1 in Pre(T") and
in the next step probability 1 in T, and by (b) play an almost-sure winning
strategy for eventually synchronizing in R. Hence, ginit € (1)) 0™ (sumpg), i.e.
(2) holds. The proof of Claim 1 is done.

We now show that there exists an almost-sure winning strategy for the
weakly synchronizing objective in target T. Recall that Pre"(R) = R and thus
once some probability mass p is in R, it is possible to ensure that the probability
mass in R after r steps is at least p, and thus that (with period r) the proba-
bility in R does not decrease. By the result of Lemma 12, almost-sure winning
for eventually synchronizing in R implies that there exists a strategy « such
that the probability in R tends to 1 at periodic positions: for some 0 < h < r
the strategy « is almost-sure eventually synchronizing in R with shift h, that
isVe >0-IN-Vn>N:n=h modr = M%R) > 1—¢e. We also say
that the initial distribution dy = Mg is almost-sure eventually synchronizing in
R with shift A. Almost-sure eventually synchronizing strategies with shift are
illustrated in Figure 14.

Claim 2.

(x) If M§ is almost-sure eventually synchronizing in R with some shift h, then
M is almost-sure eventually synchronizing in R with shift h —i mod r.

(xx) Let t such that dr is almost-sure eventually synchronizing in R with shift
t. If a distribution is almost-sure eventually synchronizing in R with some
shift h, then it is also almost-sure eventually synchronizing in R with shift
h+k+t modr (where we chose k such that R = Pre®(T)).
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Figure 15: Proof of Claim 2(x%) for Theorem 7.

Proof of Claim 2. The result (x) immediately follows from the definition of shift,
and we prove (xx) as follows. We show that almost-sure eventually synchronizing
in R with shift A implies almost-sure eventually synchronizing in R with shift
h+ k+t modr. The argument is illustrated in Figure 15. Intuitively, the
probability mass that is in R with shift h can be injected in T in k steps,
and then from T we can play an almost-sure eventually synchronizing strategy
in target R with shift ¢, thus a total shift of h + k +¢ mod r. Precisely, an
almost-sure winning strategy « is constructed as follows (Figure 15):

e given a finite prefix of play p, if there is no state ¢ € R that occurs in p
at a position n = h mod r, then play in p according to the almost-sure
winning strategy «j for eventually synchronizing in R with shift h;

e otherwise,

— if there is no ¢ € T that occurs in p at a position n = h + k mod r,
then we play according to a sure winning strategy cs, e for eventually
synchronizing in T,

— and otherwise we play according to an almost-sure winning strategy
ay from T for eventually synchronizing in R with shift ¢.

To show that « is almost-sure eventually synchronizing in R with shift A+ k+¢,
note that «y ensures with probability 1 that R is reached at positions n = h
mod 7 (see Figure 15). Consider positions h, h+7r, h+2r, ... and the probability
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Figure 16: Construction of an almost-sure weakly synchronizing strategy.

mass p; in R at position h 4 ir. Then for all € > 0, by considering sufficiently
long sequence of positions, we have ). p; > 1 — ¢ (Figure 14(a)). Since agure
is sure eventually synchronizing in T, we also have probability mass at least
p; in T at position h + k + ir. From the states in T the strategy o ensures
with probability 1 that R is reached at positions h + k +t mod r, thus for all
1 > 0, by considering sufficiently long sequence of positions (and Figure 14(b)),
we have probability mass at least >, p;- (1 —1n) > (1 —¢)- (1 —n) at in R at
some position h + k +t + ir, thus with shift h + k + ¢ (see also Figure 15). This
concludes the proof of Claim 2.

Construction of an almost-sure winning strategy. We construct strategies o, for
€ > 0 that ensure, from a distribution that is almost-sure eventually synchroniz-
ing in R (with some shift h), that after finitely many steps, a distribution d’ is
reached such that d’(T') > 1 — ¢ and d’ is almost-sure eventually synchronizing
in R (with some shift h’). Since ginix is almost-sure eventually synchronizing in
R (with some shift &), it follows that the strategy o, that plays successively the
strategies (each for finitely many steps) a 1,01, a1, is almost-sure winning
from ginit for the weakly synchronizing objective in target 7'

We define the strategies . as follows (the construction is illustrated in
Figure 16). Given an initial distribution that is almost-sure eventually synchro-
nizing in R with a shift A and given € > 0, let . be the strategy that plays
according to the almost-sure winning strategy ay for eventually synchronizing
in R with shift A for a number of steps n = h mod r until a distribution d is
reached such that d(R) > 1 — ¢, and then from d it plays according to a sure
winning strategy asure for eventually synchronizing in 7' from the states in R
(for k steps), and keeps playing according to «y, from the states in Q \ R (for k
steps). The distribution d’ reached from d after k steps is such that d’(T) > 1—¢
and we claim that it is almost-sure eventually synchronizing in R with shift ¢.
This holds by definition of ¢y from the states in Supp(d’) NT, and by (x) the
states in Supp(d’) \ T are almost-sure eventually synchronizing in R with shift
h—(h+k) mod r, and by (xx) with shift h — (h+k)+k+t="1.

It follows that the strategy a5 is well-defined and ensures, for all € > 0, that
the probability mass in T is infinitely often at least 1 — &, thus is almost-sure
weakly synchronizing in 7". This concludes the proof of Theorem 7. ]
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Figure 17: An example to show ginix € (1))
of a state in a simple deterministic cycle.

(maxq) reduces to synchronized reachability

5. Strongly Synchronizing

The strongly synchronizing objective is reminiscent of a coBiichi objec-
tive in the distribution-based semantics: with function sumqp it requires that
in the sequence of distributions of an MDP M under strategy a we have
liminf, oo M(T) = 1 (and that M%(T) = 1 from some point on in the case
of sure winning).

We show that the membership problem for strongly synchronizing objectives
can be solved in polynomial time, for all winning modes, and both with function
mazy (Section 5.1) and function sumr (Section 5.2). We show that linear-
size memory is necessary in general for mazr, and memoryless strategies are
sufficient for sumyp. It follows from our results that the limit-sure and almost-
sure winning modes coincide for strongly synchronizing.

5.1. Strongly synchronizing with function max

First, note that for strongly synchronizing the membership problem with
function maz7 reduces to the membership problem with function mazg where
@ is the entire state space, by a construction similar to the proof of Lemma 4:
states in @ \ T are duplicated, ensuring that only states in T are used to accu-
mulate probability.

The strongly synchronizing objective with function maz g requires that from
some point on, almost all the probability mass is at every step in a single
state. Intuitively, the sequence of states that contain almost all the probability
corresponds to a sequence of deterministic transitions in the MDP, and thus
eventually to a cycle of deterministic transitions.

Consider the MDP in Figure 17 with initial state g: all transitions are de-
terministic except from g,y where on both actions a and b, the successors are ¢;
and g5 with probability % The strategic choice is only relevant in ¢; where
0(q1,a)(g2) = 1 and 6(q1,b)(g3) = 1. We present a strategy such that the se-
quence of states that contain almost all the probability is the cycle ¢1¢291¢394q1
of deterministic transitions.
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The state ginit is almost-sure strongly synchronizing (according to function
maz) with the strategy « defined as follows, for all paths p such that Last(p) =
qr:

e if the number of occurrences of ¢; in p is odd (i.e., the length of p is 1
modulo 5), then play action a;

e if the number of occurrences of ¢; in p is even (i.e., the length of p is 3
modulo 5), then play action b.

The strategy a ensures the probability mass injected from gz in ¢ after ev-
ery other 5 steps loops in the cycle ¢1¢g2q1¢3qaqn (with length 5). Hence, the
probability mass from gt is always injected in g1 synchronously (i.e., when the
probability mass in the cycle is also in ¢1).

It follows that after 5¢ steps, the probability mass in gt is 2L and the proba-
bility mass in ¢y is 1— 4. Consideringi — oo, we then get liminf,, oo || M2 =1
and ginit € <<1>>Ztlfsgsgt(ma:r). Note that only the states in the cycle q1g2q1G3q4q1
(of deterministic transitions) are used to accumulate the probability mass tend-
ing to 1.

Cycles consisting of deterministic transitions are keys to decide strongly
synchronizing. A deterministic cycle of length £ > 1 in an MDP M is a finite
sequence o4 - - - G¢ of states such that go = ¢p and for all 0 < i < £, there exists
an action a; such that §(g;, a;)(gi+1) = 1. The cycle is simple if §; # ¢; for all
1<i<j<Ut

We show that sure (resp., almost-sure and limit-sure) strongly synchronizing
is equivalent to sure (resp., almost-sure and limit-sure) reachability to a state in
a simple deterministic cycle, with the requirement that the state can be reached
in a synchronized way (i.e., by finite paths whose lengths are congruent modulo
the length ¢ of the cycle).

In the MDP of Figure 17, we can construct an almost-sure strongly syn-
chronizing strategy 8 that accumulates the probability mass only in the simple
cycle qi1q3qsq1- The strategy 3 is defined as follows, for all paths p such that

Last(p) = q1:
e if the length of p is 0 modulo 3, then play action b;
o if the length of p is 1 or 2 modulo 3, then play action a.

Note that if the length of p is a multiple of 3 and the action b is played, then
on the next visit to ¢ the length of the path is also a multiple of 3, and the action
b is played again. Hence, once a probability mass follows the cycle q1¢3q4q1, it
will follow this cycle forever. Whenever probability mass is injected in ¢; (from
Ginit) 01 a path p of length 1 or 2 modulo 3, the action a is played to visit the other
cycle g1g2¢1 until getting back to ¢; with a path whose length is a multiple of
3. The probability mass is then injected (synchronously) into the cycle ¢1¢3q4q1
where eventually the probability mass tends to 1, thus the strategy [ is almost-
sure strongly synchronizing and it ensures with probability 1 that ¢; is reached
with by paths whose length is a multiple of 3.
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We show in Lemma 24 that simple deterministic cycles are always sufficient
for strongly synchronizing in MDPs, and that strongly synchronizing reduces to
a synchronized reachability problem of reaching a state g; of a simple determin-
istic cycle by paths of length that is a multiple of the length ¢ of the cycle. To
check synchronized reachability,

we keep track of a modulo-¢ counter along the path. Define the MDP M x
[] = (Q',A,0") where Q' = @ x {0,1,...,£ — 1} and §({g,),a)({¢',i — 1)) =
0(q,a)(¢") (where i — 1 is £ — 1 for i = 0) for all states ¢,q" € @, actions a € A,
and 0 <7 < /—1. Note that given a finite path p = gpapqira1 . .. g, in M, there
is a corresponding path p' = (qo, ko)ao{q1, k1)a1 ... {(Gn, kn) in M x [{] where
k; = —i mod {. Since the sequence kgk; ... is uniquely defined, there is a clear
bijection between the paths in M (starting from ¢g) and the paths in M x [{]
(starting from (gg,0)) that we often omit to apply and mention in the sequel.

Lemma 24. Let n be the smallest positive probability in the transitions of M,
and let ﬁ < p < 1. There ezists a strategy a such that iminf,, || M| >
p from an initial state ginie if and only if there exist a simple deterministic
cycle Gogu - . . Ge in M and a strategy 3 in M x [{] such that Pr®(O{(Go,0)}) > p
from {Ginit, 0).

Proof. For the first direction of the lemma, assume that there exists a
strategy « such that liminf, o ||MS|| > p from ¢nit. Thus for all € > 0 (in
particular, we consider € < p — ﬁ), there exists k € N such that for all n > k
we have || MZ|| > p — ¢, and let p,, be a state such that M%(p,) > p —e. We
claim that for all n > k, there exists an action a € A such that post(p,,a) =
{Pn+1} 1.€., there is a deterministic transition from p,, to p,41. Assume towards
contradiction that for some n > k, for all a € A there exists ¢, # Pn41 such
that ¢, € post(py,a). Then no matter the actions played by a at step n, we
have M$ 1 ({¢a | @ € A}) > MG (Pn) -1n > (p — €) - 1, and since P, 41 # qq for
all a € A, it follows that

M Bnst) S 1= Moo la €A S 1= (=€) S 1- - <p-e,
in contradiction with the fact that p,1 is a state such that M | (Pn41) > p—e.
This concludes the argument showing that for all n > k, there exists an action
a € A such that post(pn,a) = {Pn+1}-

Now in the sequence pgpi+t1 - - ., we can extract a simple (and deterministic)
cycle C = PiPiy1 - . - Piye since the state space is finite. Let §o = pi4; where 7 < £
is such that i + j mod £ = 0. Then §y is on a simple deterministic cycle, and is
reachable after a multiple of £ steps with probability at least p — e by a strategy
B in M x [€] that copies the strategy o. Hence, we have Pr®({(go,0)}) > p—e
from (Ginit,0). Since for every e > 0, we can find such a cycle and state do,
and since the state space is finite (as well as the number of simple cycles), it
follows that there is a cycle C and state §p in C such that for all € > 0 we have
Pr?(O{(Go, 0)}) > p — ¢, and thus Pr?(G{(go, 0)}) > p.

For the second direction of the lemma, assume that there exist a simple
deterministic cycle Gogr ...4¢ and a strategy 8 in M X [¢] that ensures the
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target set {(go,0)} is reached with probability at least p from (ginit,0). Since
randomization is not necessary for reachability objectives in MDPs, we can
assume that 3 is a pure strategy. We show that there exists a strategy a such
that liminf, .|| M&] > p from gnit. From S, we construct a pure strategy «
in M. Given p = qaoq1a1 - - .gn, we define a(p) as follows: if ¢, = Gn mod ¢,
then there exists an action a such that post(gn,a) = {Gn+1 mod ¢} and we define
a(p) = a, otherwise let a(p) = B(p). Thus a mimics S until a state g of the
cycle is reached at step n such that £ = n mod ¢, and then « switches to always
playing actions that keeps M in the simple deterministic cycle §ogs - . . ¢ Note
that « is a pure strategy.

We claim that given £ > 0 there exists k such that for all n > k, we have
M| > p—e, which entails that liminf, .|| M%]| > p from ginix and concludes
the proof. To show the claim, since Pr®(O{(Go,0)}) > p, consider k such that
Pr?(O=F{(Go,0)}) > p—¢, and for i = 1,2,..., 0, let R; = {(g;,¢ —i)}. Note
that Ry = {{go,0)}. Then trivially Pr?(O=F Ule R;) > p—e and since « agrees
with 8 on all finite paths that do not (yet) visit Ule R;, given a path p that
visits Ule R; (for the first time), only actions that keep M in the simple cycle
Goq1 - - - Ge are played by « and thus all continuations of p in the outcome of «
will visit g after a multiple of £ steps, say j- £ steps (in total). Since next, o will
always play actions that keeps M looping through the cycle Gods . . . G¢, we have
MG ,1(4i) > p—eforall 0<i</ and thus M| >p—eforalln>j £ O

It follows directly from Lemma 24 with p = 1 that almost-sure strongly
synchronizing is equivalent to almost-sure reachability to a deterministic cycle
in M x [f]. The same equivalence holds for the sure and limit-sure winning
modes.

Lemma 25. A state ginx is sure (resp., almost-sure or limit-sure) winning
for the strongly synchronizing objective (according to mazg) in M if and
only if there exists a simple deterministic cycle Gogi ... Ge such that {Gini,0)
is sure (resp., almost-sure or limit-sure) winning for the reachability objec-

tive O{(go,0)} in M x [£].

Proof. We consider the three winning modes:

(1) sure winning mode. The proof is similar to the proof of Lemma 24.
For the first direction, given a strategy a and k such that for all n > k we have
[IME|| = 1 from the initial state ginit, we can construct a sequence PgpPr+1 - - -
of states where there is deterministic transition from p, to p,4+1 for all n > k
(let Py, be the state such that M (p,) = 1). This sequence contains a simple
deterministic cycle and a state ¢o in this cycle occurs in the sequence at a
position p;., that is a multiple of the length ¢ of the cycle. Hence, the strategy
a played in M X [¢] ensures to reach (qo, 0) surely from (ginit, 0).

For the second direction, if a strategy 8 ensures to reach a state (go,0) in
M x [£] where ¢y belongs to a simple deterministic cycle of length £, then a
strategy « that mimics 8 until (go, 0) is reached, and then switches to playing
actions to follow the simple cycle, ensures sure strongly synchronizing with
function mazg in M. Note that « is a pure strategy.
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(2) almost-sure winning mode. This case follows from Lemma 24 with
p=1.

(3) limit-sure winning mode: For the first direction, if gt is limit-sure
winning for the strongly synchronizing objective, then for all € > 0, there exists a
strategy a such that liminf,, o || M%|| > 1 —e. By Lemma 24, for a decreasing
sequence ¢; — 0 such that ¢; < 1 — ﬁ there exist a simple deterministic
cycle C; of length ¢;, a state ¢} in C;, and a strategy 3; in M x [¢;] such that
PrP (O{(Go, 0)}) > 1 —&; from (ginit, 0). Since there is a finite number of simple
deterministic cycles in M, some simple cycle C = Goq; - . . ¢ and state gy occurs
infinitely often in the sequence of (C;, ¢3), and thus (ginit, 0) is limit-sure winning
for the reachability objective ${{go,0)}) in M X [£].

For the second direction, since limit-sure winning implies almost-sure win-
ning for reachability objectives in MDPs; it follows from case (2) that gn is
almost-sure (and thus also limit-sure) winning for the strongly synchronizing
objective in M. o

Since the winning regions of almost-sure and limit-sure winning coincide for
reachability objectives in MDPs [24], the next corollary follows from Lemma 25.

Corollary 26. (1)57°"9% (mazp) = (1) (mazy) for all target sets T.

limsit almost

If there exists a cycle C satisfying the condition in Lemma 25, then all cycles
reachable from C in the graph G of deterministic transitions also satisfies the
condition. Hence, it is sufficient to check the condition for an arbitrary simple
cycle in each strongly connected component (SCC) of G. As shown in the next
theorem, it follows that strongly synchronizing can be decided in polynomial
time and the length of the cycle gives a linear bound on the memory needed to
win.

Theorem 8. For the three winning modes of strongly synchronizing according
to maxr:

1. (Complexity). The membership problem is PTIME-complete.

2. (Memory). Linear memory is necessary and sufficient for both pure and
randomized strategies, and pure strategies are sufficient.

Proof. First, we prove the PTIME upper bound. Given an MDP M
(@, A, 6) and a state ginit, we say that a simple deterministic cycle C = ody - . -
is sure (resp., almost-sure, and limit-sure) winning from g¢ni if (Ginit, 0) is
sure (resp., almost-sure, and limit-sure) winning for the reachability objec-
tive ©{(go,0)} in M x [£].

We claim that if C is sure (resp., almost-sure, and limit-sure) winning
from ginit, then so are all simple cycles C' reachable from C in the graph of
deterministic transitions induced by M. Given a strategy to reach a state o of
C surely (resp., with probability p), we can use the path of deterministic tran-
sitions from C to C’ to obtain a strategy to reach a state g, of C’ surely (resp.,
with probability p): since §g is reached after a multiple of ¢ steps ({(go,0)} is

2l
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target set T’

Figure 18: An MDP where all strategies to win sure strongly synchronizing with function
maz {4, ¢;} Tequire memory.

reached in M x [{]), we can let the probability mass loop through the cycle C,
and transfer it to C’ after a number of steps that is also a multiple of ¢/, and then
let it loop in C’, ensuring that (g}, 0) is reached surely (resp., with probability
p) in M x [¢']. This establishes the claim for the three winning modes.

Using this claim and Lemma 25, it suffices to decide sure (resp., almost-sure,
and limit-sure) winning for one simple cycle in each bottom SCC (reachable
from ginit) of the graph of deterministic transitions. Since SCC decomposition
for graphs, as well as sure, almost-sure, and limit-sure reachability for MDPs
can be computed in polynomial time, and the number of bottom SCCs is at
most the size |@Q| of the graph, the PTIME upper bound for the membership
problem follows.

For PTIME-hardness, the proofis by a reduction from the monotone Boolean
circuit value problem, which is PTIME-complete [37]. This problem is to com-
pute the output value of a given Boolean circuit consisting of AND-gates, OR-
gates, and fixed Boolean input values. From a circuit, we construct an MDP M
with actions L and R, where the states correspond to the gates and input values
of the circuit, and with three new absorbing states g1, g2, and sync. The succes-
sors of an AND-gate n; Ano are ny and ne with probability % on all actions, the
successors of an OR-gate ny V ny are n; on action L, and ng on action R. On
all actions, a node defining input value 1 has unique successor sync, and a node
defining input value 0 has successors ¢; and go with probability % Let gnix be
the state corresponding to the output node. Then M is sure (resp., almost-sure,
limit-sure) strongly synchronizing (in sync) from gt if and only if the value of
the circuit is 1, which establishes PTIME-hardness of strongly synchronizing in
the three winning modes.

Finally, the result on memory requirement is established as follows. Since
memoryless strategies are sufficient for reachability objectives in MDPs, it fol-
lows from the proof of Lemma 24 and Lemma 25 that the (memoryless) win-
ning strategies in M x [£] can be transferred to winning strategies with memory
{0,1,...,£ — 1} in M. Since ¢ < |Q|, linear-size memory is sufficient to win
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Figure 19: An MDP such that gt is sure-winning for coBiichi objective in T' = {¢init, g2} but
not for strongly synchronizing according to sumr.

strongly synchronizing objectives. We present a family of MDPs M,, (n € N)
that are sure winning for strongly synchronizing (according to maz ), and where
the sure winning strategies require linear memory. The MDP My is shown in
Figure 18, and the MDP M,, is obtained from M3 by replacing the cycle g2q3
of deterministic transitions by a simple cycle of length n. Note that only in ¢;
there is a relevant strategic choice. Since both ¢; and ¢o contain probability
mass after one step, we need to wait in ¢; (by playing b) until the probability
mass in gz comes back to g2 through the cycle. It is easy to show that to ensure
strongly synchronizing, we need to play n—1 times b in ¢; before playing a, and
this requires linear memory. ]

5.2. Strongly synchronizing with function sum

The strongly synchronizing objective with function sumq requires that even-
tually all the probability mass remains in 7. We show that this is equivalent
to a traditional reachability objective with target defined by the set S of sure
winning initial distributions for the safety objective OT'.

It follows that almost-sure (and limit-sure) winning for strongly synchro-
nizing is equivalent to almost-sure (or equivalently limit-sure) winning for the
coBiichi objective ©OT = {qpapq; --- € Path(M) | 35 - Vi > j : ¢; € T} in the
state-based semantics. However, sure strongly synchronizing is not equivalent
to sure winning for the coBiichi objective, as shown by the MDP in Figure 19
which is:

e sure winning for the coBiichi objective OO{ginit, g2} from ¢nir (because in
all possible infinite paths from gjnit, there is a point from which only states
in {ginit, g2} are visited), but

e not sure winning for the reachability objective &S where S = {g2} is the
winning region for the safety objective O{ginit, g2}, thus not sure strongly
synchronizing (the probability mass assigned to ¢; is always positive after
the first step).

Note that this MDP is almost-sure strongly synchronizing in target 7' =
{Gnit, @2} from ginit, and almost-sure winning for the coBiichi objective COT, as
well as almost-sure winning for the reachability objective ©.S.

Lemma 27. Given a target set T, an MDP M is sure (resp., almost-sure or
limit-sure) winning for the strongly synchronizing objective according to sumy if
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and only if M is sure (resp., almost-sure or limit-sure) winning for the reacha-
bility objective &S where S is the sure winning region for the safety objective OT .

Proof. First, assume that a state gpnix of M is sure (resp., almost-sure or
limit-sure) winning for the strongly synchronizing objective according to sumr,
and show that gt is sure (resp., almost-sure or limit-sure) winning for the
reachability objective S.

(i) Limit-sure winning. For all ¢ > 0, let & = ﬁ - nl@l where 7 is the
smallest positive probability in the transitions of M. By the assumption, from
ginit there exists a strategy o and N € N such that for all n > N, we have
ME(T) > 1—¢'. We claim that at step N, all non-safe states have probability
at most gy, that is My (q) < 1&g for all ¢ € @\ S. Towards contradiction,
assume that M%(q) > I%I for some non-safe state ¢ € @ \ S. Since ¢ € S is
not safe, there is a path of length ¢ < |Q| from ¢ to a state in @ \ T, thus with
probability at least 5/?!. It follows that after N+ steps we have MG (Q\T) >
ﬁ -nlQl = ¢’ in contradiction with the fact M(T) > 1 — ¢’ for all n > N.

Now, since all non-safe states have probability at most ﬁ at step N, it follows

that MY (Q\ S) < o7 |Q| = € and thus Pr®(<¢S) > 1 — . Therefore, M is
limit-sure winning for the reachability objective ¢S from ginit.

(1) Almost-sure winning. Since almost-sure strongly synchronizing implies
limit-sure strongly synchronizing, it follows from (i) that M is limit-sure (and
thus also almost-sure) winning for the reachability objective &S, as limit-sure
and almost-sure reachability coincide for MDPs [24].

(7i1) Sure winning. From ¢ there exists a strategy a and N € N such that
for alln > N, we have M%(T) = 1. Hence, « is sure winning for the reachability
objective OSupp(M$;), and from all states in Supp(M$;) the strategy « ensures
that only states in T" are visited. It follows that Supp(M$%;) C S is sure winning
for the safety objective OT', and thus « is sure winning for the reachability
objective &S from gjnit-

For the converse direction of the lemma, assume that a state gz is sure
(resp., almost-sure or limit-sure) winning for the reachability objective ©S. We
construct a winning strategy for strongly synchronizing in T as follows: play
according to a sure (resp., almost-sure or limit-sure) winning strategy for the
reachability objective &S, and whenever a state of S is reached, then switch to
a winning strategy for the safety objective OT. The constructed strategy is sure
(resp., almost-sure or limit-sure) winning for strongly synchronizing according
to sump because for sure winning, after finitely many steps all paths from gt
end up in S C T and stay in S forever, and for almost-sure (or equivalently limit-
sure) winning, for all € > 0, after sufficiently many steps, the set S is reached
with probability at least 1 — e, showing that the outcome is strongly (1 — &)-
synchronizing in S C T, thus the strategy is almost-sure (and also limit-sure)
strongly synchronizing. O
Corollary 28. (1)57°"9% (symqp) = (1)°7°"9% (sumy) for all target sets T.

limit almost

The following result follows from Lemma 27 and the fact that the winning
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region for sure safety, sure reachability, and almost-sure reachability can be
computed in polynomial time for MDPs [24]. Moreover, memoryless strategies
are sufficient for these objectives.

Theorem 9. For the three winning modes of strongly synchronizing according
to sumr in MDPs:

1. (Complexity). The membership problem is PTIME-complete.
2. (Memory). Pure memoryless strategies are sufficient.

6. Conclusion

We studied synchronizing properties for Markov decision processes and pre-
sented comprehensive expressiveness and decidability results, identifying the
expressively equivalent winning modes (Lemma 2, Theorem 7, Corollary 28),
and showing, in all winning modes, PSPACE-completeness for eventually and
weakly synchronizing, and PTIME-completeness for always and strongly syn-
chronizing (Table 2). We showed that pure strategies are sufficient for all syn-
chronizing objectives and winning modes, and the memory requirements are
given in Table 3.

The p-synchronizing objectives we considered are qualitative in the sense
that they are defined for p = 1 (sure-winning) or for p — 1 (almost-sure and
limit-sure winning). A natural generalization is to consider the same objectives
with p < 1. However, the quantitative problem, which is to decide, given a
rational number p < 1 whether an MDP is eventually p-synchronizing (in a
given target state) is at least as hard as the Skolem problem (which is to de-
cide whether a linear recurrence sequence over the integers has a zero) whose
decidability is a long-standing open question [54]. The proof is by a reduction
that can even be carried out for the special case of Markov chains [2, Theo-
rem 3]. A variant of the problem where it is asked whether there exists p’ > p
such that the given MDP is eventually p’-synchronizing is also Skolem-hard [2,
Corollary 4]. An interesting direction for future research is to consider approx-
imation problems such as deciding, given p and € > 0, whether an MDP is
eventually p’-synchronizing for some p’ € [p — ¢,p + ¢]. In another direction,
the qualitative problem can be generalized to multiple synchronizing objectives
(e.g., conjunctions of objectives, in the flavor of limit-sure winning with exact
support), and to Boolean combinations of synchronizing objectives, which is
completely open.

As we mention in the paragraph on related work (Section 1), synchronizing
properties have been considered in several other models of computation, such as
weighted automata, register automata, timed systems, and partial-observation
systems. An intriguing question is to consider two-player stochastic games and
to determine if (or which) synchronizing objectives are decidable. In two-player
stochastic games, some states are controlled by an adversary and the synchro-
nizing objectives need to be achieved no matter the choice of the adversary at
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their state. The presence of an adversary makes the problem significantly more
challenging, as it incurs an alternation of quantifiers over the strategies.

Finally, given the previous works, it is also interesting to extend the results

of this article to continuous-time Markov decision processes, pushdown Markov
decision processes, and the subclass of one-counter Markov decision processes.

Acknowledgment. We are grateful to Winfried Just and German A. Enciso
for helpful discussions on Boolean networks and for the gadget in the proof of
Lemma 6.
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