
b

r

r
r
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r ≥ 0



◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

r
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∃



M = ⟨Q,T,C⟩

• Q

• C { 1, . . . , d} d ≥ 1

• T Q × Σ × Q Σ
Σ ⟨g, ⟩

∈ Zd g

g ::= ⊤ | ⊥ | ∼ k | g ∧ g | g ∨ g | ¬g

∈ C ∼∈ {≤,≥,=} k ∈ N

Σ

C C



M = ⟨Q,T,C⟩ C

ρ = ⟨q0, 0⟩
t1−→ ⟨q1, 1⟩, . . .

M ρ
md0,md1, . . . ρ

mdi { , }d

md0,md1, . . . ρ

• md0 { }d

• j ≥ 0 i ∈ [1, d]

mdj+1(i) = mdj(i) j(i) = j+1(i)

mdj+1(i) = j+1(i)− j(i) > 0

mdj+1(i) = j+1(i)− j(i) < 0

Revi = {j ∈ [0, |ρ|− 1] : mdj(i) ̸= mdj+1(i)}

M = ⟨Q,T,C⟩ d ≥ 1
i ∈ [1, d] r ∈ N ρ M r

i ⇔ (Revi) ≤ r ρ r ⇔
i ∈ [1, d] (Revi) ≤ r ⟨M, ⟨q, ⟩⟩
r ⇔ ⟨q, ⟩ r

⟨M, ⟨q, ⟩⟩ ⇔ r ≥ 0
⟨q, ⟩ r

M
⟨M, ⟨q1, ⟩⟩ ∈ N2

⟨M, ⟨q, ⟩⟩
r r ≥ 0 q′ { ∈ Nd : ⟨q, ⟩ ∗−→

⟨q′, ⟩}

q′

M r ≥ 0
r

M

q11



q1

q2

q3

q4

q5

q6

q7

q8 q9q11q10

1

2

2 1 0

1 2 0

1 1 2

2 2 1

1

2

1

1

2 0 1

1 0

2

q10 q11
q6

r ≥ 0

r

r ≥ 0
r

M
O(rd) d



M = ⟨Q,T,C⟩ d
M

¬( ≥ k) ≤ k − 1 k > 0 k = 0
⊥ ¬( ≤ k) ≥ k + 1

AG ∼ k M
K = {k1, . . . , kK} k

∼ k AG
K = (K) 0 = k1 < k2 < · · · < kK I

I = {[k1, k1], [k1 + 1, k2 − 1], [k2, k2], [k2 + 1, k3 − 1], [k3, k3], . . . ,

[kK , kK ], [kK + 1,+∞)}! {∅}.

I ∅ [kj + 1, kj+1 − 1]
kj+1 = kj + 1 I 2K

K + 1 ≤
I

[k1, k1] ≤ [k1 + 1, k2 − 1] ≤ [k2, k2] ≤ [k2 + 1, k3 − 1] ≤ [k2, k2] ≤ . . . ≤

≤ [kK , kK ] ≤ [kK + 1,+∞)}.

im im : C → I
C → N

I
g ∈ AG im im ⊢ g

im ⊢ g1 ∨ g2 ⇔ im ⊢ g1 im ⊢ g2

im ⊢ g1 ∧ g2 ⇔ im ⊢ g1 im ⊢ g2

im ⊢ = k ⇔ im( ) = [k, k]

im ⊢ ≥ k ⇔ im( ) ⊆ [k,+∞)

im ⊢ ≤ k ⇔ im( ) ⊆ [0, k]

⊢



P1 im ⊢ g
im g

P2 im ⊢ g f : C → N ∈ C f( ) ∈ im( )
f | g

P1 P2

gmd ⟨im,md⟩ im md ∈
{ , }d t = q

⟨g, ⟩−−→ q′

gmd = ⟨im,md⟩ ⇔

im ⊢ g

i ∈ [1, d]

• md(i) = (i) ≥ 0

• md(i) = (i) ≤ 0

π
T

q1
⟨g1, 1⟩−−−→ q′1, . . . , qn

⟨gn, n⟩−−−→ q′n

i ∈ [1, n] q′i = qi+1 π = t1 · · · tn
tj j ∈ Zd π

ef(π) =
∑

j j ∈ Zd

sl
sl sl

(T ) (Q) ≺
sc(M)

M sc(M) M M
N sc(M) ≤ 2N M

ef(sl) sl

[− (Q)sc(M), (Q)sc(M)]d

M
(1 + 2× (Q)sc(M))d

π0 S1 π1 · · · Sα πα

Si πi



S π S
π

S π S
π

Si

M

gmd = ⟨im,md⟩ ⇔
gmd

• π0 · · ·πα
• S = {sl1, . . . , slm} sl1 ≺ · · · ≺ slm

e(S)

(sl1)
+ · · · (slm)+

sl S
sl S

e( )

π0 · e(S1) · · · e(Sα) · πα

(e) e
(e( ))

( ) (e( )) ρ =

⟨q0, 0⟩
t1−→ · · · tl−→ ⟨ql, l⟩ ⇔ π = t1 · · · tl ∈ ( )

r ρ = ⟨q0, 0⟩
t1−→ · · · tl−→ ⟨ql, l⟩

ρ

C

⟨im,md⟩ md ∈



{ , }d

r ρ = ⟨q0, 0⟩ · · · ⟨ql, l⟩
ρ = ρ1 · ρ2 · · · ρL ρi

L ≤ (d× r) + 1

⟨im,md⟩

r ρ = ⟨q0, 0⟩ · · · ⟨ql, l⟩
ρ = ρ1 · ρ2 · · · ρL′ ρi

L′ ≤ ((d× r) + 1)× 2Kd

ρ (d × r) + 1

2Kd

∈ Zd ≼
im ≼ im′ ⇔ i ∈ [1, d]

• im( i) ≤ im′( i) (i) ≥ 0

• im′( i) ≤ im( i) (i) ≤ 0

• im′( i) = im( i) (i) = 0

im ≺ im′ im ≼ im′ im ̸= im′ P3

O(Kd)

P3 ∈ Zd im1 ≺ im2 ≺ · · · ≺ imβ β ≤ 2Kd

P3

K

2K
I 2Kd

1 · · · L′

i

1 · · · L′

M



r ρ = ⟨q0, 0⟩ · · · ⟨ql, l⟩
1 · · · L′ L′ ≤ ((d× r) + 1)× 2Kd

π0 S1 π1 · · · πα−1 Sα πα α ≥ 1

π0 πα 2× (Q)

π1 πα−1 (Q)

q ∈ Q S
q

(Q)(3+ (Q))

M
3× (Q)

α ≥ 1

ρ = ⟨q0, 0⟩ · · · ⟨ql, l⟩
gmd ′

gmd ρ′ = ⟨q0, 0⟩ · · · ⟨ql, l⟩ ρ
ρ′ ′

ρ = ⟨q0, 0⟩
t1−→ · · · tl−→ ⟨ql, l⟩ M

gmd π = t1 · · · tl ∈ ( )
′ ′ gmd

ρ′ ′ ρ

0 1 β

• i gmd ρi
i

• 0 t1 · · · tl

• β

• i+1 i q
S i

β ρβ
β ⟨q0, 0⟩ ⟨ql, l⟩

i+1 i i

π0 S1 π1 · · · Sα πα

α ≤ (Q)



π0 πα−1 (Q)

Si

0 i+1

i+1

i+1 i

i i

πα = π · sl · π′ sl q ππ′ ̸= ε Sγ
q γ ≤ α i+1

π0 · · · Sγ−1 πγ−1 (Sγ ∪ {sl}) · · · πα−1 Sα (ππ′)

πα = π · sl · π′ sl q
π · sl ππ′ ̸= ε Sγ q i+1

π0 · · · Sα π {sl} π′

ρi+1 i+1

⟨q0, 0⟩ ⟨ql, l⟩

i+1 gmd

ρi i ⟨q0, 0⟩
⟨ql, l⟩ i

π0 S1 π1 · · · Sα (π · sl · π′)

i+1

π0 · · · Sγ−1 πγ−1 (Sγ ∪ {sl}) · · · πα−1 Sα (ππ′)

Sγ = S1
γ 9S2

γ sl′ ∈ S1
γ sl′ ∈ S2

γ sl′ ≺ sl
sl ≺ sl′ i gmd = ⟨im,md⟩

j ∈ [1, d]

• md(j) = ∈ Nd

ρi 0(j) ≤ (j) ≤ l(j)



• md(j) = ∈ Nd

ρi l(j) ≤ (j) ≤ 0(j)

∈ Nd ρ
∈ Nd ρ

j ∼ k AG im ⊢ j ∼ k (j) ∼ k

0(j) ∼ k (j) ∼ k P2

ρi+1 ρi i+1

⟨q0, 0⟩ ⟨ql, l⟩ ρi
ρi+1

ρi ρ⋆i i

ρ =

π0 ··· Sγ−1 πγ−1 S1
γ︷ ︸︸ ︷

ρ⋆1 ·

S2
γ πγ ···πα−1 Sα π
︷ ︸︸ ︷

ρ⋆2 ·
sl︷︸︸︷
ρ⋆3 ·

π′
︷︸︸︷
ρ⋆4

ρ⋆j ⟨qj0,
j
0⟩ ⟨qjf ,

j
f ⟩

1
f = 2

0

ρ′i ρ⋆⋆3 ρ+ef(sl)
2

ρ⋆⋆3
⟨q20, 2

0⟩ sl

ρ+ef(sl)
2

ρ⋆⋆3 ρ⋆2 ρ⋆2 ρ+ef(sl)
2

⟨q, ⟩ ρ⋆2 h

h ρ+ef(sl)
2 ⟨q, + ef(sl)⟩

ρi+1

ρi+1 =

π0 ··· Sγ−1 πγ−1 S1
γ︷ ︸︸ ︷

ρ⋆1 ·
sl︷︸︸︷
ρ⋆⋆3 ·

S2
γ πγ ···πα−1 Sα π

︷ ︸︸ ︷
ρ+ef(sl)
2 ·

π′
︷︸︸︷
ρ⋆4

ρi+1 ρ⋆⋆3
ρ+ef(sl)
2 md(j) =

j ∈ [1, d] md(j) =
ρ⋆⋆3

0(j) =
1
0(j) ≤ 1

f (j) =
2
0(j) ≤ (j) ≤ 4

0(j) ≤ 4
f (j) = l(j)

j ∼ k AG (j) ∼ k ′(j) ∼ k ′

ρ⋆3
ρ⋆⋆3 M sl ρ+ef(sl)

2
S2
γπγ · · ·πα−1 Sα π



1 · · · L′

L′ ≤ ((d × r) + 1) × 2Kd

r ρ = ⟨q0, 0⟩ · · · ⟨ql, l⟩
r ρ′

gmd =
⟨im,md⟩

π0 {sl11, . . . , sl
n1
1 } π1 · · · {sl1α, . . . , slnα

α } πα

q0 π0 qf πα

ϕ( 1, . . . , d, 1, . . . , d)

|M| !ϕ" = {⟨ 0, ⟩ : ⟨q0, 0⟩
∗−→ ⟨qf , ⟩ }

πα = π′α · t t πα ϕ

im

⟨q′f , ′⟩
im

¯ ¯
πi

⟨q0, 0⟩
∗−→ ⟨qf , ⟩

im md(i) = 0(i) ≤ (i) ≤ ′(i)
AG (i)

md(i) =
ϕ

∃ 1
1, . . . ,

n1
1 , . . . , 1

α, . . . ,
nα
α

( 1
1 ≥ 1) ∧ · · · ∧ ( n1

1 ≥ 1) ∧ · · · ∧ ( 1
α ≥ 1) ∧ · · · ∧ ( nα

α ≥ 1)∧

(¯ = ¯ + ef(π0) + · · ·+ ef(πα) +
∑

i,j

j
i ef(sl

j
i ))∧

(
∧

im⊢ c∼k

c ∼ k) ∧ (
∧

im⊢ c∼k

¬( c ∼ k))∧



(
∧

j∈[1,d]

( j ∈ im( j) ∧ ( j ∈ im( j)))

(
∧

im⊢ c∼k

( c+ef(π0)(c)+ · · ·+ef(πα−1)(c)+ef(π′α)(c)+
∑

i,j

j
i ef(sl

j
i )(c)) ∼ k)∧

(
∧

im⊢ c∼k

¬( c+ef(π0)(c)+· · ·+ef(πα−1)(c)+ef(π′α)(c)+
∑

i,j

j
i ef(sl

j
i )(c) ∼ k))

j ∈ im( j) j ∈ [l, l′] l ≤
j ∧ j ≤ l′ j ∈ [kK + 1,+∞) kK + 1 ≤ j

ϕ |M|
|M|

M

1 · · · L′

ϕ(¯, ¯)

!ϕ" = {⟨ , ⟩ : ⟨q0, ⟩
∗−→ ⟨qf , ⟩ 1 · · · L′}

L′ (L′−
1) i ϕi(¯, ¯)

ϕ

∃ 0̄, . . . , L̄′ (¯ = 0̄) ∧ (¯ = L̄′)∧

ϕ1( 0̄, 1̄) ∧ ϕ2( 1̄, 2̄) ∧ · · ·ϕL′−1( L̄′−2, L̄′−1) ∧ ϕL′( L̄′−1, L̄′).

ϕ log(r) + |M|

log(r) + |M|

⟨M, ⟨q, ⟩⟩ r

r ≥ 0 q′ ∈ Q { ∈ Nd : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}

ϕ(¯)

∃ (
∧

i∈[1,d]

(i) = i) ∧
∨

. σ= 1··· L′

ϕσ(¯, ¯)



ϕσ(¯, ¯)
σ = 1 · · · L′

1 · · · L′ q q′

q′ = q (
∧

i∈[1,d] (i) = i)

2p(log(r),|M|)

p(·, ·) ((d× r) + 1) × 2Kd
M

M r
r ≥ 0 q q′ ϕ(¯, ¯)

!ϕ" = {⟨ , ⟩ ∈ N2d : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}
∨

. σ= 1··· L′ ϕσ(¯, ¯)

M r ∈ N ⟨q0, 0⟩
⟨qf , f ⟩

M ⟨q0, 0⟩
⟨qf , f ⟩ r

⟨M, ⟨q0, 0⟩⟩ r′ r′ ≤ r
⟨q0, ⟩

r
r

M = ⟨Q,T,C⟩
r ∈ N ⟨q0, 0⟩ ⟨qf , f ⟩

M′ = ⟨Q′, T ′, C⟩
Q′ = Q× { , }d × [0, r]d

M′ ⟨M′, ⟨⟨q0, , ⟩, 0⟩⟩ r

M′ r

T ′ ⟨q,md, ♯alt⟩ ⟨g, ⟩−−→ ⟨q′,md′, ♯alt′⟩ ∈ T ′ ⇔



q
⟨g, ⟩−−→ q′ ∈ T i ∈ [1, d]

♯alt(i) < r

md(i) md′(i) ♯alt′(i)

(i) < 0 ♯alt(i)
(i) < 0 ♯alt(i) + 1 ♯alt(i) < r
(i) > 0 ♯alt(i)
(i) > 0 ♯alt(i) + 1 ♯alt(i) < r
(i) = 0 ♯alt(i)
(i) = 0 ♯alt(i)

M′ r

M ⟨q0, 0⟩
⟨qf , f ⟩ r

⟨⟨qf ,md, ♯alt⟩, f ⟩ ⟨⟨q0, , ⟩, ⟩ M′ md
♯alt

⟨md, ♯alt⟩ 2d× (r+1)d

⟨md, ♯alt⟩

⟨⟨qf ,md, ♯alt⟩, f ⟩ ⟨⟨q0, , ⟩, ⟩ M′

X⟨md,♯alt⟩ = { ′ ∈ Nd : ⟨⟨q0, , ⟩, 0⟩
∗−→ ⟨⟨qf ,md, ♯alt⟩, ′⟩}

ϕ⟨md,♯alt⟩ !ϕ⟨md,♯alt⟩" = X⟨md,♯alt⟩ ∈
X⟨md,♯alt⟩

(
d∧

i=1

i = (i)) ∧ ϕ⟨md,♯alt⟩.

2d(r + 1)d



⟨q0, 0⟩ ⟨qf , f ⟩
r r

log(r)+ | 0|+ | f |+ |M|

∈ Nd | | ∈ O(d × log(m))
m

M

ρ r ⟨q0, 0⟩ ⟨qf , f ⟩
r ρ′

1 · · · L′

ϕ(¯, ¯) ϕ(¯, ¯)

log(r) + |M|

(
∧

j∈[1,d]

( j = 0(j) ∧ j = f (j)) ∧ ϕ(¯, ¯)

ϕ′

ϕ′

ϕ′

((d× r)+1)×
2Kd (T ) (Q)

(Q)(3 + (Q))
r ⟨q0, 0⟩ ⟨qf , f ⟩

log(r) + |M|+ | 0|+ | f |

M r ⟨q0, 0⟩ ⟨qf , f ⟩ N
N ∈ O(|M| + log(r) +

| 0|+ | f |) r ⟨q0, 0⟩
⟨qf , f ⟩ r ρ



N

((d× r)+ 1)× 2Kd
(T ) (Q)

1 + (Q) 3× (Q)

3× (Q)

3 × (Q)

G = ((d× r) + 1)× 2Kd× ( (T ) (Q) + (Q) + 1)

⟨q , ⟩ := ⟨q0, 0⟩ α ≤ G β := 1

β ≤ α

π 3× (Q)
sl gmd = ⟨im,md⟩ γ

N sl gmd

+ (γ −
1)ef(sl) + sl\ i ∈ [1, d] (i)

( +(γ−1)ef(sl)+ef(sl\ ))(i) im( i) sl\

sl

π
π ⟨q , ⟩ ⟨q , ⟩ := ⟨q , ⟩ +

ef(π)

β := β + 1

⟨q , ⟩ = ⟨qf , f ⟩

r



C+

C ∼ k ∈ C k ∈ N∑
i ai i ∼ k ai k

Z C+
i = i′

i ̸= i′

C+

r

i = i′ i ̸= i′

i
inc
i

dec
i i

i
inc
i = dec

i
dec
i M

inc
i ̸= dec

i

⟨M, ⟨q, ⟩⟩ d i ∈ [1, d]

⟨M, ⟨q, ⟩⟩ i



M M = ⟨Q,T,C⟩ C = { 1, 2}
q0 ∈ Q qH ∈ Q q0 ̸= qH

qH T

• q1
i−−→ q2 i ∈ [1, 2]

• q1
i 0−−→ q2 q1

i−−→ q3 i ∈ [1, 2] i

M

qH
M′ = ⟨Q,T ′, C ∪ { 3}⟩ ⟨q′0, ′

0⟩

• T ′ T

3

• T ′

3 qH
3−−→ qH qH

3−−→ qH qH

• q′0 = q0 ′
0 0 2 ′

0(3) = 0

⟨M′, ⟨q′0, ′
0⟩⟩

3 qH
M M′

3

⟨q0, ⟩

M = ⟨Q,T,C⟩ d ⟨q0, 0⟩
qf M′ = ⟨Q′, T ′, C ∪ { d+1}⟩

d+1 ⟨q′0, ′
0⟩ ⟨q0, 0⟩

∗−→
⟨qf , f ⟩ f ∈ Nd ⟨M′, ⟨q′0, ′

0⟩⟩
d+1

M′ = ⟨Q,T ′, C ∪ { d+1}⟩ ⟨q′0, ′
0⟩

• T ′ T

d+1



• T ′

d+1 qf
d+1−−−−→ qf qf

d+1−−−−→ qf

• q′0 = q0 ′
0 0 d ′

0(d+ 1) = 0

⟨M′, ⟨q′0, ′
0⟩⟩

d+1 qf

M = ⟨Q,T,C⟩ ⟨q0, 0⟩
M′ = ⟨Q′, T ′, C ∪ { d+1}⟩ Q′ = Q× { , } ⟨M, ⟨q0, 0⟩⟩

i ⟨M′, ⟨q′0, ′
0⟩⟩

d+1 q′0 = ⟨q0, ⟩ ′
0 d

′
0(d+1) = 0 M′

i d+1

M r ∈ N ⟨q0, 0⟩
qf

M ⟨q0, 0⟩
r qf

M r ∈ N ⟨q0, 0⟩
qf

M ⟨q0, 0⟩
r qf



⟨M, ⟨q0, 0⟩⟩ r ≥ 0 M =
⟨Q,T,C⟩ qf ∈ Q

r ⟨q0, 0⟩ qf

kmax ∈ N k
∼ k M
⋆

⋆ r ⟨q0, 0⟩ qf

⋆⋆

⋆⋆ r ρ = ⟨q0, 0⟩
t1−→ ⟨q1, 1⟩ · · ·

tl−→
⟨ql, l⟩ l′ ∈ [0, l − 1] C= ⊆ C

ql = ql′ = qf

i ∈ C= j ∈ [l′ + 1, l] j−1(i) = j(i)

i ∈ (C ! C=) j ∈ [l′ + 1, l] j−1(i) ≤ j(i)

i ∈ (C ! C=) kmax < l′(i)

i ∈ C= l′(i) ≤ kmax

⋆ ⋆⋆

⋆⋆ (P([1, d])) M C
⋆ ⋆⋆ ⋆

r ρ = ⟨q0, 0⟩
t1−→ ⟨q1, 1⟩

t2−→ ⟨q2, 2⟩ · · ·
qf Cρ

= C
kmax ρ

r I ≥ 0 n ≥ I
C!Cρ

= kmax

Cρ
= kmax qf

I ≤ l′ < l ql = ql′ = qf
r

ρ = ⟨q0, 0⟩
t1−→ ⟨q1, 1⟩ · · ·

tl−→ ⟨ql, l⟩,



l′ ∈ [0, l − 1] C= ⊆ C ⋆⋆
ω t1 · · · tl′(tl′+1 · · · tl)ω

r ρ′ ρ ρ′

qf

(C ! C=)
M′ = ⟨Q′, T ′, C⟩

⋆⋆ r ⟨q0, 0⟩
qnew M′

M 2d

M C= ⊆ C ⋆⋆ C=

M

• C= C=

• C= (C ! C=)

C= ⊆ C C=

Q× {C=}

⟨ql′ , l′⟩ · · · ⟨ql, l⟩ ⋆⋆
M C=

M′ kmax

C= ⊆ C M′ qf
⟨qf , C=⟩

C= kmax

(C ! C=) kmax

(
∧

∈(C!C=)

≥ (kmax + 1)) ∧ (
∧

∈C=

≤ kmax).

C=

qf qnew M′

r



M ⟨q0, ⟩ qf r ≥ 0 N
M′ = ⟨Q′, T ′, C⟩ qnew

⟨q0, 0⟩ r r
⟨q0, 0⟩ qf M′

M C= ⊆
[1, d] qnew ⟨q0, 0⟩ r

∃

⟨M, ⟨q, ⟩⟩ d r ≥ 0
ϕ( 1, . . . , d)

r ⟨q, ⟩
ϕ( 1, . . . , d)

∀

⟨M, ⟨q, ⟩⟩ d r ≥ 0
ϕ( 1, . . . , d)

r ⟨q, ⟩
ϕ( 1, . . . , d)

∃ ∀

B

M = ⟨Q,T,C⟩ B ∈ N
ρ = ⟨q0, 0⟩

t1−→ ⟨q1, 1⟩, . . .
md0,md1, . . . mdi { , }d RevBi = {j ∈
[0, |ρ|− 1] : mdj(i) ̸= mdj+1(i), { j(i), j+1(i)} ̸⊆ [0, B]}



◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

B

B ≥ 0 r ≥ 0 ⟨M, ⟨q, ⟩⟩ r
B ⇔ ρ ⟨q, ⟩ (RevBi ) ≤ r
i ∈ [1, d] ⟨M, ⟨q, ⟩⟩
⇔ r,B ≥ 0 ⟨M, ⟨q, ⟩⟩ r B

r r 0

⟨M, ⟨q, ⟩⟩
r B r,B ≥ 0 q′

{ ∈ Nd : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}

M = ⟨Q,T,C⟩
r,B ≥ 0 B

k ∼ k
(i) i ∈ [1, d] M

r B r B′ B′ > B
M′ = ⟨Q′, T ′, C⟩ Q′ = Q ×

[0, B]d M′

B ⟨q, , ⟩
(i) = α < B (i) = 0 M

α B
M′

⟨q, , ⟩ (i) = B (i)
M B+ (i)

T ′

g M ∈ [0, B]d [g]
M′

• [ i ∼ k] = (i) ∼ k

• [·]
[g] ⊤ ⊥
[g] ⊤



f : (Q × Nd) → ((Q × [0, B]d) × Nd)
M M′ f(⟨q, ⟩) = ⟨⟨q′, ⟩, ′⟩

q = q′

i ∈ [1, d] (i) < B (i) = (i) ′(i) = 0
′(i) = (i)−B (i) = B

f−1 f−1(⟨⟨q′, ⟩, ′⟩)
⟨q, ⟩ ∈ Q× Nd f(⟨q, ⟩) = ⟨⟨q′, ⟩, ′⟩ f−1

′(i) > 0 (i) = B
⟨⟨q′, ⟩, ′⟩ f(⟨q, ⟩) = ⟨⟨q′, ⟩, ′⟩

g M | g [g] ⊤
B k

∼ k

q
⟨g, ⟩−−→ q′ T

⟨q, ⟩ ⟨g
′, ′⟩−−−→ ⟨q′, ′⟩

g′ = [g]
i ∈ [1, d]

• (i) < B (i)+ (i) < B ′(i) = (i)+ (i) ′(i) = 0
M

B i M′

• (i) < B (i)+ (i) ≥ B ′(i) = B ′(i) = (i)+ (i)−B
M

B B i

(i) B
′(i) = B

• (i) = B (i) ≥ 0 ′(i) = B ′(i) = (i)
M B

i (i) M′

• (i) = B (i) < 0 i α ∈ [0,− (i)−1]
(i) ′(i) = B + α + (i) ′(i) = −α

i = α g′

M B B
− (i) ≤ B

• (i) = B (i) < 0 i

− (i) ′(i) = B ′(i) = (i)
M B

B i ≥ − (i) g′



r′ ≥ 0 ⟨M, ⟨q, ⟩⟩
r′ B ⟨M′, f(⟨q, ⟩)⟩ r′

⟨M′, f(⟨q, ⟩)⟩ r q′ ∈ Q

{ ∈ Nd : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}
⋃

∈[0,B]d

{π2(f−1(⟨⟨q′, ⟩, ′⟩)) : f(⟨q, ⟩) ∗−→ ⟨⟨q′, ⟩, ′⟩}

π2
⟨M′, f(⟨q, ⟩)⟩ r

{ ∈ Nd : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}

ϕ ( 1, . . . , d)

!ϕ " = { ∈ Nd : f(⟨q, ⟩) ∗−→ ⟨⟨q′, ⟩, ⟩}.

{ ∈ Nd : ⟨q, ⟩ ∗−→ ⟨q′, ⟩}
ϕ( 1, . . . , d)

∨
∃ 1, . . . , d (ϕ ( 1, . . . , d) ∧

∧

i∈[1,d]

(( (i) = B ⇒ i = i +B) ∧ ( (i) < B ⇒ i = (i)))).

M

X ⊆ Nd ⇔ , ∈ Nd ∈ X ≼
∈ X

M = ⟨Q,T,C⟩ q ∈ Q { ∈ Nd : ⟨M, ⟨q, ⟩⟩
}



{ ∈ Nd : ⟨M, ⟨q, ⟩⟩ }

⟨M, ⟨q1, ⟩⟩

q ⟨M, ⟨q, ⟩⟩

∈ N2 ϕ

ϕ = ( 1 ≥ 2 ∧ 2 ≥ 1 + (2) ∧ ( 2 − (2)) + 1 ≥ 1)∨

( 2 ≥ 2 ∧ 1 ≥ 1 + (1) ∧ ( 1 − (1)) + 1 ≥ 2)

!ϕ" { ∈ N2 : ⟨q1, ⟩
∗−→ ⟨q9, ⟩}

ϕ′ !ϕ′" = { ∈ N2 : ⟨q1, ⟩
∗−→ ⟨q6, ⟩}

q { ∈ N2 : ⟨M, ⟨q, ⟩⟩ }

P1 P2

P3

M r ∈ N ⟨q0, 0⟩ qf ∈ Q
X ⊆ Nd

1 N

M ⟨q0, 0⟩
⟨qf , f ⟩ r f ∈ X

M = ⟨Q,T,C⟩ ⟨q0, 0⟩
r

⟨q0, 0⟩

X ⊆ Nd
1 N

1, 2, . . .
X l′ < l , ∈ NN

l′ ≼

l′ = +
∑

k∈[1,N ]

(k) k l = +
∑

k∈[1,N ]

(k) k ≼

0 d
q0, qf ∈ Q ∈ Nd ∈ X

⟨q0, ⟩ ⟨qf , ⟩



1 2d
q0, qf ∈ Q ∈ N2d

d d
X ⟨q0, ⟩ ⟨qf , ⟩

1 4d
q0, qf ∈ Q ∈ N4d

2d λ1, . . . ,λN ∈ N
i ∈ [1, d] (d+ i)− (i) = λ1 1(i) + · · ·λN N (i) ⟨q0, ⟩
⟨qf , ⟩

r ≥ 0

⋆ r ⟨q0, 0⟩
X

⋆⋆ r ρ = ⟨q0, 0⟩
t1−→ ⟨q1, 1⟩ · · ·

tl−→
⟨ql, l⟩ l′ ∈ [0, l − 1] C= ⊆ C

ql = ql′

′ , ∈ X

i ∈ C= j ∈ [l′ + 1, l] j(i)− j−1(i) = 0

i ∈ (C ! C=) j ∈ [l′ + 1, l] j−1(i) ≤ j(i)

i ∈ (C ! C=) kmax < l′(i)

i ∈ C= l′(i) ≤ kmax

kmax k
∼ k M

⋆⋆

r

∃

A
Σ k

ϕA( 1, . . . , k) (N) Π( (A)) = !ϕA"
ϕA A

r



g ::= ∼ k | g ∧ g | ¬g | = ′ | ̸= ′

M
C ⊤ ⊥ ∼ k C ∼

C M C : → N M
C C

C

M r ∈ N
⟨q0, 0⟩ ⟨qf , f ⟩

C : → N M
⟨q0, 0⟩ ⟨qf , f ⟩

r M C

M C
a Σ

Σ∗ M (M)
r ≥ 0 r(M) (M)

r(M) r
r(M) Σ∗

M M = ⟨Q,T,C⟩ C = { 1, 2} q0 ̸= qH ∈ Q
qH qH q0

T

• q1
i−−→ q2 i ∈ [1, 2]

• q1
i 0−−→ q2 q1

i−−→ q3 i ∈ [1, 2] i



M M
Σ = Q9{a, ♯} n

an n ρ

⟨q0, n0,m0⟩, . . . , ⟨qγ , nγ ,mγ⟩ ∈ (Q× N2)

uρ Σ∗

q0 · an0 · ♯ · am0 · · · · · qγ · anγ · ♯ · amγ

u ∈ Σ∗

u

q0 · ♯ · (Q · a∗ · ♯ · a∗)+ · qH · a∗ · ♯ · a∗

1 q1
1−−→ q2 u

q1 · ai · ♯ · aj · q′ · ai
′
· ♯ · aj

′

q′ = q2 i′ = i+ 1 j′ = j

2 q1
2−−→ q2 u

q1 · ai · ♯ · aj · q′ · ai
′
· ♯ · aj

′

q′ = q2 i′ = i j′ = j + 1

1 q1
1 0−−→ q2 q1

1−−→ q3
1 u

q1 · ♯ · aj · q′ · ai
′
· ♯ · aj

′

q′ = q2 i′ = 0 j′ = j

′
1 q1

1 0−−→ q2 q1
1−−→ q3

1 u

q1 · a · ai · ♯ · aj · q′ · ai
′
· ♯ · aj

′

q′ = q3 i′ = i j′ = j

2
′
2 1

′
1

u ∈ Σ∗ u 1

2 1
′
1 2

′
2 u

M
1 2 1

′
1 2

′
2 M 1

q0 qf u ∈ Σ∗

u ⟨q0 , 0⟩
⟨qf , n⟩ u

1 M′ Σ
(M′) = Σ∗ M

r = 1



`

{−1, 0,+1}



r

B

∃

∃
i ∼ k

∃



r


