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Description du stage :

The logic of subsequences is the logic of the structure (X∗;≤∗, ..) where the universe X∗

contains all finite sequences over some base set X, and where ≤∗ is the subsequence relation
(as in Higman’s Lemma).

For example, this logic allows writing constraints like

aa ≤∗ x ∧ bb ≤∗ x ∧ ab 6≤∗ x (φ)

where a, b are letters and x is a variable standing for an unknown word. Over X = {a, b}, the
two-letter alphabet, the solution set of the above constraint is the language Lφ = bbb∗aaa∗.

The logic allows more complex formulae, like

∀x, y : ∃z :
(
x ≤∗ z ∧ y ≤∗ z ∧ ∀u : x ≤∗ u ∧ y ≤∗ u =⇒ z ≤∗ u

)
(ψ)

that states that (X∗,≤∗) is an upper semilattice. Whether ψ is true or false depends on X.

The goal of this Master Internship is to develop the computational theory of
the logic of subsequences, especially by identifying decidable fragments of the lo-
gic and assessing their algorithmic complexity.

Until recently, not much was known about the decidability of the logic of subsequences
and its fragment [Kus06]. It was then shown that the Σ2 fragment is undecidable (as expec-
ted) [KS15], that the FO2 fragment is decidable, even elementary [KS16], and that the Σ1, or
existential, fragment is undecidable [HSZ17]. That last result was completely unexpected and
has potential far-reaching consequences for existential logics on graphs.

Regarding the FO2 fragment, the initial decidability result raised many new questions. In
particular there are several interesting directions in which to try to extend the decidability.
Among these, the following seem to be good starting points for the M2R internship :

1. Extending the decidability of the FO2 fragment by allowing combination with other
(simple) predicates like ≤∗,1 defined via “x ≤∗,1 y iff x ≤∗ y ∧ |y| = |x|+ 1”.

2. Extending the logic of subsequences with numerical predicates and (fragments of) Pres-
burger arithmetic.

Another important aspect of [KS16] is that it introduced a new theory of piecewise-
complexity as a fundamental tool for establishing elementary upper bounds. This theory need
developing and there are many open problems to investigate :
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1. Algorithmic questions for the piecewise-complexity of words and languages, see e.g. [HS18].

2. Extending the theory to trees and other ordered structures.

This research project should suit a theoretically-minded student with some taste for abs-
tract algorithmic constructions like what is encountered in basic courses on recursion theory
and computational complexity. It is is an ideal opportunity for starting a PhD thesis in the
INFINI group at LSV.
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