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PROGRAM MODEL (OPERATION)
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‣ Concurrent, Multi-master 
‣ Strong: total order, identical state 
‣ Weak: concurrent, interleaving, no global state

Convergence? 
Consistency? 

Safety?



CRDT EXAMPLES
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[A Comprehensive Study of CRDT’s (Shapiro et al. 2011)]
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[A Comprehensive Study of CRDT’s (Shapiro et al. 2011)]
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Anomalies of concurrent updates
‣ Bank: 
‣ σinit = 100€ 
‣ Alice: withdraw(20) = { σ ≔ 120 } 
‣ Bob: debit (60) = { σ ≔ 40 } 
‣ σ = ???



Anomalies of concurrent updates

‣ File system: 
‣ σinit = “/“ 
‣ Alice: mkdir (“/foo”); mkdir (“/foo/bar”) 
‣ Bob: receives mkdir (“/foo/bar”) 
‣ σ = ???

‣ Bank: 
‣ σinit = 100€ 
‣ Alice: withdraw(20) = { σ ≔ 120 } 
‣ Bob: debit (60) = { σ ≔ 40 } 
‣ σ = ???
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COMMUTATIVE REPLICATED DATA TYPES

‣ Data type 
‣ Encapsulates state

‣ Replicated 
‣ At multiple nodes 
‣ Semantically a single object

‣ Available 
‣ Update origin replica without coordination 
‣ Convergence guaranteed by design 
‣ Decentralized http://bit.ly/1PBC4zc

http://bit.ly/1PBC4zc
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OPERATION-BASED CRDTS

‣ Operation-based CRDTs 

‣ Each operation is delivered to each replica

‣ Invariant Checking (CISE) 

‣ Requires causal delivery
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‣ State-based CRDTs 

‣ Propagation of states (instead of operations)
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STATE-BASED CRDTS

‣ State-based CRDTs 

‣ Propagation of states (instead of operations)

‣ States are merged on receive 

‣ Convergence: states resulting from concurrent 
operations result deterministically on a single state 

‣ No delivery assumptions
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STATE-BASED CRDTS

‣ State is a (join semi-)Lattice

‣ Effectors send the state at the origin 

‣ Lazy update propagation

‣ merge function joins the state of two replicas 

‣ Join of the lattice

‣ Each operation is an inflation in the lattice

……

…

…



BOUNDED COUNTER
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‣ N Replicas

‣ R matrix of positive counts

‣ U vector of negative counts

[Valter Balegas, 2016]
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Total: 13

‣ N Replicas

‣ R matrix of positive counts

‣ U vector of negative counts

[Valter Balegas, 2016]



BOUNDED COUNTER

10 2 2 1

3 6 1 0

5 0 4 2

1 0 2 1

5

2

1

0

X

i

R[i][i]�
X

i

U [i]
<latexit sha1_base64="p22DseIn8E0W+aQOBthSt13m9AQ=">AAACH3icbVC7TsMwFL3hWcorwMhiUSGxUCUICZioYGEsiNBKbVQ5rtNadZzIdpCqqCsfwswK38CEWPsJbHwCTlsJ2nJkS8fnvnxPkHCmtOMMrYXFpeWV1cJacX1jc2vb3tl9UHEqCfVIzGNZD7CinAnqaaY5rSeS4ijgtBb0rvN47ZFKxWJxr/sJ9SPcESxkBGsjtWzUVGnUytgA3TWYbw46/pU8827ZJafsjIDmiTshpctvGKHasr+a7ZikERWacKxUw3US7WdYakY4HRSbqaIJJj3coQ1DBY6o8rPRJgN0aJQ2CmNprtBopP6tyHCkVD8KTGaEdVfNxnLxv1gj1eG5nzGRpJoKMh4UphzpGOW2oDaTlGjeNwQTycxfEeliiYk25k1NyXsn+TZyYLxxZ52YJ95J+aLs3p6WKldjj6AA+3AAR+DCGVTgBqrgAYEneIFXeLOerXfrw/ocpy5Yk5o9mII1/AEMVKS6</latexit><latexit sha1_base64="p22DseIn8E0W+aQOBthSt13m9AQ=">AAACH3icbVC7TsMwFL3hWcorwMhiUSGxUCUICZioYGEsiNBKbVQ5rtNadZzIdpCqqCsfwswK38CEWPsJbHwCTlsJ2nJkS8fnvnxPkHCmtOMMrYXFpeWV1cJacX1jc2vb3tl9UHEqCfVIzGNZD7CinAnqaaY5rSeS4ijgtBb0rvN47ZFKxWJxr/sJ9SPcESxkBGsjtWzUVGnUytgA3TWYbw46/pU8827ZJafsjIDmiTshpctvGKHasr+a7ZikERWacKxUw3US7WdYakY4HRSbqaIJJj3coQ1DBY6o8rPRJgN0aJQ2CmNprtBopP6tyHCkVD8KTGaEdVfNxnLxv1gj1eG5nzGRpJoKMh4UphzpGOW2oDaTlGjeNwQTycxfEeliiYk25k1NyXsn+TZyYLxxZ52YJ95J+aLs3p6WKldjj6AA+3AAR+DCGVTgBqrgAYEneIFXeLOerXfrw/ocpy5Yk5o9mII1/AEMVKS6</latexit><latexit sha1_base64="p22DseIn8E0W+aQOBthSt13m9AQ=">AAACH3icbVC7TsMwFL3hWcorwMhiUSGxUCUICZioYGEsiNBKbVQ5rtNadZzIdpCqqCsfwswK38CEWPsJbHwCTlsJ2nJkS8fnvnxPkHCmtOMMrYXFpeWV1cJacX1jc2vb3tl9UHEqCfVIzGNZD7CinAnqaaY5rSeS4ijgtBb0rvN47ZFKxWJxr/sJ9SPcESxkBGsjtWzUVGnUytgA3TWYbw46/pU8827ZJafsjIDmiTshpctvGKHasr+a7ZikERWacKxUw3US7WdYakY4HRSbqaIJJj3coQ1DBY6o8rPRJgN0aJQ2CmNprtBopP6tyHCkVD8KTGaEdVfNxnLxv1gj1eG5nzGRpJoKMh4UphzpGOW2oDaTlGjeNwQTycxfEeliiYk25k1NyXsn+TZyYLxxZ52YJ95J+aLs3p6WKldjj6AA+3AAR+DCGVTgBqrgAYEneIFXeLOerXfrw/ocpy5Yk5o9mII1/AEMVKS6</latexit><latexit sha1_base64="TBYaMkOlst6bZq2NlKOY5/GbMuY=">AAACH3icbVBNS8MwGE79nPNr6tFLcAheHK0I6m3oxeMU6wZdKWmWbmFJWpJUGKVXf4hnr/obPInX/QT/helW0G0+JPDkeb/yPmHCqNK2PbaWlldW19YrG9XNre2d3dre/qOKU4mJi2MWy06IFGFUEFdTzUgnkQTxkJF2OLwp4u0nIhWNxYMeJcTnqC9oRDHSRgpqsKtSHmQ0h/ce9c2Bp7+Sa95BrW437AngInFKUgclWkHtu9uLccqJ0JghpTzHTrSfIakpZiSvdlNFEoSHqE88QwXiRPnZZJMcHhulB6NYmis0nKh/KzLElRrx0GRypAdqPlaI/8W8VEeXfkZFkmoi8HRQlDKoY1jYAntUEqzZyBCEJTV/hXiAJMLamDczpeidFNvI3HjjzDuxSNyzxlXDuTuvN69LkyrgEByBE+CAC9AEt6AFXIDBM3gFb+DderE+rE/ra5q6ZJU1B2AG1vgHVzijiw==</latexit>

Total: 13

‣ N Replicas

‣ R matrix of positive counts

‣ U vector of negative counts

‣ Invariant: 0 ≤ Total

[Valter Balegas, 2016]
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‣transfer  @i → j
merge((M0, V0), (M1, V1)) = (max(M0,M1), max(V0, V1))
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[Valter Balegas, 2016]



CHECKING INVARIANTS 
                              STATE-BASED CRDTS



INVARIANTS FOR SB-CRDTS

‣ CRDT (lattice) constraints ……

…

…



INVARIANTS FOR SB-CRDTS

‣ CRDT (lattice) constraints

‣ Operations are inflations 
……

…

…

� v �0
<latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="K9EusAB6RSZTXUCSFaU4J8LeoRI=">AAACGXicbVDLSsNAFJ3UV62vqDvdDBbRVUlEUHdFNy4rGFtoQplMb9qhk0dnJkIJBT/EtVv9Blfi1pWf4F84abOwrQcGDufcx9zjJ5xJZVnfRmlpeWV1rbxe2djc2t4xd/ceZJwKCg6NeSxaPpHAWQSOYopDKxFAQp9D0x/c5H7zEYRkcXSvRgl4IelFLGCUKC11zANXsl5IsCuHMvUlKBjiqXTSMatWzZoALxK7IFVUoNExf9xuTNMQIkU5kbJtW4nyMiIUoxzGFTeVkBA6ID1oaxqREKSXTW4Y42OtdHEQC/0ihSfq346MhFKOQl9XhkT15byXi/957VQFl17GoiRVENHpoiDlWMU4DwR3mQCq+EgTQgXTf8W0TwShSsc2syWfneTXiLHOxp5PYpE4Z7Wrmn13Xq1fFyGV0SE6QqfIRheojm5RAzmIoif0gl7Rm/FsvBsfxue0tGQUPftoBsbXL5EloaM=</latexit>

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>



INVARIANTS FOR SB-CRDTS

‣ CRDT (lattice) constraints

‣ Operations are inflations 

‣ merge is join (LUB)

……

…

…

8�,�0, merge(�,�0) = �00 ) �00 = LUBv(�,�
0)

<latexit sha1_base64="BrnF99GlYhRZ4yBm2gjm4zPWar0="></latexit><latexit sha1_base64="BrnF99GlYhRZ4yBm2gjm4zPWar0="></latexit><latexit sha1_base64="BrnF99GlYhRZ4yBm2gjm4zPWar0="></latexit><latexit sha1_base64="uOkNXGFInRNLZhMhtXgMdEvpsMQ="></latexit>

� v �0
<latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="0GADSZh1N7IFeUS0G8vH12BYhb4=">AAACGXicbVC7TgJBFL2LL8QXaqfNRGK0IrvGRK0k2lhiIkIChMwOd2HC7IOZWROyIfFDrG31G6yMrZWfYOcnOAsUAp5kkpNz7mPucSPBlbbtLyuzsLi0vJJdza2tb2xu5bd37lUYS4YVFopQ1lyqUPAAK5prgbVIIvVdgVW3d5361QeUiofBnR5E2PRpJ+AeZ1QbqZXfayje8SlpqL6KXYUa+2QsHbXyBbtoj0DmiTMhhcsfGKHcyn832iGLfQw0E1SpumNHuplQqTkTOMw1YoURZT3awbqhAfVRNZPRDUNyaJQ28UJpXqDJSP3bkVBfqYHvmkqf6q6a9VLxP68ea++8mfAgijUGbLzIiwXRIUkDIW0ukWkxMIQyyc1fCetSSZk2sU1tSWdH6TVyaLJxZpOYJ5WT4kXRuT0tlK7GGUEW9uEAjsGBMyjBDZShAgwe4Rle4NV6st6sd+tjXJqxJj27MAXr8xdGQaLS</latexit><latexit sha1_base64="K9EusAB6RSZTXUCSFaU4J8LeoRI=">AAACGXicbVDLSsNAFJ3UV62vqDvdDBbRVUlEUHdFNy4rGFtoQplMb9qhk0dnJkIJBT/EtVv9Blfi1pWf4F84abOwrQcGDufcx9zjJ5xJZVnfRmlpeWV1rbxe2djc2t4xd/ceZJwKCg6NeSxaPpHAWQSOYopDKxFAQp9D0x/c5H7zEYRkcXSvRgl4IelFLGCUKC11zANXsl5IsCuHMvUlKBjiqXTSMatWzZoALxK7IFVUoNExf9xuTNMQIkU5kbJtW4nyMiIUoxzGFTeVkBA6ID1oaxqREKSXTW4Y42OtdHEQC/0ihSfq346MhFKOQl9XhkT15byXi/957VQFl17GoiRVENHpoiDlWMU4DwR3mQCq+EgTQgXTf8W0TwShSsc2syWfneTXiLHOxp5PYpE4Z7Wrmn13Xq1fFyGV0SE6QqfIRheojm5RAzmIoif0gl7Rm/FsvBsfxue0tGQUPftoBsbXL5EloaM=</latexit>

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>



INVARIANTS FOR SB-CRDTS

‣ Invariant constraints ……

…

…



INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ Operations preserve the invariant 
……

…

…

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>



INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ Operations preserve the invariant 

‣ merge preserves the invariant

……

…

…

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>



INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ Operations preserve the invariant 

‣ merge preserves the invariant

……

…

…

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>



INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ Operations preserve the invariant 

‣ merge preserves the invariant

……

…

…

8 op,�,�0, � ✏ Preop ^ (�,�0) 2 JopK ) �0 ✏ Inv
<latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="52JMvNY7knYKi7kTLt6tVVFEjoo="></latexit><latexit sha1_base64="obg00Kts6vSd7lexGVXtvwaxlI8="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="uvB8XQ+ebGjiQJe0uZg0V3WYgoQ="></latexit><latexit sha1_base64="F0OvPdHjaGEmO8Z53vpg2OD7SRQ="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>

8 �,�0,�00, (�,�00) ✏ Premerge ^ merge(�,�00) = �0 ) �0 ✏ Inv
<latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="hJQuF2O9SSzzy+oT5XtUz1hFQQA="></latexit><latexit sha1_base64="3R9a+Cv8wmpCOhFBaiy++JJRSPs="></latexit>

Eg: Bounded Counter
Total(�) � 0 ^ Total(�0) � 0

<latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="YdgDAKWYzk9vY0sGVYlahTfDAbg=">AAAB8HicbVBNS8NAEJ3Ur1qr1rOXxSJ4KokXPQpePFawH9CWstlM2qWbTdidCCUU7179Dd7E/+NP8F+4aXuw1gcLj/dmdmZemClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP70u89o7Ey1U80z3CU8ImWsRScnNQeN5p+y1+CbZNgTZqwxrjxPYxSkSeoSShu7SDwMxoV3JAUChe1YW4x42LGJzhwVPME7ahYrrlgl06JWJwa9zSxpfq7o+CJtfMkdJUJp6n965Xif94gp/h2VEid5YRarAbFuWKUsvJmFkmDgtTcES6MdLsyMeWGC3LJbEwp/87Ka8zCRRP8DWKbdK9bgd8KHn2owjlcwBUEcAN38ABt6ICACF7hzXvx3r2PVYQVb53lGWzA+/wBKZ6UVA==</latexit><latexit sha1_base64="NC1mu8Pu7ScWPe6ofFYxXT+VANA=">AAACOHicbVDLSsQwFL31/Ri1unUTFFE3Q+tGl8JsXCo4KkzLkKa3nWDa1CRVhtIP8kNcu9VPEHfiB5jWEXxdCBzOObmPExWCa+N5z87U9Mzs3PzC4tJyZ2V1zV3vXGhZKoZ9JoVUVxHVKHiOfcONwKtCIc0igZfRda/RL29RaS7zczMuMMxomvOEM2osNXR7QUbNSCfVuTRU1HuB5mlG90mQ4g3xSHCHcYrkX9Pul2vobntdry3yF/gTsA2TOh26L0EsWZlhbpigWg98rzBhRZXhTGC9FJQaC8quaYoDC3OaoQ6r9tia7FgmJolU9uWGtOz3HxXNtB5nkXW2W//WGvI/bVCa5CiseF6UBnP2OSgpBTGSNMmRmCtkRowtoExxuythI6ooMzbfH1Oa3kVzjaptNv7vJP6Ci4Ou73X9Mw8WYBO2YA98OIRjOIFT6AODe3iEJ3h2HpxX5+0zxSlnEucG/Cjn/QMNB6/h</latexit><latexit sha1_base64="NC1mu8Pu7ScWPe6ofFYxXT+VANA=">AAACOHicbVDLSsQwFL31/Ri1unUTFFE3Q+tGl8JsXCo4KkzLkKa3nWDa1CRVhtIP8kNcu9VPEHfiB5jWEXxdCBzOObmPExWCa+N5z87U9Mzs3PzC4tJyZ2V1zV3vXGhZKoZ9JoVUVxHVKHiOfcONwKtCIc0igZfRda/RL29RaS7zczMuMMxomvOEM2osNXR7QUbNSCfVuTRU1HuB5mlG90mQ4g3xSHCHcYrkX9Pul2vobntdry3yF/gTsA2TOh26L0EsWZlhbpigWg98rzBhRZXhTGC9FJQaC8quaYoDC3OaoQ6r9tia7FgmJolU9uWGtOz3HxXNtB5nkXW2W//WGvI/bVCa5CiseF6UBnP2OSgpBTGSNMmRmCtkRowtoExxuythI6ooMzbfH1Oa3kVzjaptNv7vJP6Ci4Ou73X9Mw8WYBO2YA98OIRjOIFT6AODe3iEJ3h2HpxX5+0zxSlnEucG/Cjn/QMNB6/h</latexit><latexit sha1_base64="wO8EwW+IbAr5T3XnRMsrD/yBRlA=">AAACQ3icbVDLSgMxFM3UV62vqks3wSLWTZlxo8tiNy4r9AWdUjLpnWlo5mGSUcrQD/JDXLu1nyDuxK1gZlrBPg4EDueem3vvcSLOpDLNqZHb2Nza3snvFvb2Dw6PiscnLRnGgkKThjwUHYdI4CyApmKKQycSQHyHQ9sZ1dJ6+wmEZGHQUOMIej7xAuYySpSW+sWa7RM1lG7SCBXhk7ItmeeTK2x78IhNbD/DwAO81nT55+oXS2bFzIBXiTUnJTRHvV/8sAchjX0IFOVEyq5lRqqXEKEY5TAp2LGEiNAR8aCraUB8kL0kO3aCL7QywG4o9AsUztT/HQnxpRz7jnZmWy/XUnFdrRsr97aXsCCKFQR0NsiNOVYhTpPDAyaAKj7WhFDB9K6YDokgVOl8F6akf0fpNWKis7GWk1glreuKZVasB7NUvZunlEdn6ByVkYVuUBXdozpqIope0Bt6R1Pj1fg0vozvmTVnzHtO0QKMn1+lr7GL</latexit><latexit sha1_base64="+rQQ1IpgZOEJJX7fWY4bBXWIvBw=">AAACQ3icbVDLSgMxFM34rPVVdekmWMS6KTMi6LLYjcsKfUGnlEx6ZxqaeZhklDL0g/wQ127tJ4g7cSuYmVawjwOBw7nn5t57nIgzqUxzYqytb2xubed28rt7+weHhaPjpgxjQaFBQx6KtkMkcBZAQzHFoR0JIL7DoeUMq2m99QRCsjCoq1EEXZ94AXMZJUpLvULV9okaSDeph4rwccmWzPPJJbY9eMQmtp+h7wFeabr4c/UKRbNsZsDLxJqRIpqh1it82P2Qxj4EinIiZccyI9VNiFCMchjn7VhCROiQeNDRNCA+yG6SHTvG51rpYzcU+gUKZ+r/joT4Uo58RzuzrRdrqbiq1omVe9tNWBDFCgI6HeTGHKsQp8nhPhNAFR9pQqhgeldMB0QQqnS+c1PSv6P0GjHW2ViLSSyT5lXZMsvWw3WxcjdLKYdO0RkqIQvdoAq6RzXUQBS9oDf0jibGq/FpfBnfU+uaMes5QXMwfn4Bpu+xjw==</latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="i51S4sB6xz6FRqPIQkZu1zCpLKc="></latexit><latexit sha1_base64="+rQQ1IpgZOEJJX7fWY4bBXWIvBw=">AAACQ3icbVDLSgMxFM34rPVVdekmWMS6KTMi6LLYjcsKfUGnlEx6ZxqaeZhklDL0g/wQ127tJ4g7cSuYmVawjwOBw7nn5t57nIgzqUxzYqytb2xubed28rt7+weHhaPjpgxjQaFBQx6KtkMkcBZAQzHFoR0JIL7DoeUMq2m99QRCsjCoq1EEXZ94AXMZJUpLvULV9okaSDeph4rwccmWzPPJJbY9eMQmtp+h7wFeabr4c/UKRbNsZsDLxJqRIpqh1it82P2Qxj4EinIiZccyI9VNiFCMchjn7VhCROiQeNDRNCA+yG6SHTvG51rpYzcU+gUKZ+r/joT4Uo58RzuzrRdrqbiq1omVe9tNWBDFCgI6HeTGHKsQp8nhPhNAFR9pQqhgeldMB0QQqnS+c1PSv6P0GjHW2ViLSSyT5lXZMsvWw3WxcjdLKYdO0RkqIQvdoAq6RzXUQBS9oDf0jibGq/FpfBnfU+uaMes5QXMwfn4Bpu+xjw==</latexit>
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……

…

…

INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ merge can execute at any time

‣ Operations preserve the merge Pre 
 
  8 op,�,�0,�00,

0

@
� ✏ Preop ^
(�,�00) ✏ Premerge ^
(�,�0) 2 JopK

1

A ) (�0,�00) ✏ Premerge

<latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="JD7AKImJMDulRt5jA1oL3uZI73Q="></latexit><latexit sha1_base64="JD7AKImJMDulRt5jA1oL3uZI73Q="></latexit><latexit sha1_base64="+IG7/svT76rttBIkUw+14SpwmUk="></latexit><latexit sha1_base64="2u5PqlVTthOZjptSjVw3gl7nKSQ="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="2u5PqlVTthOZjptSjVw3gl7nKSQ="></latexit>



……

…

…

INVARIANTS FOR SB-CRDTS

‣ Invariant constraints

‣ merge can execute at any time

‣ Operations preserve the merge Pre 
 
 

‣ merge Pre is an invariant

8 op,�,�0,�00,

0

@
� ✏ Preop ^
(�,�00) ✏ Premerge ^
(�,�0) 2 JopK

1

A ) (�0,�00) ✏ Premerge

<latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="E65XNGKrD22mAUSWQKq6YKPOwvI="></latexit><latexit sha1_base64="JD7AKImJMDulRt5jA1oL3uZI73Q="></latexit><latexit sha1_base64="JD7AKImJMDulRt5jA1oL3uZI73Q="></latexit><latexit sha1_base64="+IG7/svT76rttBIkUw+14SpwmUk="></latexit><latexit sha1_base64="2u5PqlVTthOZjptSjVw3gl7nKSQ="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="S/oZhOcI/jU4ETAprLEktBNknzc="></latexit><latexit sha1_base64="2u5PqlVTthOZjptSjVw3gl7nKSQ="></latexit>



EXAMPLE: TOKEN IMPLEMENTATION
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(EG.) MUTUAL EXCLUSION CRDT
‣ At most one replica has rights to the mutual exclusion token
‣ An array V[R] to indicate who has the “lock”
‣ Escrow
‣ Owner transfer the token to the next owner

‣ Comparison function? 
‣ Add a timestamp t

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>



(EG.) MUTUAL EXCLUSION CRDT
i`�Mb72`UUi-oV-`oV,

�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>

(t0, V0)  (t1, V1) = t0  t1 ^ (t0 ) t1 ^ V0  V1)
<latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="idIUW1FzEk9QnjviCpdbinLjl1M="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

‣ Invariant:

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>

(t0, V0)  (t1, V1) = t0  t1 ^ (t0 ) t1 ^ V0  V1)
<latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="idIUW1FzEk9QnjviCpdbinLjl1M="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

‣ Invariant: Inv(t, V) =
X

r

V[r] = 1
<latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="YdgDAKWYzk9vY0sGVYlahTfDAbg=">AAAB8HicbVBNS8NAEJ3Ur1qr1rOXxSJ4KokXPQpePFawH9CWstlM2qWbTdidCCUU7179Dd7E/+NP8F+4aXuw1gcLj/dmdmZemClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP70u89o7Ey1U80z3CU8ImWsRScnNQeN5p+y1+CbZNgTZqwxrjxPYxSkSeoSShu7SDwMxoV3JAUChe1YW4x42LGJzhwVPME7ahYrrlgl06JWJwa9zSxpfq7o+CJtfMkdJUJp6n965Xif94gp/h2VEid5YRarAbFuWKUsvJmFkmDgtTcES6MdLsyMeWGC3LJbEwp/87Ka8zCRRP8DWKbdK9bgd8KHn2owjlcwBUEcAN38ABt6ICACF7hzXvx3r2PVYQVb53lGWzA+/wBKZ6UVA==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="QrjT9UAVYXrGsr8tF+4Cr0az1Bc="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit>

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>

(t0, V0)  (t1, V1) = t0  t1 ^ (t0 ) t1 ^ V0  V1)
<latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="idIUW1FzEk9QnjviCpdbinLjl1M="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

‣ Invariant:

‣Merge precondition:

Inv(t, V) =
X

r

V[r] = 1
<latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="YdgDAKWYzk9vY0sGVYlahTfDAbg=">AAAB8HicbVBNS8NAEJ3Ur1qr1rOXxSJ4KokXPQpePFawH9CWstlM2qWbTdidCCUU7179Dd7E/+NP8F+4aXuw1gcLj/dmdmZemClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP70u89o7Ey1U80z3CU8ImWsRScnNQeN5p+y1+CbZNgTZqwxrjxPYxSkSeoSShu7SDwMxoV3JAUChe1YW4x42LGJzhwVPME7ahYrrlgl06JWJwa9zSxpfq7o+CJtfMkdJUJp6n965Xif94gp/h2VEid5YRarAbFuWKUsvJmFkmDgtTcES6MdLsyMeWGC3LJbEwp/87Ka8zCRRP8DWKbdK9bgd8KHn2owjlcwBUEcAN38ABt6ICACF7hzXvx3r2PVYQVb53lGWzA+/wBKZ6UVA==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="QrjT9UAVYXrGsr8tF+4Cr0az1Bc="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit>

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>

(t0, V0)  (t1, V1) = t0  t1 ^ (t0 ) t1 ^ V0  V1)
<latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="idIUW1FzEk9QnjviCpdbinLjl1M="></latexit>



(EG.) MUTUAL EXCLUSION CRDT

‣ Order:

‣ Invariant:

‣Merge precondition:

Inv(t, V) =
X

r

V[r] = 1
<latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="YdgDAKWYzk9vY0sGVYlahTfDAbg=">AAAB8HicbVBNS8NAEJ3Ur1qr1rOXxSJ4KokXPQpePFawH9CWstlM2qWbTdidCCUU7179Dd7E/+NP8F+4aXuw1gcLj/dmdmZemClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP70u89o7Ey1U80z3CU8ImWsRScnNQeN5p+y1+CbZNgTZqwxrjxPYxSkSeoSShu7SDwMxoV3JAUChe1YW4x42LGJzhwVPME7ahYrrlgl06JWJwa9zSxpfq7o+CJtfMkdJUJp6n965Xif94gp/h2VEid5YRarAbFuWKUsvJmFkmDgtTcES6MdLsyMeWGC3LJbEwp/87Ka8zCRRP8DWKbdK9bgd8KHn2owjlcwBUEcAN38ABt6ICACF7hzXvx3r2PVYQVb53lGWzA+/wBKZ6UVA==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="ESYITkNH8idYzMD0UoEZ7qbLIsE=">AAACOHicbVDNSgMxGPy2/v9Xr16CRaggZdeLXgTBi94UbC10l5JNsxqazS7Jt4Wy7AP5IJ696iOIN/EBzG4rVOtAYDKT5MtMmEph0HXfnNrC4tLyyura+sbm1vZOfXezY5JMM95miUx0N6SGS6F4GwVK3k01p3Eo+X04vCz9+xHXRiTqDscpD2L6oEQkGEUr9euXfkzx0UT5tRoVzWqDmGNxTH54pzjyyblPfJPF/VwXM0ZPB+SceP16w225Fcg88aakAVPc9Ovv/iBhWcwVMkmN6XluikFONQomebHuZ4anlA3pA+9ZqmjMTZBXYQtyaJUBiRJtl0JSqbM3chobM45De7KK9tcrxf+8XobRWZALlWbIFZsMijJJMCFlc2QgNGcox5ZQpoX9K2GPVFOGtt9fU8q30zKNLmw33t8m5knnpOW5Le/WhVXYhwNoggencAFXcANtYPAEL/AKb86z8+F8TlqsOdM69+AXnK9vyxSw6A==</latexit><latexit sha1_base64="QrjT9UAVYXrGsr8tF+4Cr0az1Bc="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="/r5YbO3KtW0+lxbSxZyYl/eA9Dg="></latexit><latexit sha1_base64="JFWBPEQhm2hF/PmzmrMbFoqPWcw="></latexit>

Premerge((ts, Vs), (to, Vo)) = Inv(ts, Vs) ^ Inv(to, Vo) ^
(ts = to ) Vs = Vo) ^
(V[rs] = 1 ) ts � to)

<latexit sha1_base64="TyicH2xVylvUSJN21RhA00Fib4o="></latexit><latexit sha1_base64="TyicH2xVylvUSJN21RhA00Fib4o="></latexit><latexit sha1_base64="TyicH2xVylvUSJN21RhA00Fib4o="></latexit><latexit sha1_base64="35AuIxS/87lsFBD+akEJtLoV6sk="></latexit>

i`�Mb72`UUi-oV-`oV,
�bb2`iUo(`) 4 R ^ U8to 6= t- i�ioVV
i 4 iYR
o(`s) 4 y O b2H7
o(`o) 4 R O Qi?2`

<latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="zyQ+/RJ4+gdm50YMjiH56k01+cs="></latexit><latexit sha1_base64="TrsT74tmQheps0t6vhjX1gxjKYw="></latexit>

{ Premerge }
K2`;2UUi-oV-Uio-ooVV,

i 4 K�tUi-ioV
p 4 UioIiV\o,oo

{ Premerge }
<latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="BDXxakn/p5ZunUaO81uPBhV0Ybs="></latexit><latexit sha1_base64="VyUki2o/ExXQJEaVu9MwPxjpMUU="></latexit>

(t0, V0)  (t1, V1) = t0  t1 ^ (t0 ) t1 ^ V0  V1)
<latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="gYHMUG/nstjd8bFk74Yw4hyc+Wk="></latexit><latexit sha1_base64="idIUW1FzEk9QnjviCpdbinLjl1M="></latexit>
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Research Opportunities
‣Beyond Simple Invariants 
‣Pre/Post conditions of client programs using (1+) CRDTs 
‣ Transactions + CRDTs 

‣Consistency Models: Eventual, Causal, Strong, … 

‣Synchronization?  

‣…


