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1

(5 points)
Let P be a proposition symbols (that is, a predicate symbol of arity 0) and
let n > 1.

(a) Give a cut free proof in natural deduction of the proposition

P=P=..P=P

n occurrences of P

(b) Express this proof as a term of simply typed A-calculus.

(¢) How many closed irreducible terms of this type are there?

2
(5 points)
(a) Give two propositions A and B such that

— x is not free in A,
— 1z is free in B,

— the proposition Va (A = B) has a constructive proof.

(b) Let m be a constructive cut free proof of Vx (A = B). Show that this
proof ends with two introduction rules.

(¢) Show that the proposition A = Vx B has a constructive proof.



3

(5 points)
In this exercise, we can use without proof the following theorems:
e If F is a subset of R, then the interior E of E is an open set.
e If F is a subset of R, then the interior E of E is a subset of B, ECE.

e If F is a subset of R and both E and R\ E are open, then F = & or

E=R.
e R=R.
(a) Prove that if E and F are two disjoint sets, ENF = &, then (EUF)\ E =
F.

(b) Prove that if F is a subset of R, and EU(R \ E) =R, then (R \ E)=R\E.

(c) Prove that if E is a subset of R, and F U (R \ E) =R, then R\ E is an
open set.

(d) Prove that if E is an open subset of R, and EU (R \ E)=R, then E =
or £ =R.

(e) Consider a model of constructive predicate logic, where the propositions
are interpreted in the Heyting algebra of the open subsets of R, [AVB], =

[A], U[B],, [A], = (R\ [A],), and A is valid if for all p, [A], = R.
Prove that if A is a closed proposition and A V —A is valid in this model
then A is valid or —A is valid.

4

(5 points)
In the All-calculus modulo the rules of arithmetic, we have, among others,
the rules

N(y) — Ve (0Oec=Ve (Nz)=zec=Sx)ec)=yec)
ye E —y+0=y
O+y—uy
S(x)+y — Sz +y)
(a) Give a closed term of type

0+0=0=Vz (N(z) = z+0 =2 = S(x)+0 = S(z)) = Yy (N(y) = y+0 =y)

(b) Let m be a closed term of type 0 = 0 and 7’ a closed term of type
Ve (N(z) = 24+ 0 =2 = S(x +0) = S(z)). Give a closed term of
type

Yy (N(y) = y+0=1y)



