On the critical pairs of a rewrite system for
vector spaces

Pablo Arrighi* and Gilles Dowek!

In this note we prove that all the critical pairs of a rewrite system for vector
spaces close. In this rewrite system the symbols + (for scalars), x, and + (for
vectors) are associative and commutative. This result is used in [2] to prove the
confluence of the rewrite system defining the Lineal linear-algebraic A-calculus.
This rewrite system is formed of the rules

(1) 0+a — «

(Le) O+a+xy — a+yx

(2) Oxa — 0

(2e) Oxa+xy — O0+x

(3) Ixa — «

(3e) IXxa+xy — a+x

(1) ax(B+7) — (axf)+(ax7)

() ax(B+m)+x — (axB)+(ax)+x

(5) u+0 — u

(5e) u+0+x — u+x

(6) Qu — O

(7) lu — u

(8) a0 — 0

9) a.(fu) — (axp)u

(10) a.(fu+v) — au+tav

(f1) au+pfu — (a+p)u )
(fle) au+fu+x — (a+f)u+x ")
(f2) aut+u — (a+1)u )
(f2e) aut+u+x — (a+1l)u+x *)
(£3) u+u — (I1+1)u *
(f3e) utu+x — (14+1)u+x (*)

(*) the term u is closed and normal.

The rules 1, le, 2, 2e, 3, 3e, 4, and 4e form the system Spez:, the rules 5, 5e,
6,7, 8,9, and 10 form the system E.,;, and the rules f1, fle, 2, f2e, f3, and f3e
for the system Fi.;.

The system Speqt U Eeye is non conditional, so we can check automatically
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that its critical pairs close, for instance using the system CIME [1]. Thus, we
do not need to check that the critical pairs where both rules are in Spezt U Eegt
close. We have generated the other critical pairs, where one rule is in SpegtUFEeyt
and the other in Fg,; or where both rules are in F,,;, again using CIME. We got
251 distinct critical pairs, 81 of these critical pairs do not verify the condition
(%), we show that the 170 other close. There are basically two cases. In the
first, we have a critical pair, e.g.

0+au<+—0u+au— (0+a)u

and we close it, in this example on a.u. In the second we have a critical pair,
e.g.

autav+f(u+v)+—a(u+v)+p.(u+v) — (a+p).(u+v)

and from the fact that this critical pair opens, we deduce that some terms, in
this example u + v, must be closed and normal, then we deduce that some of
their subterms, in this example u and v, are closed and normal, and this is used
to close the critical pair, in this case on (o + 8).u+ (o + 8).v.

f1 vs. 6 (1 pair)

0+au+—0u+au— (0+a)u

closes on «a.u.

f1 vs. 7 (1 pair)

aut+u+— lu+t+au— (1+a)u

u is required to be closed and normal for this critical pair to open, closes on
(1+a)u.

f1 vs. 8 (1 pair)

0+a0+—a0+p0— (a+p).0

closes on 0.

f1 vs. 9 (1 pair)

(o x 7+ B.(7:u) «— a.(y.0) + B.(y0) — (a + B).(r-0)

~.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (a X v+ 3 X v).u.



f1 vs. 10 (2 pairs)

autav+f(u+v)+—a(u+v)+p.(u+v) — (a+p).(u+v)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a + 8).u + (a + §).v.

a.((B+7v)u) «— a.(fu+vyu) — a.(B.u) + a.(y.u)

u is required to be closed and normal for this critical pair to open, closes on
(ax B+ axvy)u
f2 vs. 5 (2 pairs)

a0+—04+a0— (1+a).0

closes on 0.
a.(0+u)+u+—0+a.(0+u)+u— (1+a).(0+u)

does not verify the conditions because u + 0 is never closed and normal.

f2 vs. 5e (2 pairs)

a.(0+u)+u+—0+a.(0+u)+u— (1+a).(0+u)

does not verify the conditions because u + 0 is never closed and normal.
a.(0+u+v)+u+v+—0+a(0+u+v)+tu+v—(14+a)(0+u+v)

does not verify the conditions because u + v + 0 is never closed and normal.

f2 vs. 6 (1 pair)

O+u+—0u+u—(0+1)u

closes on u.

f2 vs. 7 (1 pair)

utu<—lu+u— (1+1)u

closes on (1+1).u.

f2 vs. 8 (1 pair)

0+0+—0+a0— (1+a)0

closes on 0.



f2 vs. 9 (1 pair)

(ax B)u+fu+— a.(fu)+pu— (1+«a).(B.u)

B.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (a x 8+ §).u.

f2 vs. 10 (4 pairs)

autav+u+vi—a(ut+v)+u+v— (I1+a)(utv)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a+ 1).u+ (a+ 1).v.

a.((l1+p)u) +— a.(Bu+u) — a.(f.u) + au

u is required to be closed and normal for this critical pair to open, closes on
(a x B+ a)u.

a.((1+p8).(u+v)) +— a.(f.(u+v)+u+v) — a.(f.(u+v)+u)+av

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o X f+ «).u+ (a X 8+ «a).v.

a((I+8).(u+v)) «— a.(f(u+Vv)+u+v) — a.(f.(u+Vv)+Vv)+au

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a x 4+ a).u+ (a x § + a).v.

f3 vs. 5 (2 pairs)
0+—04+0—(1+1).0
closes on 0.
O+tut+u+—0+0+u+u— (1+1).(0+u)

does not verify the conditions because u + 0 is never closed and normal.

f3 vs. 5e (3 pairs)
O+u+u+—0+0+u+u— (1+1).(0+u)
does not verify the conditions because u + 0 is never closed and normal.
O+ut+u+v+v+—0+0+ut+u+v+v— (1+4+1).(0+u+v)
does not verify the conditions because u + v + 0 is never closed and normal.
O+utu+v+v4+w+w +— 0+0+ut+ut+v+v+w+w — (1+1).(0+u+v+w)

does not verify the conditions because u+ v+ w + 0 is never closed and normal.



f3 vs. 10 (5 pairs)

a.((1+1)u) +— a.(u+u) — au+au

u is required to be closed and normal for this critical pair to open, closes on
(a + @).u.

a((1+1).(u+v))+—a(u+u+v+v) —a(u+u+v)+av

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + a).u + (a + @).v.

a.(141).(u4+v)) +—a(u+u+v+v) —a(u+u)+a(v+v)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + a).u + (a + @).v.

a((1+1).(u+v)+—a(u+u+v+v) —a(u+v+v)+au

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + a).u + (a + @).v.

a.((141).(u+v+w)) «— a.(utut+v+v+w+w) — a.(utu+v)+a. (vHw+w)

u+ v+ w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closes on (a+ a).u+ (o + @).v+ (o + o). w.

fle vs. 5 (2 pairs)

au+pu+—0+au+pfu—0+ (a+pS)u

u is required to be closed and normal for this critical pair to open, closes on
(a+ B).u.

au+pu+v+—0+au+pu+v—0+(a+p)u+v

u is required to be closed and normal for this critical pair to open, closes on
(a+pB)u+v.

fle vs. 5e (3 pairs)

au+pu+—0+au+pfu— 0+ (a+pS)u

u is required to be closed and normal for this critical pair to open, closes on
(a+ B).u.

au+pu+v+—0+au+pu+v—0+(a+p)u+v

u is required to be closed and normal for this critical pair to open, closes on
(a+pB)u+v.

au+pu+v+w+—0+au+pfu+v+w—0+(a+5)u+v+w

u is required to be closed and normal for this critical pair to open, closes on
(a+p)u+v+w.



fle vs. 6 (1 pair)

O+au+v+—O0ut+au+v— (0+a)u+v

closes on a.u + v.

fle vs. 7 (1 pair)

aut+u+v+—lutau+v— (1+a)u+v

u is required to be closed and normal for this critical pair to open, closes on
(1+a)u+v.

fle vs. 8 (1 pair)

0+B8.0+u+— a0+50+u— (a+08).0+u

closes on u.

fle vs. 9 (1 pair)

(axy)u+B.(yu)+v+— a(yu)+B.(yu)+v— (a+6).(y.u) + v

~.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (& X v+ 8 X v).u+ v.

fle vs. 10 (8 pairs)

autav+pf.(u+v)+w +— a.(ut+v)+p.(u+v)+w — (a+8).(u+v)+w

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + 8).u+ (a + 8).v+ w.

a((f+v)u+v)+—a(fut+yu+v) — a(fu+vyu)+av

u is required to be closed and normal for this critical pair to open, closes on
(ax f+axy)u+av.

a((B+v)u+v)+— a(fut+yu+v) — a(yu+v)+a(bu)

u is required to be closed and normal for this critical pair to open, closes on
(ax f+axy)u+av.

a((B+v)u+v)+—a(fut+yu+v) — a(fu+v)+a.(yu)

u is required to be closed and normal for this critical pair to open, closes on
(ax f+axy)u+av.

a((f+y)u+v+w)+—a(fut+yu+v+w) — a(fut+yu+v)+aw



u is required to be closed and normal for this critical pair to open, closes on
(axB+axy)u+av+aw.

a((f+y)u+v+w)+— a.(fut+yu+v+w) — a(fu+v)+a(yu+w)

u is required to be closed and normal for this critical pair to open, closes on
(axB+axy)u+av+aw.

a((f+y)u+v+w)+— a.(fut+yu+v+w) — a(fu+w)+a(yu+v)

u is required to be closed and normal for this critical pair to open, closes on
(axB+axy)u+av+aw.

a.((B+y)u+v+w)— a.(fut+yu+v+w) — a(fut+yut+w)+av

u is required to be closed and normal for this critical pair to open, closes on
(axf+axy)u+av+aw.

f2e vs. 5 (4 pairs)

aut+u+—0+aut+u—0+(l1+a)u

u is required to be closed and normal for this critical pair to open, closes on
(1+a)u.

aut+v+us—0+au+v+u—0+(1+a)u+v

u is required to be closed and normal for this critical pair to open, closes on
(I1+a)u+v.

a0+u+—04+al0+u— (1+a)0+u
closes on u.
a.(0+u)+v4+u+—0+a.(0+u)+v4+u— (14+a).(0+u)+v

does not verify the conditions because u + 0 is never closed and normal.

f2e vs. 5e (12 pairs)

autu+—0+aut+u—0+(1+a)u

u is required to be closed and normal for this critical pair to open, closes on
(14 «).u.
a0+u+—0+al0+u— (1+a)0+u

closes on u.

aut+v+us—0+au+v+u—0+(l1+a)u+v



u is required to be closed and normal for this critical pair to open, closes on
(I1+a)u+v.

a0+u+v+—0+a0+u+v—(14+a)0+u+v
closes on u + v.
a.(0+u)+v4+u+—0+a.(0+u)+v4+u— (14+a).(0+u)+v
does not verify the conditions because u + 0 is never closed and normal.
a.fu+v)+u+v+—0+a(u+v)+u+v—0+(14+a).(u+v)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + a).u+ (1 + «).v.

au+v+w+u+—0+au+v+w+u—0+(1+a)ut+v+w

u is required to be closed and normal for this critical pair to open, closes on
(I1+a)u+v+w.

a.(u+v)+wt+u+v<+—0+a.(u+v)+wH+u+v—0+(1+a).(u+v)+w

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + a).u+ (14 a).v + w.

a.(utv)+wtxt+u+v «— O0+a.(utv)+wtx+u+v — 0+(14+a).(u+v)+w+x

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 4+ «).u+ (14 «a).v+w+ x.

a.(0+u)+v+w+u+—0+a.(0+u)+v+w+u — (1+a@).(0+u)+v+w

does not verify the conditions because u + 0 is never closed and normal.
a.(0+u+v)+w+u+v «— 0+a.(0+u+v)+wtu+v — (14a).(0+u+v)+w

does not verify the conditions because u + v + 0 is never closed and normal.
a.(0+u+v)+w+x+u+v +— 0+a.(0+u+tv)+w+x+u+v — (1+a).(0+u+v)+w+x

does not verify the conditions because u + v + 0 is never closed and normal.

f2e vs. 6 (1 pair)
0O+u+v+—O0u+u+v—0+1)u+v

closes on u + v.



f2e vs. 7 (1 pair)

utu+vs—lut+u+v—(1+1)u+v

u is required to be closed and normal for this critical pair to open, closes on
(1+1)u+v.

f2e vs. 8 (1 pair)

0+0+u+—0+a0+u— (1+®)0+u

closes on u.

f2e vs. 9 (1 pair)

(axBlu+pfu+v+—a(fu)+pu+v— (1+a)(fu)+v

B.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (a x 8+ 8).u+v.

f2e vs. 10 (14 pairs)

autavtu+v4+w—a(u+v)+tu+v+w—(1+a)(u+v)+w

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + a).u+ (14 a).v + w.

a.(1+p)u+v)+—a(fu+v+u) — a(fut+u)+av

u is required to be closed and normal for this critical pair to open, closes on
(a x B+ a)u+a.v.

a((1+p)u+v)+—a(fu+v+u) — a(v+u) +a(bu)

u is required to be closed and normal for this critical pair to open, closes on
(a x B+ a)u+a.v.

a.((l+p)u+v)+— a.(fu+v+u) — a.(fu+v)+au

u is required to be closed and normal for this critical pair to open, closes on
(ax B+ a)u+av.

a((l+B8)u+v+w)+—a(fut+v+w+u — a.(fu+v+u)+aw

u is required to be closed and normal for this critical pair to open, closes on
(axB+a)u+av+aw.

a(l+pf)u+v+w)+—a(fu+v+w+u — a(fu+v)+a(w+u)



u is required to be closed and normal for this critical pair to open, closes on
(axB+a)u+av+aw.

a.((l+p)u+v4+w)+—a(fut+v+w+u — a(fu+w)+a(v+u)

u is required to be closed and normal for this critical pair to open, closes on
(ax f+a)u+av+aw.

a((l+B8)u+v+w)+—a(fut+v+w+u — a.(fu+w+u)+av

u is required to be closed and normal for this critical pair to open, closes on
(ax f+a)u+av+aw.

a.((148).(u+v)+w) +— a.(B.(u+v)+w+u+v) — a.(8.(u+v)+u)+a.(w+v)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a x 8+ a).u+ (a x 8+ a).v + a.w.

a.((1+8).(u+v)+w) +— a.(f.(u+v)+w+u+v) — a.(8.(u+v)+w+u)+a.v

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a x 8+ a).u+ (a x 8+ a).v + a.w.

a.((148).(u+v)+w) +— a.(B.(u+v)+w+u+v) — a.(f.(u+v)+v)+a.(w+u)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o x f+ ). u+ (a X 4+ a).v + a.w.

a.((148).(u+v)+w) +— a.(f.(u+v)+wHu+v) — a.(B.(u+v)+w+v)+a.u

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a X f+ ). u+ (a X 8+ a).v + a.w.

a.((148).(u+v)+w+x) +— a.(f.(u+v)+w+x+ut+v) — a.(8.(u+v)+x+v)+a.(w+u)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o x 4+ a).u+ (ax f+a).v+a.w+a.x.

a.((148).(u+v)+w+x) +— a.(.(u+v)+w+x+utv) — a.(f.(ut+v)+w+u)+a.(x+V)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o X 8+ a).u+ (ax f+a).v+a.w+a.x.

f3e vs. 5 (4 pairs)

utu+—0+u+u—0+(1+1)u

u is required to be closed and normal for this critical pair to open, closes on
(1+1).u.

u+v+v+—0+u+v+v—0+(1+1)v+u
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v is required to be closed and normal for this critical pair to open, closes on
(14+1)v+u.
0+u+—0+0+u—(14+1).0+u

closes on u.
0O+tu4+v+v+—0+04+u+v+v—(1+1).(0+v)+u

does not verify the conditions because v + 0 is never closed and normal.

f3e vs. 5e (17 pairs)

utu+—0+u+u—0+(1+1)u

u is required to be closed and normal for this critical pair to open, closes on
(1+1).u.
0+u+—0+0+u—(14+1).0+u

closes on u.
u+v+v+—0+u+v+v—0+(1+1)v+u

v is required to be closed and normal for this critical pair to open, closes on
(1+1).v+u.

utu+v+ve—0+ut+u+v+v—0+(1+1).(ut+v)

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (14 1).u+ (1+1).v.

0+u+v+—0+0+u+v—(1+1)0+u+v
closes on u + v.
O+u+v+v+—0+0+u+v+v—(1+1).(0+v)+u
does not verify the conditions because v + 0 is never closed and normal.
utv+wtw—0+ut+v+wH+w —0+(1+1)wtu+v

w is required to be closed and normal for this critical pair to open, closes on
I+ w+u+wv.

u+v+v4+wtw—0+ut+v+v+w+w —0+(1+1).(v+w)+u

v 4+ w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (1 +1).v+ (1 +1).w + u.

utu+v+v+wH+w+—0+utut+v+v+wH+w — 0+ (1+1).(u+v+w)

11



u+ v+ w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closeson (1+1)u+ (1+1). v+ (14+1).w.

O+tut+v+wH+w+—04+04+u+v+w+w— (1+1).(0+4w)+u+v
does not verify the conditions because w + 0 is never closed and normal.
O+u+v+v4+w4+w+—0+0+u+v+v+w+w — (141).(0+v+w)+u
does not verify the conditions because v + w + 0 is never closed and normal.
U+ v4+w+w+x+x +— 0+u+v+w+w+x+x — 04+ (1+1).(w+x)+u+v

w + x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (1+1).w+ (1+1).x+u+v.

u+v+Vv+wHwHx+x — 0+utv+v+wtwHx+x — 0+(1+1).(v+w+x)+u

u+ v+ w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closeson (1+1).v+(1+1).w+(1+1).x+u.

0+ut+v+wH+w+x+x +— 0+0+u+t+v+w+wHx+x — (141).(0+w+x)+u+v

does not verify the conditions because w 4+ x + 0 is never closed and normal.
0+ut+v+v+wHw+x+x +— 0+0+utv+v+wH+wtx+x — (141).(0+v+w+x)+u
does not verify the conditions because v+ w +x+ 0 is never closed and normal.
uv+wHwHx+x+y+y «— 0+utv+wtwHx+x+y+y — 0+(1+1).(w+x+y)+u+v

w+x-+Yy is required to be closed and normal for this critical pair to open, thus w,
x, and y are closed and normal, closeson (1+1).w+(14+1).x+(14+1).y+u+v.

O+utv+wHwHx+x+y+y «— 0+0+utv+wH+w+x+x+y+y — (141).(0+w+x+y)+u+v

does not verify the conditions because w +x+y -+ 0 is never closed and normal.

f3e vs. 10 (17 pairs)

a.(l+1)v+u)+—a(u+v+v) — a(v+v)+au

v is required to be closed and normal for this critical pair to open, closes on
(a+ a).v+au.

a((l+)v4+u)+—a(u+v+v) —a(ut+v)+av

v is required to be closed and normal for this critical pair to open, closes on
(o + ).v + a.u.

a((l+)wH+u+v)+—a(u+v+w+w) — a(v+w+w)+au

12



w is required to be closed and normal for this critical pair to open, closes on
(o + @).w+ au+ a.v.

a.(l+)wHu+v)+—a(u+v+w+w) —a(u+w+w)+av

w is required to be closed and normal for this critical pair to open, closes on
(a+ a)w+ au+av.

a((l+)wHu+t+v)+—a(u+v+w+w) —a(u+w)+a(v+w)

w is required to be closed and normal for this critical pair to open, closes on
(a4 @).w+ au+ a.v.

a.((I+41).(v+w)+u) +— a.(u+v+v+wt+w) — a.(u+v+v)+a.(w+w)

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o + «o).w + (o + a).v + a.u.

a.(1+1).(v+w)+u) +— a.(u+v+v+w+w) — a.(u+w+w)+a.(v+v)

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o + «).w + (o + @).v + a.u.

a.((I+41).(v+w)4+u) +— a.(u+v+v+wt+w) — a.(ut+v)+a.(v+w+w)

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o + «a).w + (o + a).v + a.u.

a.(1+1D).(v+w)4+u) +— a.(u+v+v+w+w) — a.(u+v+w+w)+av

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o + a).w + (o + «@).v + a.u.

a.((I+1).(v+w)+u)+— a.(u+v+v+wH+w) — a.(ut+v+v+w)+aw

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o + «a).w + (o + a).v + a.u.

a.((1+1).(v+w)+u) +— a.(u+v+v+w+w) — a.(u+w)+a.(v+v+w)

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (o 4+ a).w + (o + «@).v + a.u.

a.((14+1).(w+x)+u+v) «— a.(u+v+w+w+x+x) — a.(u+w+w+x)+a. (v+x)

w + x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (a + a).w + (@ + a).x + a.u+ a.v.

a.((141).(Ww+x)+u+v) +— a.(u+v+wH+w+x+x) — a.(u+w+w)+a.(v+x+x)
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w + x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (a + a).w + (@ + a).x + a.u+ a.v.

a.((14+1).(w+x)+u+v) «— a.(u+v+w+w+x+x) — a.(u+w)+a. (v+w+x+x)

w + x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (a + a).w + (o + a).x + c.u + a.v.

a.((141).(v4w+x)4u) — a.(u+v+v+wH+w+x+x) — a.(u+v+v+w)+a. (W+x+x)

v+w+x is required to be closed and normal for this critical pair to open, thus v,
w, and x are closed and normal, closes on (a+a).v+(a+a) w+(a+a).x+a.u.

a.((141).(v4w+x)4u) — a.(u+v+v+wH+w+x+x) — a.(u+w+x+x)+a. (v+v+w)

v+w+x is required to be closed and normal for this critical pair to open, thus v,
w, and x are closed and normal, closes on (a+a).v+(a+a).w+(a+a).x+a.u.

a.((141).(WH+x+y)+utv) +— a.(u+v+wH+wt+x+x+y+y) — a.(u+w+w—+x)+a.(v+x+y+y)

w + X +Y is required to be closed and normal for this critical pair to open, thus
w, X, and y are closed and normal, closes on (a+a).w+ (a+a).x+ (a+a)y+
a.u—+ a.v.

f1 vs. 3 (1 pair)

(a+a)u+— au+au— (1+1).(au)

closes on (a + «).u.

f2 vs. fle (2 pairs)

(1+a).(futvyu) +— a.(fut+yu)+fu+yu— (B+7)u+a(fu+7v.u)

does not verify the conditions because S.u + v.u is never closed and normal.
(I4+a).(B.ut+v.utv) «— a.(f.ut+vy.utv)+5.ut+y.ut+v — (B+7).uta.(f.uty.u+v)+v

does not verify the conditions because S.u+~v.u+ v is never closed and normal.

f2 vs. f2e (2 pairs)

1+p8).(ccu+u)«—au+p(exu+u)+u— (1+a)u+p.(cu+u)

does not verify the conditions because «.u + u is never closed and normal.
(1+8).(a.u+v+u) «— a.utp.(a.u+v+u)+v+u — (1+a).u+p.(e.u+v+u)+v

does not verify the conditions because a.u + v + u is never closed and normal.
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f2 vs. f3e (2 pairs)

(I1+a).(ut+u)«—a(u+u)+u+u— (1+1)u+a.(u+u)

does not verify the conditions because u + u is never closed and normal.
(14a).(u+v+v) «— a.(u+v+v)+u+v+v — (1+1).v+a.(u+v+v)+u

does not verify the conditions because u + v + v is never closed and normal.

f3 vs. fle (3 pairs)

(I1+1).(cu+pfu)«— au+au+fu+fu— (¢+p)u+au+fu

does not verify the conditions because «.u + .u is never closed and normal.

(14+1).(cu+p.u+v) +— a.uta.utfutputv+v — (a+8).uta.utf.utv+v

does not verify the conditions because a.u+ 8.u+ v is never closed and normal.
1+D.(xu+v)—autau+v+v—(a+a)ut+v+v

a.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (o + «).u+ (14 1).v.

f3 vs. f2e (6 pairs)

(I1+1).(evu+u)+—aut+aut+u+u— (l+a)ut+aut+u

does not verify the conditions because «.u + u is never closed and normal.

(1+1).(ccu+v+u) +— cutau+v+v+ut+u — (1+a)utaut+v+v+u

does not verify the conditions because a.u + v + u is never closed and normal.
(141).(a.(u+u)+u) +— a.(utu)+a.(ut+u)+ut+u — (1+a).(u+u)+a.(u+u)

does not verify the conditions because «.(u+u)+ u is never closed and normal.
(14+1).(c.(u+u)+v+u) +— a.(utu)+a.(utu)+v+v+ut+u — (1+a).(utu)+a.(utu)+v+v

does not verify the conditions because a.(u + u) + v + u is never closed and
normal.
I+ (v(u+v+v)+u+v)

+—a(u+v+v)ta(u+v+v)+utut+v4+v—
14+ a)(u+v+v)+a(u+v+v)+u
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does not verify the conditions because a.(u+v + v) +u+ v is never closed and
normal.

1+D.(c(u+v+v)+w+u+v)
+—afu+v+v)+a(u+v+v)+wt+twtutu+v+v —
14+ a)(u+v+v)+a(u+v+v)+wt+w+u

does not verify the conditions because a.(u+v +v) +w + u+ v is never closed
and normal.

f3 vs. f3e (1 pair)

14+1).(u+v)«—ut+u+v+v—(1+1)u+v+v

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (14 1).u+ (1+1).v.

fle vs. fle (8 pairs)

(a+7v)u+pu+—au+pu+yu— (a+p)u+vyu

u is required to be closed and normal for this critical pair to open, closes on
(a+B+7)u

B+vy)u+au+—au+pu+yu— (a+p)u+vyu

u is required to be closed and normal for this critical pair to open, closes on
(a+B+7)u

B+7y)u+au+— au+fu+yu— (a+7v)u+pu

u is required to be closed and normal for this critical pair to open, closes on
(a+B+7)u

(a+y)u+put+ve—au+put+yu+v— (a+p)lu+yu+v

u is required to be closed and normal for this critical pair to open, closes on
(a+B8+7y)u+v.

B+y)ut+au+v—au+t+fut+yu+v— (a+pf)u+~yu+v

u is required to be closed and normal for this critical pair to open, closes on
(a+B8+7y)u+v.

B+y)ut+au+v—au+t+fut+yu+v— (a+vy)u+pu+v

u is required to be closed and normal for this critical pair to open, closes on
(a+B8+7vy)u+v.

B+ v+aut+yu+—au+pfv+yu+dév— (a+y)u+pv+iv
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u and v are required to be closed and normal for this critical pair to open, closes
on (a+vy)u+ (8+9).v.

(B+0).v+au+vy.u+w +— au+tf.v+yutio.v+w — (at+y).ut+p.v+iv+w

u and v are required to be closed and normal for this critical pair to open, closes
on (a+vy)u+(B+6).v+w.

fle vs. f2e (14 pairs)

(a+B)ut+u+—au+fu+u— (1+a)u+pu

u is required to be closed and normal for this critical pair to open, closes on
(a+ B8 +1).u.

v+ B)u+ a.(fu) +— a.(fu) +yu+ fu— (1+«a).(B.u)+v.u

u is required to be closed and normal for this critical pair to open, closes on
(ax B+ B+7)u

B+7)u+a.(fu) +— a.(fu)+Bu+vyu— (1+a).(Bu)+vy.u

u is required to be closed and normal for this critical pair to open, closes on
(ax B+ pB+7)u

(a+p)u+v+u+—au+fu+v+u— (1+a)u+pu+v

u is required to be closed and normal for this critical pair to open, closes on
(a+B8+1)u+v.

B+vy)v+autus—aut+pvt+yv+u— (1+a)u+pfv+yv

u and v are required to be closed and normal for this critical pair to open, closes
on (a+1)u+ (B+7).v.

v+ B8)ut+a.(fu)+v+— a.(fu)+yu+pu+v — (1+a).(u)+yu+v

u is required to be closed and normal for this critical pair to open, closes on
(axB+B+vy)u+v.

B+vy)ut+a.(u)+v+— a.(fu)+But+yu+v — (1+a).(fu)+yu+v

u is required to be closed and normal for this critical pair to open, closes on
(axpf+B+7)u+v.

(v+8). uta.(f.utv)+v «— a.(f.utv)+y.ut+butv — (1+a).(f.ut+v)+vy.u

B.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (o x 4+ 8+ ). u+ (a+ 1).v.

(B+7v).uta.(Butv)+v +— a.(fu+v)+S.uty.utv — (14+a).(B.ut+v)+vy.u
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B.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a x 8+ 8+ v).u+ (a+1).v.

(B+7).uta.(f.utyu)+v +— a.(f.uty.u)+5.ut+y.ut+v — (1+a).(f.uty.u)+v
does not verify the conditions because 5.u + .u is never closed and normal.
B+7) v+aut+wtu+— autpf.v+yv+w+u — (1+a)u+pv+y.v+w

u and v are required to be closed and normal for this critical pair to open, closes
on (l+a)u+ (B+7v)v+w.

(v+8).uta.(futv)+w+v +— a.(f.ut+v)+y.ut+putwt+v — (1+a).(B.u+v)+vy.u+w

B.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a X S+ S+ vy)u+ (a+1).v+w.

(B4+y)uta.(futv)+w+v +— a.(f.utv)+ L. utyutw+v — (1+a).(B.u+v)+vy.u+w

B.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a x f+ S+ v).u+ (a+1).v+w.

(B+7).uta.(f.uty.ut+v)+wHv «— a.(f.uty.ut+v)+S8.ut+y.utw+v — (1+a).(B.uty.utv)+w

does not verify the conditions because S.u+y.u+ v is never closed and normal.

fle vs. f3e (14 pairs)

(a+p)u+au+—aut+au+pfu— (1+1).(cu)+pu

u is required to be closed and normal for this critical pair to open, closes on
(a4 a+P)u.

(a+p)u+pfu+—au+pu+pfu— (14+1).(fu)+au

u is required to be closed and normal for this critical pair to open, closes on
(a+ B+ B).u.

(a+a)u+v+—aut+aut+v— (1+1).(eu)+v
closes on (a + a).u+v.
(a+p)u+v+v+—au+fu+v+v— (1+1).v+au+su

u and v are required to be closed and normal for this critical pair to open, closes
on (a+ fB)u+ (1+4+1).v.

(a+B)ut+au+v+—aut+au+pu+v— (1+1).(xu)+pu+v
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u is required to be closed and normal for this critical pair to open, closes on
(a+a+B)u+v.

(a+B)u+pfut+ve—au+fu+fu+v—(1+1).(fu)+au+v

u is required to be closed and normal for this critical pair to open, closes on
(a+ B+ B)u+v.

(a+B8)u+au+v+v+— autau+fut+v+v— (1+1).(exu+v)+5u

a.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (o +a+ g)u+ (1+1).v.

(a+pB)u+pu+v+v+— aut+fut+pu+v+v— (1+1).(fut+v)+au

B.u+ v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a+ S+ 8).u+ (1 +1).v.

(a+p)utau+pu+v «— autau+futput+v — (1+1).(cu+gu)+v
does not verify the conditions because a.u + .u is never closed and normal.
(a+p)ut+tv+w+w<+— au+fut+v+wt+w — (1+1)wHau+Gutv

u and w are required to be closed and normal for this critical pair to open,
closeson (e + fB)u+v+ (1+1).w.

(a+8). uta.ut+v+w+w +— auta.ut+f.utv+w+w — (141).(cut+w)+S.u+v

a.u + w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (o + o+ ) u+v+ (14 1).w.

(a+p).utB.utv+wtw +— a.utfutfutviw+w — (141).(S.utw)+a.u+v

B.u + w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (o + 8+ f).u+v+ (1+1).w.

(a+8). uta.utputv+w+w +— auta.ut+f.ut+f.utv+w+w — (141).(cu+put+w)+v
does not verify the conditions because a.u+ g.u+w is never closed and normal.
(a+a)u+v+wHw—autaut+v+wt+w— (1+1).(cu+w)+v

a.u + w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (o +a)u+v+ (1+1).w.
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f2e vs. f2e (30 pairs)

1+p)u+aus+—au+pfut+u— (1+a)u+pfu

u is required to be closed and normal for this critical pair to open, closes on
(a+p+1)u

1+ p8)u+a(fu)+— a(fu)+fu+u— (1+a).(fu)+u

u is required to be closed and normal for this critical pair to open, closes on
(axp+p+1)u.

(1+0).(eu) +u+— au+ f.(aun)+u— (1+a)u+ S.(eu)

u is required to be closed and normal for this critical pair to open, closes on
(axB+a+1l)u

1+p)v+au+t+u+—au+fv+v+u— (1+a)u+pv+v

u and v are required to be closed and normal for this critical pair to open, closes
on (a+1)u+ (8+1).v.

1+p)u+au+v+—au+pu+v+u— (l+a)u+pu+v

u is required to be closed and normal for this critical pair to open, closes on
(a+B8+1)u+v.

1+8).v+u)+au+—au+p.(v+u)+v+u— (1+a)u+p.(v+u)+v

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a+ 8+ 1).u+ (6 +1).v.

1+B8)v+a(u+v)tu+— a(u+v)+pv+u+v— (1+a)(ut+v)+5v

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + 1).u+ (o + 5+ 1).v.

1+8)u+a(fu)+v+—a(fu)+pfu+v+u— (1+a)(fu)+v+u

u is required to be closed and normal for this critical pair to open, closes on
(axpB+B+1)u+v.

1+ 8).(acu)+v+u+—au+p.(au)+v+u— (I1+a)u+p.(au)+v

u is required to be closed and normal for this critical pair to open, closes on
(axB+a+l)u+v.

(1+8).(eu+v)+u — au+f.(wut+v)+v+u — (1+a)u+p.(eu+v)+v

a.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a X S+ a+1).u+ (8 +1).v.

(1+8).(ccu+u)+v +— au+p.(cu+u)+v+u — (1+a)u+s.(cutu)+v
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does not verify the conditions because a.u + u is never closed and normal.

(14 8)u+a.(Butu)+v +— a.(futu)+fut+v+u — (1+a).(futu)+v

does not verify the conditions because S.u + u is never closed and normal.
(148).(u+v)+a.(8.(u+v)+v) +— a.(f.(u+Vv)+Vv)+8.(u+v)+ut+v — (1+a).(B.(u+v)+v)+u
does not verify the conditions because 8.(u+v)+ v is never closed and normal.
(1+8)uta.(Bu+v)+v +— a.(fut+v)+S.utu+v — (1+a).(B.u+v)+u

B.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a X S+ S+ 1).u+ (a+ 1).v.

(14+8).(c.(u+v)+v)+u +— a.(u+v)+5.(a.(ut+v)+v)+ut+v — (1+a).(ut+v)+5.(a.(u+v)+v)
does not verify the conditions because «.(u+v)+ v is never closed and normal.
(1+p8)v+taut+w+tu+— aut+fv+wt+v+u— (1+a)u+sv+w+v

u and v are required to be closed and normal for this critical pair to open, closes
on (a+1)u+(B+1).v+w.

(14+8).(v+u)+a.utw «— a.utp.(v+u)+wtv+u — (14a).u+p.(v+u)+w+v

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a+ S+ 1).u+ (8+1).v+w.

(148) . v+a.(u+v)+w+u +— a.(u+v)+s.v+w+u+v — (1+a).(u+v)+8.v+w

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + 1).u+ (e + S+ 1).v+w.

(148).(w+v)+a.(u+v)+u +— a.(u+v)+8.(w+v)+wtut+v — (14a).(u+v)+5.(W+v)+w

w + v and u + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (o + 1).u+ (a4 5 +
v+ (B+1)w.

(1+8).u+ta.(B.utv)+w+v +— a.(f.utv)+ S u+wtut+v — (1+a).(f.utv)+w+u

B.u+ v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a x §+ S+ 1).u+ (a+1).v+w.

(1+8).uta.(B.ut+v+u)+w+v «— a.(f.ut+v+u)+L.ut+w+v+u — (1+a).(B.ut+v+u)+w
does not verify the conditions because S.u + v + u is never closed and normal.

1+8).(u+v)+a(f.(u+v)+Vv)+w
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+— a.(f.(ut+v)+v)+p(utv)+w+ut+v —
1+a).B(u+v)+v)+w+u
does not verify the conditions because 8.(u+v)+ v is never closed and normal.
1+8).(u+v)+a(f(u+v)+w+Vv)+w
+— a.(f.(u+Vv)+w+v)+ [ (ut+v)+utwtv —
1+a).B(ut+v)+w+v)+u

does not verify the conditions because .(u + v) + w + v is never closed and
normal.

(1+8).(a.u+v)+w+u «— au+f.(a.u+v)+w+v+u — (1+a).u+6.(c.ut+v)+w+v

a.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (a x f+a+ 1).u+ (8+1).v+w.

(14+8).(cu+v+u)+w «— a.utpf.(cutv+u)+w+v+u — (1+a).u+s.(c.utv+u)+wtv

does not verify the conditions because a.u + v + u is never closed and normal.
1+8).(v(u+v)+v)+w+u

— a.(ut+v)+B(v.(u+v)+v)+w+tu+v —
1+a)(u+v)+p(e(ut+v)+v)+w

does not verify the conditions because a.(u+ v)+ v is never closed and normal.

1+8).(a(u+v)+w+v)+u
— a.(ut+v)+ B (v(u+v)+wH+v)+wt+tu+v—

I1+a)(u+v)+p(a(u+v)+w+v)+w

does not verify the conditions because a.(u 4+ v) + w + v is never closed and
normal.
1+8).w+v)+a(u+v)+x+u

+—a(u+v)+p(wH+v)+x+wtut+v—
I+a)(u+v)+p.(w+v)+x+w

w + v and u + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (o + 1).u+ (a+ 8 +
v+ (B+1)w+x

1+8).(u+v)+a.(f.(u+v)+x+V)+W+x

+—a(f(ut+v)+x+v)+p.(u+v)+wt+u+x+v—
14+a)B(u+v)+x+Vv)+wWw+u
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does not verify the conditions because .(u 4+ v) + x + v is never closed and
normal.

1+ 8).(c(fu+v)+WwW+Vv)+x+u
+— a(u+v)+B.(a(u+v)+w+v)+x+wt+tu+v —
I+a)(u+v)+p(a(u+v)+w+Vv)+x+WwW

does not verify the conditions because a.(u + v) + w + v is never closed and
normal.

f2e vs. f3e (46 pairs)

I+a)ut+u+—aut+u+u— (1+1)u+au

u is required to be closed and normal for this critical pair to open, closes on
(a+141)u.

l+a)ut+au+—au+aut+u— (1+1).(cu)+u

u is required to be closed and normal for this critical pair to open, closes on
(a+a+1)u.

l+a)u+v+u+—au+v+ut+u— (1+1)ut+au+v

u is required to be closed and normal for this critical pair to open, closes on
(a+1+1)u+wv.

l+a)u+v+v+—aut+ut+v+v— (I1+1).v+au+u

u and v are required to be closed and normal for this critical pair to open, closes
on (a¢+1)u+ (1+1).v.

l+a)ut+aut+ve—aut+aut+v+u— (1+1).(au)+v+u

u is required to be closed and normal for this critical pair to open, closes on
(a+a+1)u+v.

l+a)u+v+v+u+—au+v+v+u+u— (1+1).(v+u)+au

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (¢ +1+1).u+ (1 +1).v.

lI+a)ut+aut+v+ve—autaut+u+v+v—(1+1).(cu+v)+u

a.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (« +«a+ 1).u+ (1 +1).v.

l+a)utau+v+u+—aut+aut+v+ut+u— (1+1)(eut+u)+v
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does not verify the conditions because a.u + u is never closed and normal.
I+a)(ut+u)+v+—a(u+u)+v+u+u— 1+ ut+a(ut+u)+v

does not verify the conditions because u + u is never closed and normal.
(1+a).(u+u)+v+v +— a.(utu)+v+v+u+u — (1+1).(v+u)+a.(u+u)

does not verify the conditions because u + u is never closed and normal.
(I+a).(u+u)+a.(u+u)+v +— a.(ut+u)+a.(u+u)+v+ut+u — (1+1).(a.(utu)+u)+v

does not verify the conditions because u + u is never closed and normal.
l+a)(u+v)+v—a(u+v)+tu+v+v—(1+1).v+a(u+v)+u

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (o + 1).u+ (e +1+1).v.

(I4+a).(u+v)+a.(u+v)+v «— a.(u+v)+a.(u+v)+ut+v+v — (141).(a.(u+v)+v)+u

does not verify the conditions because «.(u+ v)+ v is never closed and normal.

(14+a).(u+v+v)+u +— a.(u+v+v)+utut+v+v — (14+1).(u+v)+a.(u+v+v)

does not verify the conditions because u + v + v is never closed and normal.
(I4+a).(u+v+v)+a.(u+v+v) +— a.(u+v+v)+a.(u+v+v)+utv+v — (141).(a.(u+v+v)+v)+u
does not verify the conditions because u + v + v is never closed and normal.
l+a)u+v+wt+tw+—au+vt+u+wt+w—(l+)w+au+v+u

u and w are required to be closed and normal for this critical pair to open,
closeson (a+1).u+v+(1+1).w.

(I1+a)u+v+wH+w+u «— aut+v+wt+wtu+u — (1+1).(w+u)+a.u+v

w + u is required to be closed and normal for this critical pair to open, thus u
and w are closed and normal, closes on (¢ + 1+ 1) u+ v+ (1+1).w.

(1+a). uta.u+v+w+w +— autaut+v+utw+w — (141).(c.u+w)+v+u

a.u+ w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (¢ + o+ 1) u+v+ (1 +1).w.

(I+a).uta.ut+v+w+w+u «— a.uta.ut+v+wt+wtutu — (141).(c.utwtu)+v
does not verify the conditions because a.u + w + u is never closed and normal.

(14+a).(u+u)+v+w4w «— a.(u+u)+v+w+w+u+u — (1+1).(w+u)+a.(utu)+v
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does not verify the conditions because u + u is never closed and normal.
1+a)(ut+tu)+a(ut+u)+v+w+w

+—au+u)+a(fu+u)+v+w+w+u+u—
14+ (v(u+u)+w+u)+v

does not verify the conditions because u + u is never closed and normal.
(14+a).(u+v)+w+v «— a.(u+v)+wtu+v+v — (1+1).v+a.(u+v)+w+u

u + v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (a4 1).u+ (@ +1+1).v) + w.

(I4+a).(u+v)+w+w+v «— a.(u+v)+utw+w+v+v — (14+1).(w+v)+a.(u+v)+u

u+ v and w + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (o + 1).u+ (o + 1+
v+ (1+1).w.

(I4+a).(u+v)+a.(u+v)+w+v +— a.(u+v)+a.(u+v)+wHutv+v — (141).(a.(u+v)+v)+w+u
does not verify the conditions because a.(u+v)+ v is never closed and normal.
l1+a)(u+v)+a(ut+v)+wt+w+v

+— a.(u+v)+a(u+v)+tut+wt+tw+v+v —
1+ .(v.(u+v)+w+Vv)+u

does not verify the conditions because a.(u + v) + w + v is never closed and
normal.

(14+a).(u+v+v)+w +— a.(u+v+v)+wtut+v+v — (1+1).v+a.(u+v+v)+w+u
does not verify the conditions because u + v + v is never closed and normal.
l+a)u+v+v)+w+w

+—a(u+v+v)tu+wH+wHv+v —
1+1).w+v)+a(u+v+v)+u

does not verify the conditions because u + v + v is never closed and normal.
(14+a).(u+v+v)+w+u — a.(u+v+v)+wtutut+v+v — (1+41).(u+v)+a.(u+v+v)+w
does not verify the conditions because u + v + v is never closed and normal.

(I4+a).(u+v+v)+w+wtu +— a.(u+v+v)+w+wHutut+v+v — (14+1).(wtutv)+a.(u+v+v)
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does not verify the conditions because u + v + v is never closed and normal.
I+a)(u+v+v)+a(u+v+v)+w

+—au+v+v)ta(u+v+v)+wtut+v+v—
1+D.(cc(u+v+v)+v)+w+u
does not verify the conditions because u + v + v is never closed and normal.

I+a)(u+v+v)+a(u+v+v)+w+w

+—au+v+v)ta(u+v+v)+u+wHwHv4+v—
1+D.(c.(lu+v+v)+w+vVv)+u
does not verify the conditions because u + v + v is never closed and normal.

I+a)(ut+v+v)+a(u+v+v)+w+u

+—a(u+v+v)+a(u+v+v)+wtutu+v4+v—
1+D.(c(u+v+v)+u+v)+w
does not verify the conditions because u + v + v is never closed and normal.

I+a)(u+v+w+w)+v
—a(u+v+wH+w) fut+v+v+wt+w —
14+1D.(v+w)+a(u+v+w+w)+u
does not verify the conditions because u+v+w +w is never closed and normal.

I+a)(u+v+wt+w)ta(u+v+w+w)+v

—au+v+wH+w) +a(u+v+wH+w)fut+v+v+wt+w —
1+D.(v(u+v+w+w)+v+w)+u
does not verify the conditions because u+v+w +w is never closed and normal.

I+a)(u+v)+wt+x+x+V

—a(u+v)+wHu+x+x+v+v—
14+1).x+v)+a(u+v)+w+u

u+ v and x + v are required to be closed and normal for this critical pair to
open, thus u, v, and x are closed and normal, closes on (o + 1).u+ (o + 1+
Dv+w+(1+1)x.

lI+a)(u+v)+a(u+v)+w+x+x+vVv

+—au+v)+a(u+v)+wtut+x+x+v+v—
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1+ .(av.(u+v)+x+v)+w+u

does not verify the conditions because a.(u 4+ v) + x + v is never closed and
normal.
I+a)(u+v+v)+wt+x+x

—a(u+v+v)+twtut+x+x+v+v—
14+1).x+v)+a(u+v+v)+w+u
does not verify the conditions because u + v + v is never closed and normal.

1+a)(u+v+v)+w+x+x+u
+—au+v+v)+wt+x+x+utu+v+v—
I+ .(x+u+v)t+a(u+v+v)+w
does not verify the conditions because u + v + v is never closed and normal.

I+a)(u+v+v)+a(u+v+v)+wH+x+x

+—a(u+v+v)ta(ut+tv+v)+wHut+x+x+v4+v—
1+ (v.(u+v+v)+x+Vv)+w+u
does not verify the conditions because u + v + v is never closed and normal.

I+a)(u+v+v)+a(fu+v+v)+wH+x+x+u

+—a(u+v+v)ta(u+v+v)+wHx+x+tutu+vtv—
1+D.(cc(u+v+v)+x+u+v)+w
does not verify the conditions because u + v + v is never closed and normal.
I+a)(u+v+w+w)+x+vVv
+—au+v+wHw)+x+ut+v+v+w+w —
1+1).(v+w)+a(u+v+w+w)+x+u
does not verify the conditions because u+v+w +w is never closed and normal.
l4+a)(u+v4+w+w)+x+x+V

+—au+v+wHw) tu+x+x+v+Hv+wt+w —
1+1).x+v+w)+a(u+v+w+w)+u

does not verify the conditions because u+v+w +w is never closed and normal.
14+ a)(u+v+w+w)+a(u+v+w+w)+x+Vv

—au+v+wH+w) +a(u+v+wHw)+xt+ut+v+v+wt+w—
14+D.(v(u+v+w+w)+v+w)+x+u
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does not verify the conditions because u+v+w +w is never closed and normal.
l4+a)(u+v+w+w)+a(u+v4+w+w)+x+x+V
+—a(u+v+wH+w)ta(u+v+wtw)fut+x+x+v+v+wtw —
1+ (v.(u+v+w+w)+x+v+w)+u
does not verify the conditions because u+v+w +w is never closed and normal.
l1+a)(u+v+w+w)+x+y+y+v

+—au+v+wH+w)+x+uty+y+v+viwtw —
1+ (y+v+w) +a(u+v+w+w)+x+u

does not verify the conditions because u+v+w +w is never closed and normal.
14+a)(u+v+wH+w)+a(u+v+w+w)+x+y+y+v

+— a.(u+v+wH+w)ta(u+tv+wtw)+x+tutyt+y+v+v+wtw —
1+ (v.(u+v+wt+w)+y+v+w)+x+u

does not verify the conditions because u+ v+ w +w is never closed and normal.

f3e vs. f3e (5 pairs)

I+l)u+v+ve—utu+v4+v—(1+1)v+u+u

u and v are required to be closed and normal for this critical pair to open, closes
on (1+1)u+(1+1).v.

14+1)v+u+wt+w+—u+v+v+wt+w—(1+1)wtut+v+v

v and w are required to be closed and normal for this critical pair to open,
closesonu+ (1+1). v+ (1+1)w.

14+1).v+w)+u+—u+v+v+w+w— (I+1)wtut+v+v

v + w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on u+ (1 +1).v + (1 +1).w.

1+1).(u+w)+v+v+—u+tu+v+v+w+w— (1+1).(v+w)+u+u

u+w and v+w are required to be closed and normal for this critical pair to open,
thus u, v, and w are closed and normal, closes on (1+1).u+(14+1).v+(1+1).w.

(141).(v+x)+ut+w+w +— ut+v+v+w+w+x+x — (1+1).(w+x)+u+v+v

v + x and w + x are required to be closed and normal for this critical pair to
open, thus v, w, and x are closed and normal, closes on u+ (1 +1).v+ (1 +
Dow+(1+1)x.
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