
On the critical pairs of a rewrite system for

vector spaces

Pablo Arrighi∗ and Gilles Dowek†

In this note we prove that all the critical pairs of a rewrite system for vector
spaces close. In this rewrite system the symbols + (for scalars), ×, and + (for
vectors) are associative and commutative. This result is used in [2] to prove the
confluence of the rewrite system defining the Lineal linear-algebraic λ-calculus.
This rewrite system is formed of the rules

(1) 0 + α −→ α

(1e) 0 + α+ χ −→ α+ χ

(2) 0× α −→ 0
(2e) 0× α+ χ −→ 0 + χ

(3) 1× α −→ α

(3e) 1× α+ χ −→ α+ χ

(4) α× (β + γ) −→ (α × β) + (α× γ)
(4e) α× (β + γ) + χ −→ (α × β) + (α× γ) + χ

(5) u+ 0 −→ u

(5e) u+ 0+ x −→ u+ x

(6) 0.u −→ 0

(7) 1.u −→ u

(8) α.0 −→ 0

(9) α.(β.u) −→ (α × β).u
(10) α.(u+ v) −→ α.u+ α.v

(f1) α.u+ β.u −→ (α + β).u (*)
(f1e) α.u+ β.u+ x −→ (α + β).u+ x (*)
(f2) α.u+ u −→ (α + 1).u (*)
(f2e) α.u+ u+ x −→ (α + 1).u+ x (*)
(f3) u+ u −→ (1 + 1).u (*)
(f3e) u+ u+ x −→ (1 + 1).u+ x (*)

(*) the term u is closed and normal.
The rules 1, 1e, 2, 2e, 3, 3e, 4, and 4e form the system S0ext, the rules 5, 5e,

6, 7, 8, 9, and 10 form the system Eext, and the rules f1, f1e, f2, f2e, f3, and f3e
for the system Fext.

The system S0ext ∪ Eext is non conditional, so we can check automatically
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that its critical pairs close, for instance using the system CIME [1]. Thus, we
do not need to check that the critical pairs where both rules are in S0ext ∪Eext

close. We have generated the other critical pairs, where one rule is in S0ext∪Eext

and the other in Fext or where both rules are in Fext, again using CIME. We got
251 distinct critical pairs, 81 of these critical pairs do not verify the condition
(∗), we show that the 170 other close. There are basically two cases. In the
first, we have a critical pair, e.g.

0+ α.u←− 0.u+ α.u −→ (0 + α).u

and we close it, in this example on α.u. In the second we have a critical pair,
e.g.

α.u+ α.v + β.(u + v)←− α.(u + v) + β.(u+ v) −→ (α+ β).(u + v)

and from the fact that this critical pair opens, we deduce that some terms, in
this example u + v, must be closed and normal, then we deduce that some of
their subterms, in this example u and v, are closed and normal, and this is used
to close the critical pair, in this case on (α+ β).u+ (α+ β).v.

f1 vs. 6 (1 pair)

0+ α.u←− 0.u+ α.u −→ (0 + α).u

closes on α.u.

f1 vs. 7 (1 pair)

α.u+ u←− 1.u+ α.u −→ (1 + α).u

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u.

f1 vs. 8 (1 pair)

0+ α.0←− α.0+ β.0 −→ (α+ β).0

closes on 0.

f1 vs. 9 (1 pair)

(α× γ).u+ β.(γ.u)←− α.(γ.u) + β.(γ.u) −→ (α+ β).(γ.u)

γ.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (α× γ + β × γ).u.
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f1 vs. 10 (2 pairs)

α.u+ α.v + β.(u + v)←− α.(u + v) + β.(u+ v) −→ (α+ β).(u + v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ β).u+ (α + β).v.

α.((β + γ).u)←− α.(β.u+ γ.u) −→ α.(β.u) + α.(γ.u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u.

f2 vs. 5 (2 pairs)

α.0←− 0+ α.0 −→ (1 + α).0

closes on 0.

α.(0+ u) + u←− 0+ α.(0+ u) + u −→ (1 + α).(0+ u)

does not verify the conditions because u+ 0 is never closed and normal.

f2 vs. 5e (2 pairs)

α.(0+ u) + u←− 0+ α.(0+ u) + u −→ (1 + α).(0+ u)

does not verify the conditions because u+ 0 is never closed and normal.

α.(0+ u+ v) + u+ v←− 0+ α.(0+ u+ v) + u+ v −→ (1 + α).(0+ u+ v)

does not verify the conditions because u+ v + 0 is never closed and normal.

f2 vs. 6 (1 pair)

0+ u←− 0.u+ u −→ (0 + 1).u

closes on u.

f2 vs. 7 (1 pair)

u+ u←− 1.u+ u −→ (1 + 1).u

closes on (1 + 1).u.

f2 vs. 8 (1 pair)

0+ 0←− 0+ α.0 −→ (1 + α).0

closes on 0.
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f2 vs. 9 (1 pair)

(α× β).u+ β.u←− α.(β.u) + β.u −→ (1 + α).(β.u)

β.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (α× β + β).u.

f2 vs. 10 (4 pairs)

α.u+ α.v + u+ v←− α.(u + v) + u+ v −→ (1 + α).(u+ v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1).u+ (α+ 1).v.

α.((1 + β).u)←− α.(β.u+ u) −→ α.(β.u) + α.u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u.

α.((1 + β).(u+ v))←− α.(β.(u + v) + u+ v) −→ α.(β.(u + v) + u) + α.v

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v.

α.((1 + β).(u+ v))←− α.(β.(u + v) + u+ v) −→ α.(β.(u + v) + v) + α.u

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v.

f3 vs. 5 (2 pairs)

0←− 0+ 0 −→ (1 + 1).0

closes on 0.

0+ u+ u←− 0+ 0+ u+ u −→ (1 + 1).(0+ u)

does not verify the conditions because u+ 0 is never closed and normal.

f3 vs. 5e (3 pairs)

0+ u+ u←− 0+ 0+ u+ u −→ (1 + 1).(0+ u)

does not verify the conditions because u+ 0 is never closed and normal.

0+ u+ u+ v + v←− 0+ 0+ u+ u+ v + v −→ (1 + 1).(0+ u+ v)

does not verify the conditions because u+ v + 0 is never closed and normal.

0+u+u+v+v+w+w←− 0+0+u+u+v+v+w+w −→ (1+1).(0+u+v+w)

does not verify the conditions because u+v+w+0 is never closed and normal.
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f3 vs. 10 (5 pairs)

α.((1 + 1).u)←− α.(u + u) −→ α.u+ α.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ α).u.

α.((1 + 1).(u+ v))←− α.(u+ u+ v + v) −→ α.(u + u+ v) + α.v

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ α).u+ (α + α).v.

α.((1 + 1).(u+ v))←− α.(u + u+ v + v) −→ α.(u+ u) + α.(v + v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ α).u+ (α + α).v.

α.((1 + 1).(u+ v))←− α.(u+ u+ v + v) −→ α.(u + v + v) + α.u

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ α).u+ (α + α).v.

α.((1+1).(u+v+w))←− α.(u+u+v+v+w+w) −→ α.(u+u+v)+α.(v+w+w)

u+v+w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closes on (α+α).u+(α+α).v+(α+α).w.

f1e vs. 5 (2 pairs)

α.u+ β.u←− 0+ α.u+ β.u −→ 0+ (α+ β).u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β).u.

α.u+ β.u+ v←− 0+ α.u+ β.u+ v −→ 0+ (α+ β).u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β).u+ v.

f1e vs. 5e (3 pairs)

α.u+ β.u←− 0+ α.u+ β.u −→ 0+ (α+ β).u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β).u.

α.u+ β.u+ v←− 0+ α.u+ β.u+ v −→ 0+ (α+ β).u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β).u+ v.

α.u+ β.u+ v +w←− 0+ α.u+ β.u+ v +w −→ 0+ (α + β).u+ v +w

u is required to be closed and normal for this critical pair to open, closes on
(α+ β).u+ v +w.
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f1e vs. 6 (1 pair)

0+ α.u+ v←− 0.u+ α.u+ v −→ (0 + α).u+ v

closes on α.u+ v.

f1e vs. 7 (1 pair)

α.u+ u+ v←− 1.u+ α.u+ v −→ (1 + α).u + v

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u+ v.

f1e vs. 8 (1 pair)

0+ β.0+ u←− α.0+ β.0+ u −→ (α+ β).0+ u

closes on u.

f1e vs. 9 (1 pair)

(α× γ).u+ β.(γ.u) + v←− α.(γ.u) + β.(γ.u) + v −→ (α + β).(γ.u) + v

γ.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (α× γ + β × γ).u+ v.

f1e vs. 10 (8 pairs)

α.u+α.v+β.(u+v)+w ←− α.(u+v)+β.(u+v)+w −→ (α+β).(u+v)+w

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ β).u+ (α + β).v +w.

α.((β + γ).u+ v)←− α.(β.u + γ.u+ v) −→ α.(β.u + γ.u) + α.v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v.

α.((β + γ).u+ v)←− α.(β.u + γ.u+ v) −→ α.(γ.u+ v) + α.(β.u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v.

α.((β + γ).u+ v)←− α.(β.u + γ.u+ v) −→ α.(β.u + v) + α.(γ.u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v.

α.((β + γ).u+ v +w)←− α.(β.u+ γ.u+ v+w) −→ α.(β.u+ γ.u+ v) + α.w
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u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v + α.w.

α.((β+ γ).u+v+w)←− α.(β.u+ γ.u+v+w) −→ α.(β.u+v) +α.(γ.u+w)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v + α.w.

α.((β+ γ).u+v+w)←− α.(β.u+ γ.u+v+w) −→ α.(β.u+w) +α.(γ.u+v)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v + α.w.

α.((β + γ).u+ v +w)←− α.(β.u+ γ.u+ v+w) −→ α.(β.u+ γ.u+w) + α.v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α× γ).u+ α.v + α.w.

f2e vs. 5 (4 pairs)

α.u+ u←− 0+ α.u+ u −→ 0+ (1 + α).u

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u.

α.u+ v + u←− 0+ α.u+ v + u −→ 0+ (1 + α).u + v

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u+ v.

α.0+ u←− 0+ α.0+ u −→ (1 + α).0+ u

closes on u.

α.(0+ u) + v + u←− 0+ α.(0+ u) + v + u −→ (1 + α).(0+ u) + v

does not verify the conditions because u+ 0 is never closed and normal.

f2e vs. 5e (12 pairs)

α.u+ u←− 0+ α.u+ u −→ 0+ (1 + α).u

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u.

α.0+ u←− 0+ α.0+ u −→ (1 + α).0+ u

closes on u.

α.u+ v + u←− 0+ α.u+ v + u −→ 0+ (1 + α).u + v
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u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u+ v.

α.0+ u+ v←− 0+ α.0+ u+ v −→ (1 + α).0+ u+ v

closes on u+ v.

α.(0+ u) + v + u←− 0+ α.(0+ u) + v + u −→ (1 + α).(0+ u) + v

does not verify the conditions because u+ 0 is never closed and normal.

α.(u + v) + u+ v←− 0+ α.(u + v) + u+ v −→ 0+ (1 + α).(u+ v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + α).u + (1 + α).v.

α.u+ v +w + u←− 0+ α.u+ v +w + u −→ 0+ (1 + α).u+ v +w

u is required to be closed and normal for this critical pair to open, closes on
(1 + α).u+ v +w.

α.(u+v)+w+u+v←− 0+α.(u+v)+w+u+v −→ 0+(1+α).(u+v)+w

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + α).u + (1 + α).v +w.

α.(u+v)+w+x+u+v←− 0+α.(u+v)+w+x+u+v −→ 0+(1+α).(u+v)+w+x

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + α).u + (1 + α).v +w+ x.

α.(0+u)+v+w+u←− 0+α.(0+u)+v+w+u −→ (1+α).(0+u)+v+w

does not verify the conditions because u+ 0 is never closed and normal.

α.(0+u+v)+w+u+v←− 0+α.(0+u+v)+w+u+v −→ (1+α).(0+u+v)+w

does not verify the conditions because u+ v + 0 is never closed and normal.

α.(0+u+v)+w+x+u+v←− 0+α.(0+u+v)+w+x+u+v −→ (1+α).(0+u+v)+w+x

does not verify the conditions because u+ v + 0 is never closed and normal.

f2e vs. 6 (1 pair)

0+ u+ v←− 0.u+ u+ v −→ (0 + 1).u+ v

closes on u+ v.

8



f2e vs. 7 (1 pair)

u+ u+ v←− 1.u+ u+ v −→ (1 + 1).u+ v

u is required to be closed and normal for this critical pair to open, closes on
(1 + 1).u+ v.

f2e vs. 8 (1 pair)

0+ 0+ u←− 0+ α.0+ u −→ (1 + α).0+ u

closes on u.

f2e vs. 9 (1 pair)

(α× β).u+ β.u+ v←− α.(β.u) + β.u+ v −→ (1 + α).(β.u) + v

β.u is required to be closed and normal for this critical pair to open, thus u is
closed and normal, closes on (α× β + β).u+ v.

f2e vs. 10 (14 pairs)

α.u+ α.v + u+ v +w ←− α.(u+ v) + u+ v +w −→ (1 + α).(u + v) +w

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + α).u + (1 + α).v +w.

α.((1 + β).u+ v)←− α.(β.u + v + u) −→ α.(β.u + u) + α.v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v.

α.((1 + β).u+ v)←− α.(β.u+ v + u) −→ α.(v + u) + α.(β.u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v.

α.((1 + β).u+ v)←− α.(β.u + v + u) −→ α.(β.u + v) + α.u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v.

α.((1 + β).u + v +w)←− α.(β.u + v +w + u) −→ α.(β.u + v + u) + α.w

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v + α.w.

α.((1 + β).u+ v +w)←− α.(β.u + v +w+ u) −→ α.(β.u+ v) + α.(w + u)
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u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v + α.w.

α.((1 + β).u+ v +w)←− α.(β.u + v +w+ u) −→ α.(β.u+w) + α.(v + u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v + α.w.

α.((1 + β).u + v +w)←− α.(β.u + v +w + u) −→ α.(β.u +w+ u) + α.v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α).u+ α.v + α.w.

α.((1+β).(u+v)+w)←− α.(β.(u+v)+w+u+v) −→ α.(β.(u+v)+u)+α.(w+v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v + α.w.

α.((1+β).(u+v)+w)←− α.(β.(u+v)+w+u+v) −→ α.(β.(u+v)+w+u)+α.v

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v + α.w.

α.((1+β).(u+v)+w)←− α.(β.(u+v)+w+u+v) −→ α.(β.(u+v)+v)+α.(w+u)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v + α.w.

α.((1+β).(u+v)+w)←− α.(β.(u+v)+w+u+v) −→ α.(β.(u+v)+w+v)+α.u

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α× β + α).u+ (α× β + α).v + α.w.

α.((1+β).(u+v)+w+x)←− α.(β.(u+v)+w+x+u+v) −→ α.(β.(u+v)+x+v)+α.(w+u)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α×β+α).u+(α×β+α).v+α.w+α.x.

α.((1+β).(u+v)+w+x)←− α.(β.(u+v)+w+x+u+v) −→ α.(β.(u+v)+w+u)+α.(x+v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α×β+α).u+(α×β+α).v+α.w+α.x.

f3e vs. 5 (4 pairs)

u+ u←− 0+ u+ u −→ 0+ (1 + 1).u

u is required to be closed and normal for this critical pair to open, closes on
(1 + 1).u.

u+ v + v←− 0+ u+ v + v −→ 0+ (1 + 1).v + u
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v is required to be closed and normal for this critical pair to open, closes on
(1 + 1).v + u.

0+ u←− 0+ 0+ u −→ (1 + 1).0+ u

closes on u.

0+ u+ v + v←− 0+ 0+ u+ v + v −→ (1 + 1).(0+ v) + u

does not verify the conditions because v + 0 is never closed and normal.

f3e vs. 5e (17 pairs)

u+ u←− 0+ u+ u −→ 0+ (1 + 1).u

u is required to be closed and normal for this critical pair to open, closes on
(1 + 1).u.

0+ u←− 0+ 0+ u −→ (1 + 1).0+ u

closes on u.

u+ v + v←− 0+ u+ v + v −→ 0+ (1 + 1).v + u

v is required to be closed and normal for this critical pair to open, closes on
(1 + 1).v + u.

u+ u+ v + v←− 0+ u+ u+ v + v −→ 0+ (1 + 1).(u+ v)

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + 1).u+ (1 + 1).v.

0+ u+ v←− 0+ 0+ u+ v −→ (1 + 1).0+ u+ v

closes on u+ v.

0+ u+ v + v←− 0+ 0+ u+ v + v −→ (1 + 1).(0+ v) + u

does not verify the conditions because v + 0 is never closed and normal.

u+ v +w+w ←− 0+ u+ v +w+w −→ 0+ (1 + 1).w+ u+ v

w is required to be closed and normal for this critical pair to open, closes on
(1 + 1).w + u+ v.

u+ v + v +w +w←− 0+ u+ v + v +w +w −→ 0+ (1 + 1).(v +w) + u

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (1 + 1).v + (1 + 1).w + u.

u+u+v+v+w+w←− 0+u+u+v+v+w+w −→ 0+(1+1).(u+v+w)
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u+v+w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closes on (1 + 1).u+ (1 + 1).v+ (1 + 1).w.

0+ u+ v +w +w←− 0+ 0+ u+ v +w +w −→ (1 + 1).(0+w) + u+ v

does not verify the conditions because w+ 0 is never closed and normal.

0+u+v+v+w+w←− 0+0+u+v+v+w+w −→ (1+1).(0+v+w)+u

does not verify the conditions because v +w + 0 is never closed and normal.

u+v+w+w+x+x←− 0+u+v+w+w+x+x −→ 0+(1+1).(w+x)+u+v

w+ x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (1 + 1).w + (1 + 1).x+ u+ v.

u+v+v+w+w+x+x←− 0+u+v+v+w+w+x+x −→ 0+(1+1).(v+w+x)+u

u+v+w is required to be closed and normal for this critical pair to open, thus
u, v, and w are closed and normal, closes on (1+1).v+(1+1).w+(1+1).x+u.

0+u+v+w+w+x+x←− 0+0+u+v+w+w+x+x −→ (1+1).(0+w+x)+u+v

does not verify the conditions because w+ x+ 0 is never closed and normal.

0+u+v+v+w+w+x+x←− 0+0+u+v+v+w+w+x+x −→ (1+1).(0+v+w+x)+u

does not verify the conditions because v+w+x+0 is never closed and normal.

u+v+w+w+x+x+y+y←− 0+u+v+w+w+x+x+y+y −→ 0+(1+1).(w+x+y)+u+v

w+x+y is required to be closed and normal for this critical pair to open, thusw,
x, and y are closed and normal, closes on (1+1).w+(1+1).x+(1+1).y+u+v.

0+u+v+w+w+x+x+y+y←− 0+0+u+v+w+w+x+x+y+y −→ (1+1).(0+w+x+y)+u+v

does not verify the conditions because w+x+y+0 is never closed and normal.

f3e vs. 10 (17 pairs)

α.((1 + 1).v + u)←− α.(u+ v + v) −→ α.(v + v) + α.u

v is required to be closed and normal for this critical pair to open, closes on
(α+ α).v + α.u.

α.((1 + 1).v + u)←− α.(u+ v + v) −→ α.(u+ v) + α.v

v is required to be closed and normal for this critical pair to open, closes on
(α+ α).v + α.u.

α.((1 + 1).w + u+ v)←− α.(u + v +w +w) −→ α.(v +w +w) + α.u
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w is required to be closed and normal for this critical pair to open, closes on
(α+ α).w + α.u+ α.v.

α.((1 + 1).w + u+ v)←− α.(u + v +w +w) −→ α.(u+w +w) + α.v

w is required to be closed and normal for this critical pair to open, closes on
(α+ α).w + α.u+ α.v.

α.((1 + 1).w + u+ v)←− α.(u+ v +w+w) −→ α.(u+w) + α.(v +w)

w is required to be closed and normal for this critical pair to open, closes on
(α+ α).w + α.u+ α.v.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+v+v)+α.(w+w)

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+w+w)+α.(v+v)

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+v)+α.(v+w+w)

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+v+w+w)+α.v

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+v+v+w)+α.w

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(v+w)+u)←− α.(u+v+v+w+w) −→ α.(u+w)+α.(v+v+w)

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on (α+ α).w + (α+ α).v + α.u.

α.((1+1).(w+x)+u+v)←− α.(u+v+w+w+x+x) −→ α.(u+w+w+x)+α.(v+x)

w+ x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (α+ α).w + (α + α).x+ α.u+ α.v.

α.((1+1).(w+x)+u+v)←− α.(u+v+w+w+x+x) −→ α.(u+w+w)+α.(v+x+x)
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w+ x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (α+ α).w + (α + α).x+ α.u+ α.v.

α.((1+1).(w+x)+u+v)←− α.(u+v+w+w+x+x) −→ α.(u+w)+α.(v+w+x+x)

w+ x is required to be closed and normal for this critical pair to open, thus w
and x are closed and normal, closes on (α+ α).w + (α + α).x+ α.u+ α.v.

α.((1+1).(v+w+x)+u)←− α.(u+v+v+w+w+x+x) −→ α.(u+v+v+w)+α.(w+x+x)

v+w+x is required to be closed and normal for this critical pair to open, thus v,
w, and x are closed and normal, closes on (α+α).v+(α+α).w+(α+α).x+α.u.

α.((1+1).(v+w+x)+u)←− α.(u+v+v+w+w+x+x) −→ α.(u+w+x+x)+α.(v+v+w)

v+w+x is required to be closed and normal for this critical pair to open, thus v,
w, and x are closed and normal, closes on (α+α).v+(α+α).w+(α+α).x+α.u.

α.((1+1).(w+x+y)+u+v)←− α.(u+v+w+w+x+x+y+y) −→ α.(u+w+w+x)+α.(v+x+y+y)

w+x+y is required to be closed and normal for this critical pair to open, thus
w, x, and y are closed and normal, closes on (α+α).w+(α+α).x+(α+α).y+
α.u+ α.v.

f1 vs. f3 (1 pair)

(α+ α).u←− α.u+ α.u −→ (1 + 1).(α.u)

closes on (α+ α).u.

f2 vs. f1e (2 pairs)

(1+α).(β.u+ γ.u)←− α.(β.u+ γ.u)+β.u+ γ.u −→ (β+ γ).u+α.(β.u+ γ.u)

does not verify the conditions because β.u+ γ.u is never closed and normal.

(1+α).(β.u+γ.u+v)←− α.(β.u+γ.u+v)+β.u+γ.u+v −→ (β+γ).u+α.(β.u+γ.u+v)+v

does not verify the conditions because β.u+γ.u+v is never closed and normal.

f2 vs. f2e (2 pairs)

(1 + β).(α.u + u)←− α.u+ β.(α.u + u) + u −→ (1 + α).u+ β.(α.u + u)

does not verify the conditions because α.u+ u is never closed and normal.

(1+β).(α.u+v+u)←− α.u+β.(α.u+v+u)+v+u −→ (1+α).u+β.(α.u+v+u)+v

does not verify the conditions because α.u+ v + u is never closed and normal.
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f2 vs. f3e (2 pairs)

(1 + α).(u+ u)←− α.(u+ u) + u+ u −→ (1 + 1).u+ α.(u+ u)

does not verify the conditions because u+ u is never closed and normal.

(1+α).(u+v+v)←− α.(u+v+v)+u+v+v −→ (1+1).v+α.(u+v+v)+u

does not verify the conditions because u+ v + v is never closed and normal.

f3 vs. f1e (3 pairs)

(1 + 1).(α.u+ β.u)←− α.u+ α.u+ β.u+ β.u −→ (α+ β).u+ α.u+ β.u

does not verify the conditions because α.u+ β.u is never closed and normal.

(1+1).(α.u+β.u+v)←− α.u+α.u+β.u+β.u+v+v −→ (α+β).u+α.u+β.u+v+v

does not verify the conditions because α.u+β.u+v is never closed and normal.

(1 + 1).(α.u + v)←− α.u+ α.u+ v + v −→ (α+ α).u + v + v

α.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α+ α).u+ (1 + 1).v.

f3 vs. f2e (6 pairs)

(1 + 1).(α.u+ u)←− α.u+ α.u+ u+ u −→ (1 + α).u+ α.u+ u

does not verify the conditions because α.u+ u is never closed and normal.

(1+1).(α.u+v+u)←− α.u+α.u+v+v+u+u −→ (1+α).u+α.u+v+v+u

does not verify the conditions because α.u+ v + u is never closed and normal.

(1+1).(α.(u+u)+u)←− α.(u+u)+α.(u+u)+u+u −→ (1+α).(u+u)+α.(u+u)

does not verify the conditions because α.(u+u)+u is never closed and normal.

(1+1).(α.(u+u)+v+u)←− α.(u+u)+α.(u+u)+v+v+u+u −→ (1+α).(u+u)+α.(u+u)+v+v

does not verify the conditions because α.(u + u) + v + u is never closed and
normal.

(1 + 1).(α.(u+ v + v) + u+ v)

←− α.(u+ v + v) + α.(u+ v + v) + u+ u+ v + v −→

(1 + α).(u+ v + v) + α.(u+ v + v) + u
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does not verify the conditions because α.(u+v+v)+u+v is never closed and
normal.

(1 + 1).(α.(u+ v + v) +w + u+ v)

←− α.(u+ v + v) + α.(u+ v + v) +w +w + u+ u+ v + v −→

(1 + α).(u + v + v) + α.(u + v + v) +w +w + u

does not verify the conditions because α.(u+v+v)+w+u+v is never closed
and normal.

f3 vs. f3e (1 pair)

(1 + 1).(u+ v)←− u+ u+ v + v −→ (1 + 1).u+ v + v

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (1 + 1).u+ (1 + 1).v.

f1e vs. f1e (8 pairs)

(α+ γ).u+ β.u←− α.u+ β.u+ γ.u −→ (α+ β).u+ γ.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u.

(β + γ).u+ α.u←− α.u+ β.u+ γ.u −→ (α+ β).u+ γ.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u.

(β + γ).u+ α.u←− α.u+ β.u+ γ.u −→ (α+ γ).u+ β.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u.

(α+ γ).u+ β.u+ v←− α.u+ β.u+ γ.u+ v −→ (α+ β).u+ γ.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u+ v.

(β + γ).u+ α.u+ v←− α.u+ β.u+ γ.u+ v −→ (α+ β).u+ γ.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u+ v.

(β + γ).u+ α.u+ v←− α.u+ β.u+ γ.u+ v −→ (α+ γ).u+ β.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + γ).u+ v.

(β + δ).v + α.u+ γ.u←− α.u+ β.v + γ.u+ δ.v −→ (α+ γ).u+ β.v + δ.v
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u and v are required to be closed and normal for this critical pair to open, closes
on (α+ γ).u+ (β + δ).v.

(β+δ).v+α.u+γ.u+w←− α.u+β.v+γ.u+δ.v+w −→ (α+γ).u+β.v+δ.v+w

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ γ).u+ (β + δ).v +w.

f1e vs. f2e (14 pairs)

(α+ β).u+ u←− α.u+ β.u+ u −→ (1 + α).u+ β.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + 1).u.

(γ + β).u+ α.(β.u)←− α.(β.u) + γ.u+ β.u −→ (1 + α).(β.u) + γ.u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + γ).u.

(β + γ).u+ α.(β.u)←− α.(β.u) + β.u+ γ.u −→ (1 + α).(β.u) + γ.u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + γ).u.

(α+ β).u+ v + u←− α.u+ β.u+ v + u −→ (1 + α).u+ β.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + 1).u+ v.

(β + γ).v + α.u+ u←− α.u+ β.v + γ.v + u −→ (1 + α).u+ β.v + γ.v

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ 1).u+ (β + γ).v.

(γ+β).u+α.(β.u)+v ←− α.(β.u)+ γ.u+β.u+v −→ (1+α).(β.u)+ γ.u+v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + γ).u+ v.

(β+ γ).u+α.(β.u)+v ←− α.(β.u)+β.u+ γ.u+v −→ (1+α).(β.u)+ γ.u+v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + γ).u+ v.

(γ+β).u+α.(β.u+v)+v ←− α.(β.u+v)+γ.u+β.u+v −→ (1+α).(β.u+v)+γ.u

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + γ).u+ (α+ 1).v.

(β+γ).u+α.(β.u+v)+v ←− α.(β.u+v)+β.u+γ.u+v −→ (1+α).(β.u+v)+γ.u
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β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + γ).u+ (α+ 1).v.

(β+γ).u+α.(β.u+γ.u)+v←− α.(β.u+γ.u)+β.u+γ.u+v −→ (1+α).(β.u+γ.u)+v

does not verify the conditions because β.u+ γ.u is never closed and normal.

(β+γ).v+α.u+w+u←− α.u+β.v+γ.v+w+u −→ (1+α).u+β.v+γ.v+w

u and v are required to be closed and normal for this critical pair to open, closes
on (1 + α).u + (β + γ).v +w.

(γ+β).u+α.(β.u+v)+w+v←− α.(β.u+v)+γ.u+β.u+w+v −→ (1+α).(β.u+v)+γ.u+w

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + γ).u+ (α+ 1).v +w.

(β+γ).u+α.(β.u+v)+w+v←− α.(β.u+v)+β.u+γ.u+w+v −→ (1+α).(β.u+v)+γ.u+w

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + γ).u+ (α+ 1).v +w.

(β+γ).u+α.(β.u+γ.u+v)+w+v←− α.(β.u+γ.u+v)+β.u+γ.u+w+v −→ (1+α).(β.u+γ.u+v)+w

does not verify the conditions because β.u+γ.u+v is never closed and normal.

f1e vs. f3e (14 pairs)

(α+ β).u+ α.u←− α.u+ α.u+ β.u −→ (1 + 1).(α.u) + β.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ α+ β).u.

(α+ β).u+ β.u←− α.u+ β.u+ β.u −→ (1 + 1).(β.u) + α.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + β).u.

(α + α).u+ v←− α.u+ α.u+ v −→ (1 + 1).(α.u) + v

closes on (α+ α).u+ v.

(α+ β).u+ v + v←− α.u+ β.u+ v + v −→ (1 + 1).v + α.u+ β.u

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ β).u+ (1 + 1).v.

(α+ β).u+ α.u+ v←− α.u+ α.u+ β.u+ v −→ (1 + 1).(α.u) + β.u+ v
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u is required to be closed and normal for this critical pair to open, closes on
(α+ α+ β).u+ v.

(α+ β).u+ β.u+ v←− α.u+ β.u+ β.u+ v −→ (1 + 1).(β.u) + α.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + β).u+ v.

(α+β).u+α.u+v+v←− α.u+α.u+β.u+v+v −→ (1+1).(α.u+v)+β.u

α.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α+ α+ β).u+ (1 + 1).v.

(α+β).u+β.u+v+v←− α.u+β.u+β.u+v+v −→ (1+1).(β.u+v)+α.u

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α+ β + β).u+ (1 + 1).v.

(α+β).u+α.u+β.u+v←− α.u+α.u+β.u+β.u+v −→ (1+1).(α.u+β.u)+v

does not verify the conditions because α.u+ β.u is never closed and normal.

(α+β).u+v+w+w←− α.u+β.u+v+w+w −→ (1+1).w+α.u+β.u+v

u and w are required to be closed and normal for this critical pair to open,
closes on (α+ β).u+ v + (1 + 1).w.

(α+β).u+α.u+v+w+w ←− α.u+α.u+β.u+v+w+w −→ (1+1).(α.u+w)+β.u+v

α.u+w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (α+ α+ β).u + v + (1 + 1).w.

(α+β).u+β.u+v+w+w ←− α.u+β.u+β.u+v+w+w −→ (1+1).(β.u+w)+α.u+v

β.u+w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (α+ β + β).u+ v + (1 + 1).w.

(α+β).u+α.u+β.u+v+w+w ←− α.u+α.u+β.u+β.u+v+w+w −→ (1+1).(α.u+β.u+w)+v

does not verify the conditions because α.u+β.u+w is never closed and normal.

(α+ α).u+ v +w+w ←− α.u+ α.u+ v +w+w −→ (1 + 1).(α.u+w) + v

α.u+w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (α+ α).u + v + (1 + 1).w.
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f2e vs. f2e (30 pairs)

(1 + β).u+ α.u←− α.u+ β.u+ u −→ (1 + α).u + β.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + 1).u.

(1 + β).u+ α.(β.u)←− α.(β.u) + β.u+ u −→ (1 + α).(β.u) + u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + 1).u.

(1 + β).(α.u) + u←− α.u+ β.(α.u) + u −→ (1 + α).u+ β.(α.u)

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α+ 1).u.

(1 + β).v + α.u+ u←− α.u+ β.v + v + u −→ (1 + α).u+ β.v + v

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ 1).u+ (β + 1).v.

(1 + β).u+ α.u+ v←− α.u+ β.u+ v + u −→ (1 + α).u+ β.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ β + 1).u+ v.

(1+ β).(v+u)+α.u←− α.u+ β.(v+u)+v+u −→ (1+α).u+ β.(v+u)+v

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ β + 1).u+ (β + 1).v.

(1+β).v+α.(u+v) +u←− α.(u+v) +β.v+u+v −→ (1+α).(u+v) + β.v

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1).u+ (α+ β + 1).v.

(1 + β).u+ α.(β.u) + v←− α.(β.u) + β.u+ v + u −→ (1 + α).(β.u) + v + u

u is required to be closed and normal for this critical pair to open, closes on
(α× β + β + 1).u+ v.

(1 + β).(α.u) + v + u←− α.u+ β.(α.u) + v + u −→ (1 + α).u + β.(α.u) + v

u is required to be closed and normal for this critical pair to open, closes on
(α× β + α+ 1).u+ v.

(1+β).(α.u+v)+u←− α.u+β.(α.u+v)+v+u −→ (1+α).u+β.(α.u+v)+v

α.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + α+ 1).u+ (β + 1).v.

(1+β).(α.u+u)+v←− α.u+β.(α.u+u)+v+u −→ (1+α).u+β.(α.u+u)+v
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does not verify the conditions because α.u+ u is never closed and normal.

(1+β).u+α.(β.u+u)+v←− α.(β.u+u)+β.u+v+u −→ (1+α).(β.u+u)+v

does not verify the conditions because β.u+ u is never closed and normal.

(1+β).(u+v)+α.(β.(u+v)+v) ←− α.(β.(u+v)+v)+β.(u+v)+u+v −→ (1+α).(β.(u+v)+v)+u

does not verify the conditions because β.(u+v)+v is never closed and normal.

(1+β).u+α.(β.u+v)+v ←− α.(β.u+v)+β.u+u+v −→ (1+α).(β.u+v)+u

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + 1).u+ (α+ 1).v.

(1+β).(α.(u+v)+v)+u ←− α.(u+v)+β.(α.(u+v)+v)+u+v −→ (1+α).(u+v)+β.(α.(u+v)+v)

does not verify the conditions because α.(u+v)+v is never closed and normal.

(1+ β).v+α.u+w+u←− α.u+ β.v+w+v+u −→ (1+α).u+ β.v+w+v

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ 1).u+ (β + 1).v +w.

(1+β).(v+u)+α.u+w ←− α.u+β.(v+u)+w+v+u −→ (1+α).u+β.(v+u)+w+v

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ β + 1).u+ (β + 1).v +w.

(1+β).v+α.(u+v)+w+u←− α.(u+v)+β.v+w+u+v −→ (1+α).(u+v)+β.v+w

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1).u+ (α+ β + 1).v +w.

(1+β).(w+v)+α.(u+v)+u ←− α.(u+v)+β.(w+v)+w+u+v −→ (1+α).(u+v)+β.(w+v)+w

w + v and u + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (α + 1).u + (α + β +
1).v + (β + 1).w.

(1+β).u+α.(β.u+v)+w+v←− α.(β.u+v)+β.u+w+u+v −→ (1+α).(β.u+v)+w+u

β.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + β + 1).u+ (α+ 1).v +w.

(1+β).u+α.(β.u+v+u)+w+v←− α.(β.u+v+u)+β.u+w+v+u −→ (1+α).(β.u+v+u)+w

does not verify the conditions because β.u+ v + u is never closed and normal.

(1 + β).(u + v) + α.(β.(u + v) + v) +w
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←− α.(β.(u + v) + v) + β.(u+ v) +w+ u+ v −→

(1 + α).(β.(u + v) + v) +w+ u

does not verify the conditions because β.(u+v)+v is never closed and normal.

(1 + β).(u+ v) + α.(β.(u+ v) +w + v) +w

←− α.(β.(u + v) +w+ v) + β.(u+ v) + u+w + v −→

(1 + α).(β.(u + v) +w + v) + u

does not verify the conditions because β.(u + v) + w + v is never closed and
normal.

(1+β).(α.u+v)+w+u←− α.u+β.(α.u+v)+w+v+u −→ (1+α).u+β.(α.u+v)+w+v

α.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α× β + α+ 1).u+ (β + 1).v +w.

(1+β).(α.u+v+u)+w ←− α.u+β.(α.u+v+u)+w+v+u −→ (1+α).u+β.(α.u+v+u)+w+v

does not verify the conditions because α.u+ v + u is never closed and normal.

(1 + β).(α.(u + v) + v) +w+ u

←− α.(u+ v) + β.(α.(u + v) + v) +w+ u+ v −→

(1 + α).(u + v) + β.(α.(u + v) + v) +w

does not verify the conditions because α.(u+v)+v is never closed and normal.

(1 + β).(α.(u + v) +w + v) + u

←− α.(u+ v) + β.(α.(u + v) +w + v) +w+ u+ v −→

(1 + α).(u+ v) + β.(α.(u+ v) +w + v) +w

does not verify the conditions because α.(u + v) + w + v is never closed and
normal.

(1 + β).(w + v) + α.(u+ v) + x+ u

←− α.(u+ v) + β.(w + v) + x+w + u+ v −→

(1 + α).(u+ v) + β.(w + v) + x+w

w + v and u + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (α + 1).u + (α + β +
1).v + (β + 1).w+ x.

(1 + β).(u+ v) + α.(β.(u+ v) + x+ v) +w + x

←− α.(β.(u + v) + x+ v) + β.(u+ v) +w+ u+ x+ v −→

(1 + α).(β.(u + v) + x+ v) +w+ u
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does not verify the conditions because β.(u + v) + x + v is never closed and
normal.

(1 + β).(α.(u + v) +w + v) + x+ u

←− α.(u+ v) + β.(α.(u + v) +w + v) + x+w+ u+ v −→

(1 + α).(u+ v) + β.(α.(u + v) +w + v) + x+w

does not verify the conditions because α.(u + v) + w + v is never closed and
normal.

f2e vs. f3e (46 pairs)

(1 + α).u+ u←− α.u+ u+ u −→ (1 + 1).u+ α.u

u is required to be closed and normal for this critical pair to open, closes on
(α+ 1 + 1).u.

(1 + α).u + α.u←− α.u+ α.u+ u −→ (1 + 1).(α.u) + u

u is required to be closed and normal for this critical pair to open, closes on
(α+ α+ 1).u.

(1 + α).u + v + u←− α.u+ v + u+ u −→ (1 + 1).u+ α.u+ v

u is required to be closed and normal for this critical pair to open, closes on
(α+ 1 + 1).u+ v.

(1 + α).u+ v + v←− α.u+ u+ v + v −→ (1 + 1).v + α.u+ u

u and v are required to be closed and normal for this critical pair to open, closes
on (α+ 1).u+ (1 + 1).v.

(1 + α).u+ α.u+ v←− α.u+ α.u+ v + u −→ (1 + 1).(α.u) + v + u

u is required to be closed and normal for this critical pair to open, closes on
(α+ α+ 1).u+ v.

(1 + α).u+ v + v + u←− α.u+ v + v + u+ u −→ (1 + 1).(v + u) + α.u

v + u is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1 + 1).u+ (1 + 1).v.

(1 + α).u + α.u+ v + v←− α.u+ α.u+ u+ v + v −→ (1 + 1).(α.u+ v) + u

α.u + v is required to be closed and normal for this critical pair to open, thus
u and v are closed and normal, closes on (α+ α+ 1).u+ (1 + 1).v.

(1 + α).u+ α.u+ v + u←− α.u+ α.u+ v + u+ u −→ (1 + 1).(α.u+ u) + v
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does not verify the conditions because α.u+ u is never closed and normal.

(1 + α).(u+ u) + v←− α.(u+ u) + v + u+ u −→ (1 + 1).u+ α.(u + u) + v

does not verify the conditions because u+ u is never closed and normal.

(1+α).(u+u)+v+v ←− α.(u+u)+v+v+u+u −→ (1+1).(v+u)+α.(u+u)

does not verify the conditions because u+ u is never closed and normal.

(1+α).(u+u)+α.(u+u)+v←− α.(u+u)+α.(u+u)+v+u+u −→ (1+1).(α.(u+u)+u)+v

does not verify the conditions because u+ u is never closed and normal.

(1 + α).(u+ v) + v←− α.(u+ v) + u+ v + v −→ (1 + 1).v + α.(u+ v) + u

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1).u+ (α+ 1 + 1).v.

(1+α).(u+v)+α.(u+v)+v ←− α.(u+v)+α.(u+v)+u+v+v −→ (1+1).(α.(u+v)+v)+u

does not verify the conditions because α.(u+v)+v is never closed and normal.

(1+α).(u+v+v)+u←− α.(u+v+v)+u+u+v+v −→ (1+1).(u+v)+α.(u+v+v)

does not verify the conditions because u+ v + v is never closed and normal.

(1+α).(u+v+v)+α.(u+v+v)←− α.(u+v+v)+α.(u+v+v)+u+v+v −→ (1+1).(α.(u+v+v)+v)+u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).u + v +w +w←− α.u+ v + u+w+w −→ (1 + 1).w+ α.u+ v + u

u and w are required to be closed and normal for this critical pair to open,
closes on (α+ 1).u+ v + (1 + 1).w.

(1+α).u+v+w+w+u←− α.u+v+w+w+u+u −→ (1+1).(w+u)+α.u+v

w + u is required to be closed and normal for this critical pair to open, thus u
and w are closed and normal, closes on (α+ 1 + 1).u+ v + (1 + 1).w.

(1+α).u+α.u+v+w+w←− α.u+α.u+v+u+w+w −→ (1+1).(α.u+w)+v+u

α.u+w is required to be closed and normal for this critical pair to open, thus
u and w are closed and normal, closes on (α+ α+ 1).u+ v + (1 + 1).w.

(1+α).u+α.u+v+w+w+u←− α.u+α.u+v+w+w+u+u −→ (1+1).(α.u+w+u)+v

does not verify the conditions because α.u+w+ u is never closed and normal.

(1+α).(u+u)+v+w+w←− α.(u+u)+v+w+w+u+u −→ (1+1).(w+u)+α.(u+u)+v
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does not verify the conditions because u+ u is never closed and normal.

(1 + α).(u+ u) + α.(u+ u) + v +w +w

←− α.(u+ u) + α.(u+ u) + v +w +w+ u+ u −→

(1 + 1).(α.(u+ u) +w + u) + v

does not verify the conditions because u+ u is never closed and normal.

(1+α).(u+v)+w+v ←− α.(u+v)+w+u+v+v −→ (1+1).v+α.(u+v)+w+u

u+ v is required to be closed and normal for this critical pair to open, thus u
and v are closed and normal, closes on (α+ 1).u+ (α+ 1 + 1).v) +w.

(1+α).(u+v)+w+w+v←− α.(u+v)+u+w+w+v+v −→ (1+1).(w+v)+α.(u+v)+u

u + v and w + v are required to be closed and normal for this critical pair to
open, thus u, v, and w are closed and normal, closes on (α + 1).u + (α + 1 +
1).v + (1 + 1).w.

(1+α).(u+v)+α.(u+v)+w+v ←− α.(u+v)+α.(u+v)+w+u+v+v −→ (1+1).(α.(u+v)+v)+w+u

does not verify the conditions because α.(u+v)+v is never closed and normal.

(1 + α).(u + v) + α.(u+ v) +w +w+ v

←− α.(u+ v) + α.(u + v) + u+w+w + v + v −→

(1 + 1).(α.(u + v) +w + v) + u

does not verify the conditions because α.(u + v) + w + v is never closed and
normal.

(1+α).(u+v+v)+w ←− α.(u+v+v)+w+u+v+v −→ (1+1).v+α.(u+v+v)+w+u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) +w+w

←− α.(u + v + v) + u+w +w+ v + v −→

(1 + 1).(w + v) + α.(u+ v + v) + u

does not verify the conditions because u+ v + v is never closed and normal.

(1+α).(u+v+v)+w+u←− α.(u+v+v)+w+u+u+v+v −→ (1+1).(u+v)+α.(u+v+v)+w

does not verify the conditions because u+ v + v is never closed and normal.

(1+α).(u+v+v)+w+w+u←− α.(u+v+v)+w+w+u+u+v+v −→ (1+1).(w+u+v)+α.(u+v+v)
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does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) + α.(u+ v + v) +w

←− α.(u + v + v) + α.(u + v + v) +w + u+ v + v −→

(1 + 1).(α.(u+ v + v) + v) +w + u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) + α.(u+ v + v) +w+w

←− α.(u + v + v) + α.(u + v + v) + u+w +w+ v + v −→

(1 + 1).(α.(u+ v + v) +w + v) + u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) + α.(u + v + v) +w + u

←− α.(u+ v + v) + α.(u+ v + v) +w + u+ u+ v + v −→

(1 + 1).(α.(u+ v + v) + u+ v) +w

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v +w +w) + v

←− α.(u + v +w+w) + u+ v + v +w +w −→

(1 + 1).(v +w) + α.(u+ v +w+w) + u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v +w +w) + α.(u+ v +w +w) + v

←− α.(u+ v +w+w) + α.(u + v +w +w) + u+ v + v +w+w −→

(1 + 1).(α.(u+ v +w +w) + v +w) + u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v) +w + x+ x+ v

←− α.(u+ v) +w + u+ x+ x+ v + v −→

(1 + 1).(x+ v) + α.(u+ v) +w+ u

u + v and x + v are required to be closed and normal for this critical pair to
open, thus u, v, and x are closed and normal, closes on (α + 1).u + (α + 1 +
1).v +w + (1 + 1).x.

(1 + α).(u + v) + α.(u+ v) +w + x+ x+ v

←− α.(u+ v) + α.(u + v) +w + u+ x+ x+ v + v −→
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(1 + 1).(α.(u + v) + x+ v) +w+ u

does not verify the conditions because α.(u + v) + x + v is never closed and
normal.

(1 + α).(u + v + v) +w+ x+ x

←− α.(u + v + v) +w + u+ x+ x+ v + v −→

(1 + 1).(x+ v) + α.(u + v + v) +w + u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) +w + x+ x+ u

←− α.(u+ v + v) +w + x+ x+ u+ u+ v + v −→

(1 + 1).(x+ u+ v) + α.(u+ v + v) +w

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) + α.(u+ v + v) +w+ x+ x

←− α.(u + v + v) + α.(u + v + v) +w + u+ x+ x+ v + v −→

(1 + 1).(α.(u+ v + v) + x+ v) +w + u

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v + v) + α.(u + v + v) +w + x+ x+ u

←− α.(u+ v + v) + α.(u+ v + v) +w + x+ x+ u+ u+ v + v −→

(1 + 1).(α.(u+ v + v) + x+ u+ v) +w

does not verify the conditions because u+ v + v is never closed and normal.

(1 + α).(u + v +w +w) + x+ v

←− α.(u + v +w +w) + x+ u+ v + v +w +w −→

(1 + 1).(v +w) + α.(u+ v +w+w) + x+ u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u+ v +w +w) + x+ x+ v

←− α.(u + v +w +w) + u+ x+ x+ v + v +w +w −→

(1 + 1).(x+ v +w) + α.(u+ v +w +w) + u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v +w +w) + α.(u+ v +w +w) + x+ v

←− α.(u+ v +w+w) + α.(u + v +w +w) + x+ u+ v + v +w +w −→

(1 + 1).(α.(u+ v +w +w)) + v +w) + x+ u
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does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v +w +w) + α.(u+ v +w +w) + x+ x+ v

←− α.(u+ v+w+w) + α.(u+ v+w+w) + u+ x+ x+ v+ v+w+w −→

(1 + 1).(α.(u+ v +w +w) + x+ v +w) + u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v +w +w) + x+ y + y + v

←− α.(u+ v +w+w) + x+ u+ y + y + v + v +w+w −→

(1 + 1).(y + v +w) + α.(u+ v +w +w) + x+ u

does not verify the conditions because u+v+w+w is never closed and normal.

(1 + α).(u + v +w +w) + α.(u+ v +w +w) + x+ y + y + v

←− α.(u+v+w+w)+α.(u+v+w+w)+x+u+y+y+v+v+w+w −→

(1 + 1).(α.(u + v +w+w) + y + v +w) + x+ u

does not verify the conditions because u+v+w+w is never closed and normal.

f3e vs. f3e (5 pairs)

(1 + 1).u+ v + v←− u+ u+ v + v −→ (1 + 1).v + u+ u

u and v are required to be closed and normal for this critical pair to open, closes
on (1 + 1).u+ (1 + 1).v.

(1 + 1).v + u+w +w←− u+ v + v +w+w −→ (1 + 1).w+ u+ v + v

v and w are required to be closed and normal for this critical pair to open,
closes on u+ (1 + 1).v + (1 + 1).w.

(1 + 1).(v +w) + u←− u+ v + v +w +w −→ (1 + 1).w + u+ v + v

v +w is required to be closed and normal for this critical pair to open, thus v
and w are closed and normal, closes on u+ (1 + 1).v + (1 + 1).w.

(1 + 1).(u+w) + v+v←− u+u+ v+v+w+w −→ (1 + 1).(v+w) +u+u

u+w and v+w are required to be closed and normal for this critical pair to open,
thus u, v, and w are closed and normal, closes on (1+1).u+(1+1).v+(1+1).w.

(1+1).(v+x)+u+w+w←− u+v+v+w+w+x+x −→ (1+1).(w+x)+u+v+v

v + x and w + x are required to be closed and normal for this critical pair to
open, thus v, w, and x are closed and normal, closes on u + (1 + 1).v + (1 +
1).w+ (1 + 1).x.
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