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ise 1 The simple types are inductively defined by two rules:
L and o are simple types,

if A and B are simple types, then A — B is a simple type.

For each simple type, we consider an infinite set of variables of this type and pos-
sibly some constants. The Simply typed \-terms are defined by

variables and constants of type A are terms of type A,

ift is a term of type A — B and u a term of type A, then (t u) is a term of type
B,

if x is a variable of type A and t a term of type B, then Ax : At is a term of type
A— B.

. The B-reduction rule is

(Az: At)u) — (u/z)t

Define the notion of one-step [3-reduction, termination and strong termination of
[B-reduction.
Consider the following strong termination proof.

By induction of the structure of \-terms

e variables and constants are irreducible, hence they strongly terminate,
e if't strongly terminates, then so does \x t,

o ift and u strongly terminate, then so does (t u).

Why is this proof wrong?
We define, by induction over the type A, a set of terms R 4.
e IfA = 10r A= o then a term t is an element of R4 if and only if it
strongly terminates.

o IfA =B — C, then atermt is an element of R 4 if and only if it strongly
terminates and whenever it reduces to a term of the form \x : B u, then
for every term v in Rp, (v/x)u is an element of Rc.

Prove that if x is a variable or a constant, then x € R 4 for all A.

Prove that if t is an element of R, and t reduces to t', then t' is an element of
Ra4.
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Let t be a term of the form (uy ua) such that all the one-step reducts of t are in
R 4. We want to prove that t is in R 4.

Prove that t strongly terminates.

Prove that if A = 1or A = o, thent is in R 4.

Prove thatif A= B — C, then tisin R 4.

Let ty be aterm in Rao_, g and to a term in R 4. We want to prove that (t1 t2) is
in Rp.

Prove that the term t1 and to strongly terminates.

Let ny be the maximum length of a reduction sequence issued from the term ty
and no be the maximum length of a reduction sequence issued from to.

Prove by induction on ny + ny that (t1 t3) is in the set Rp.

Let t be a term of type A and o be a substitution mapping each variable of type
B to an element of Rp. Prove that ot is in R 4.

Let t be a term of type A. Prove that t strongly terminates.

Exercise 2 Consider the model of Simple type theory defined as follows M, = {7},
M, ={0,1}, Ma_p = M s — Mp, that is the set of all functions from A to B.

€ is the identity function,
&, p is the function mapping f and a to f(a),
K A,B 18 the function mapping a and b to a,

,SA'A,BC is the function mapping f, gand a to f a (g a),
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A=A
V=",
S =5,

Y 4 is the function mapping f to the minimum of f (a) for a in M 4,

34 is the function mapping f to the maximum of f(a) for a in M 4.

. Prove that M is a model of Simple type theory.



2. Equality is defined by the rule
r=y— Ve ((cz) = (cy))
prove that [e(t = u)], = 1 if and only if [t], = [u],.
Let E be the extensionality axiom
Vi (e= Vg (=) ((Ve e (fr) = (92)) = f = 9)

Prove that E is valid in this model

Prove that —F is not provable in Simple type theory.

3. Build a model of Simple type theory where E is not valid.
Prove that E is not provable in Simple type theory.



