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École Normale Supérieure de Cachan
61, avenue du Président Wilson
94235 Cachan Cedex France

Controlled Recurrent Subspaces for Sampled Switched
Linear Systems
Laurent Fribourg

Romain Soulat

LSV, ENS Cachan & CNRS

LSV, ENS Cachan & CNRS

fribourg@lsv.ens-cachan.fr

soulat@lsv.ens-cachan.fr

ABSTRACT
Sampled switched linear systems are governed by piecewise
linear dynamics that are periodically sampled with a given
period τ . At each sampling time, the “mode” of the system,
i.e., the parameters of the linear dynamics, are switched according to a control rule. We give here a procedure for
showing that a given area R of the state space has a “krecurrent decomposition”: such a decomposition induces a
control that makes every trajectory starting from R go back
to R within at most k steps (i.e, kτ time). We can then
determine an extended zone that contains all the trajectories issued from R; this allows us to check safety properties
of the system. We show the practical interest of our approach on several examples of the literature. We also give a
geometrical condition on R that ensures the existence of a
k-recurrent decomposition.

1.

INTRODUCTION

Sampled switched linear systems are more and more used
in electrical and mechanical industry, e.g. power electronics
and automotive industry: this is due to their flexibility and
simplicity for controlling accurately industrial mechanismes.
These systems are governed by piecewise linear dynamics
that are periodically sampled with a given period τ . At each
sampling time, the “mode” of the system, i.e. the parameters
of the linear dynamics, are switched according to a control
rule. A classical example of sampled switched system is the
boost DC-DC converter. The control of a switching cell puts
the system, according to its position (open or closed), into
one mode or another one. When the system stays in the
same mode, it evolves towards a unique equilibrium point.
In contrast, by adopting appropriate control rules, one can
steer the system to a region centered at a different equilibrium point, around which the system continues to oscillate
with some variability.
The formal proof that a sampled switched system stabilizes
around a desired point is often done in two parts (see, e.g.,
[19]): in a first part, one identifies a “target zone” R, i.e.,
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Figure 1: k-recurrence of R (here, k = 5)
a zone into which the system can be driven in finite time
from an arbitrary initial state; in a second part, one identifies a superset R∗ of R, that we call here “capture zone”
of R, which encloses all the trajectories exiting from R (see
Figure 1).
Note that, if we are ensured that R∗ is included into a known
“safety zone”, that is a set of states for which the system is
known to behave correctly, then we know that the behavior
of the system is safe1 . Let us also observe that a target zone
R is “recurrent” in the following sense: if the system leaves
R, then it will go back to R in finite time.
In this paper, we will not focus on the target property of
a set R, but on its recurrence property. More precisely, we
give a method for proving that a given set R is “k-recurrent”,
i.e.: whenever the system leaves R, it will go back to R in
at most k steps (i.e., at most kτ time). We will also give a
simple extension of the method for showing the containment
of R∗ into a prescribed zone; this will allow us to prove safety
properties of the system.

Principle of the method
Given some value for k, and assuming that R is given under the form of a rectangular box of the continuous state
space Rn , we show that R is k-recurrent by using the following recursive decomposition procedure: we dichotomously
decompose R into 2n sub-boxes V1 , . . . , V2n , and, for each
sub-box Vi , we try to find (e.g., by exhaustive enumeration)
a pattern P ati , that is a sequence of at most k switching
modes, whose application maps Vi into R. The procedure is
1

at least, once it has reached R for the first time

recursively applied to all sub-box for which no such pattern
exists. When it terminates, the procedure generates a decomposition of the form {(Vi , P ati )}i∈I , where I is a finite
set of indices
S such that: all the Vi ’s are boxes which cover R
(i.e., R = i∈I Vi ), and, for all i ∈ I, P ati maps Vi into R.
This decomposition induces a state-dependent control that
makes any exit trajectory go back to R within k steps.
Given a decomposition {(Vi , P ati )}i∈I of R, (an overapproximation of) the capture zone R∗ can be delimited along the
lines of [3]. Given a point x and a pattern P at made of ` consecutive modes i1 , i2 , . . . , i` , let us say that {x, x1 , x2 , . . . , x` }
is the discrete trajectory issued from x using P at, where x1
is the point obtained by applying mode i1 to x during period τ , x2 is obtained by applying i2 to x1 , etc.. Let R∗∗
be the convex hull of all the discrete trajectories issued from
the 2n vertices of Vi using P ati , for all i ∈ I. Then it is
clear that R∗∗ contains all the points of the continuous trajectories issued from R and sampled at times τ, 2τ, . . . . In
order to account for the trajectory between two sampling
times, one defines R∗ as the ball B (R∗∗ ), containing the
-neighborhood of R∗∗ , where  = O(τ 2 ) is a constant that
depends on τ and the coefficients of the mode dynamics (see
[3] for details). This is illustrated in Figure 2.
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Figure 2: Illustration of R, R∗ , R∗∗

Comparison with maximal invariant approach
In the literature, the proof of safety properties of controlled
hybrid systems is often done using another approach which
constructs the “(maximal) controlled invariant set”: Given a
safe set S, one synthesizes a subset S 0 of S that is invariant,
i.e., which contains all the trajectories starting from one of
its points. The basic algorithm for finding the maximal controlled invariant set has been found by Ramadge-Wonham
in the case of finite models (see [16]). The algorithm is based
on the repeated application of a predecessor operation which
makes use of the inverse of the transition relation associated
to the model. When the model is finite, the algorithm is
guaranteed to terminate (in polynomial time). When the
model is infinite, as in the case of hybrid models, where the
domain of the state variables are real-valued, there are two
classical approaches for extending the Ramadge-Wonham’s
approach (see, e.g., [3]): the direct approach and the indirect
one.
The direct approach works directly on the continuous state
space Rn by extending the predecessor operator to symbolic
sets of real-valued variables, such as polyhedral sets. However, this approach gives rise to many difficult problems of

effective computation of functions over sets of real numbers
(intersection, union, inclusion, projection). A further difficulty, pointed out in [15] and [8] is that the computation of
predecessors over (sets of) reals often leads to numerical unstable computations and ill-posed problems. This numerical
instability is especially sensitive when the laws governing
the modes of the hybrid systems are contractive, which are
very common in practice when one deals with stable physical
systems.2
The indirect approach avoids the above mentioned problems
by reducing the model, via abstraction, into a finite-state
automaton for which the Ramadge-Wonham’s approach applies. The control of this finite model induces a control applicable to the original model. Actually, when it applies (i.e,
under certain Lyapunov-like conditions), the bi-similarity is
not exact, but true up to an ε-precision (see [12]), where ε
can be made as small as possible. The controlled trajectories of the original model are thus guaranteed to stay within
an ε-neighborhood of S. A problem with this approach is
that, ε has to be decreased as much as possible in order to
get good approximations, which makes the size of the finite
bisimular model grow exponentially.
The approach that we propose here for synthesising the control based on recursive decomposition allows us to avoid
the problems mentioned above. With respect to the direct
method, the advantages of our method are two-fold: first,
we compute images (successors) and not-preimages (predecessors) of the transition relation, which avoids numerical
stability problems; second, we compute the image of points,
rather than sets, which avoids the problem of set representation and manipulation. With respect to the indirect approach, our method has the following advantage. When an
invariant pattern is discovered at an early stage of decomposition, this leads to the identification of a large zone of
uniform control for the given safety zone. This is in contrast with the basic ε-bisimularity basic approach, where,
the original safety zone is usually divided according to a
huge grid of small squares of the same size. (However, see
[6] for a multiscale approach which overcomes this problem.)
The examples of switching systems that we will consider
hereafter are borrowed from the literature where they are
given with a safety zone S. Instead of generating a controlled invariant subset S 0 of S, we will identify a zone R
corresponding to an equilibrium zone, then show that R is
k-recurrent, and R∗ included into S.

Plan
In Section 2, we define the model of sampled switched linear
systems and describe our control synthesis method by decomposition. In Section 3, we apply the method to several
examples of the literature. In Section 4, we focus on the
case of contractive switched systems, and give a geometrical
condition for a zone R to be controllable by decomposition.
2
For the sake of completeness, let us point out that there
exists a forward-oriented approach for computing the maximal invariant set in the finite context, which is due to Liu
and Smolka [14]. This approach has been extended with
great success to the case of timed automata [7]. Therefore
a potential interesting work would be to extend further the
approach to linear hybrid systems.

We conclude in Section 5.

2. CONTROL SYNTHESIS METHOD
2.1 Sampled Switched Linear Systems

Definition 2. A set R ⊆ Rn is k-recurrent if for all x ∈
R, there exists a k-pattern P at that maps x into R (i.e.,
such that P ostPat ({x}) ⊆ X)

Switched linear systems, as defined, e.g., in [12], is a subclass
of linear hybrid systems [13].

We say that R is “k-recurrent” if it can be decomposed into
a finite set of subspaces that are R-invariant. Formally:

Definition 1. A switched system Σ is a quadruple
(Rn , P, P, F ) where:

Definition 3. A set R ⊆ Rn is k-recurrent if there exists
a finite set I of indices, a set {Vi }i∈I of subspaces of Rn and
a set {Pati }i∈I of k-patterns such that:

• Rn is the state space
• P = {1, . . . , q} is a finite set of modes
• P is a subset of S(R≥0 , P ) which denotes the set of
piecewise constant functions from R≥0 to P , continuous from the right and with a finite number of discontinuities on every bounded interval of R>0
• F={fp | p ∈ P } is a collection of functions indexed
by P .
For all p ∈ P , we denote by Σp the continuous subsystem of
Σ defined by the differential equation: ẋ(t) = fp (x(t)).
A switching signal of Σ is a function p ∈ P, the discontinuities of p are called switching times. A piecewise C 1 function
x : R>0 → Rn is said to be a trajectory of Σ if it is continuous and there exists a switching signal p ∈ P such that, at
each t ∈ R>0 , x is continuously differentiable and satisfies:
ẋ(t) = fp(t) (x(t)).
Let us remark that a trajectory of Σp is a trajectory of Σ
associated with the constant signal p(t) = p, for all t ∈ R>0 .
We will use x(t, x, p) to denote the point reached by Σp at
time t ∈ R>0 from the initial condition x. In this paper, we
focus on the case of linear switched systems: for all p ∈ P ,
the function fp is defined by fp (x) = Ap x + bp where Ap is
a (n × n)-matrix of constant elements (ai,j )p and bp is a nvector of constant elements (bk )p . In the following, as in [12],
we will work with trajectories of duration τ for some chosen
τ ∈ R≥0 , called “time sampling parameter”. In particular,
we suppose that switching instants can only occur at times
of the form iτ with i ∈ N. Such switched systems are said to
be sampled. The associated transition relation →iτ is given
by:
x →iτ x0 iff x(τ, x, i) = x0 for x and x0 in Rn
We define: P osti (X) = {x0 | x →iτ x0 for some x ∈ X}.
We say that a zone X is R-invariant via mode i if
P osti (X) ⊆ R.
We will group modes together into sequences called “patterns”. Given a pattern P at of the form (i1 . . . im ), we have:
P ostPat (X) = {x0 | x →iτ1 · · · →iτm x0 for some x ∈ X}.
P rePat (X) = {x0 | x0 →iτ1 · · · →iτm x for some x ∈ X}.
We say that X is R-invariant via P at if P ostPat (X) ⊆ R.
Note that, when X is convex, in order to show that X is
R-invariant via P at, it suffices to show that every vertex of
X is mapped by P at to a point of R.
A k-pattern is a pattern of length at most k.

• R=

S

i∈I

Vi

• Vi is R-invariant via Pati , for all i ∈ I.
The set {(Vi , Pati )}i∈I is said to be a k-recurrent decomposition of R.
A k-recurrent decomposition {(Vi , Pati )}i∈I induces a statedependent control that makes any trajectory starting fom R
return into R within at most k steps:
Given a starting state xS
0 in R, we know that x0 ∈ Vi for
some i ∈ I (since R = i∈I Vi ); one thus applies Pati to
x0 , which gives a new state x1 that belongs to R (since Vi
is R-invariant via Pati ); the process is repeated on x1 , and
so on iteratively.

2.2 Decomposition Procedure

Let us suppose that we are given a subspace R ⊆ Rn under a
“box” form, i.e., a cartesian product of closed intervals. We
now give a procedure in order to show that R is k-recurrent.
Basically, this is done by decomposing R dichotomously into
2n sub-boxes V1 , . . . , V2n of equal size. If for each box Vi , we
find a k-pattern Pati such that Vi is R-invariant via Pati ,
we are done. If, for some Vj , no such k-pattern exists, we
recursively apply the process to Vj . The process ends with
success when a k-recurrent decomposition of R is found, or
with failure when a maximal degree d of decomposition has
been reached.
The algorithmic form of this method is given in Algorithms
1 and 2. For the sake of simplicity, we have considered the
case of space dimension n = 2 (the extension to the general
case is straightforward). The procedure
Decomposition(W ,R,D,K) is called with R as input value
for W , d for input value for D, and k as input value for K.
The procedure Decomposition(W ,R,D,K) calls the subprocedure FindPattern(W ,R,K) in order to find a pattern for
which W is R-invariant. This is simply done by testing all
the patterns by increasing length order, until one is found
that maps W into R. The correctness of the decomposition
procedure is stated formally as follows.

Theorem 1. If the procedure Decomposition(R,R,d,k) terminates with success (i.e: δ 6= F alse), then it returns a
k-recurrent decomposition δ of R.
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Algorithm 1: Decomposition(W ,R,D,K)
Input: A box W , a box R, a degree D of decomposition, a
length K of pattern
Output: δ which is either a recurrent decomposition of W
or False
π := F ind P attern(W, R, K)
if π 6= F alse then
return δ := (W, π)
else
if D = 0 then
return δ := F alse
else
Dichotomously decompose W into
(W1 , W2 , W3 , W4 ) /* (case n = 2)
*/
δ1 := Decomposition(W1 ,R,D − 1,K)
δ2 := Decomposition(W2 ,R,D − 1,K)
δ3 := Decomposition(W3 ,R,D − 1,K)
δ4 := Decomposition(W4 ,R,D − 1,K)
if
δ1 = F alse ∨ δ2 = F alse ∨ δ3 = F alse ∨ δ4 = F alse
then
return δ := F alse
else
return δ := δ1 ∪ δ2 ∪ δ3 ∪ δ4

15
16
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Algorithm 2: FindPattern(W ,R,K)
Input: A box W , a box R, a length K of pattern
Output: π wich is either a pattern mapping W into R or
F alse
for i = 1 . . . K do
S := set of patterns of length i
while S is non empty do
Select P at in S
S := S \ {P at}
if P at maps all the vertices of W into R then
return π := P at

8

return π := F alse
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2.3

Ensuring Safety

Let us now explain how to extend the decomposition procedure in order to show additionally that we have R∗∗ ⊂ Q,
where Q is a given input set. This will immediately entail:
R∗ ⊂ B (Q) (since R∗ = B (R∗∗ ); see Section 1). Hence,
the correctness of the system is guaranteed if B (Q) can be
considered as a safety zone.
For ensuring R∗∗ ⊂ Q, we add an extra-input argument to
procedures Decomposition and FindPattern corresponding
to Q. We then replace line 1 of Decomposition(W,R,D,K,Q)
by FindPattern(W,R,K,Q), and line 6 of procedure FindPattern by:
If P at maps all the vertices of W into R And all the discrete trajectories issued from the vertices of W using P at
are included into Q.
In other words: as before, we apply the sequence of modes
i1 , . . . , i` composing P at to every vertex x of W , but, instead

of just testing the last point generated x` for inclusion into
R, we also test all the intermediate points x1 , . . . , x`−1 for
inclusion into Q. We have:
Theorem 2. If the procedure Decomposition(R,R,d,k,Q)
terminates with success (i.e: δ 6= F alse), then it returns a
k-recurrent decomposition δ of R. Furthermore, we have:
R∗∗ ⊂ Q and R∗ ⊂ B (Q).
It follows that, if B (Q) belongs to a known safety zone, then
the procedure guarantees that the controlled system is safe.
The procedure has been implemented in Octave (see [1]). Its
application to various case studies is described in Section 3.

3.

APPLICATION TO CASE STUDIES

We now apply the decomposition procedure to case studies found in several references of the literature. >From
the numerical experiments and results given in these references, we infer values for R and Q as follows: R corresponds
to the equilibrium zone displayed by the reference simulations while Q corresponds to the reference safety zones. Our
method guarantees that the system, when starting from R,
is always inside Q at each sampling time, and always stays
within B(Q, ) for some  fixed by the values of the dynamics coefficients and sampling period. In practice, simulations
will show that the system always stays within Q, even between two sampling times.

3.1

3.1.1

Boost DC-DC Converter
Description

This example is taken from [4] (see also, e.g., [12, 5, 17]).
This is a boost DC-DC converter with one switching cell
(see Fig. 3). There are two operation modes depending on
the position of the switching cell. An example of pattern
of length 4 is illustrated on Fig. 4: it corresponds to the
application of mode 2 on (0, τ ] and mode 1 on (τ, 4τ ]. The
controlled system is steered to a zone where the output voltage stabilizes around a desired value. The range of variations
of the output voltage and inductor current is limited in order to avoid phenomena of inductor saturation and blocking
voltage stress of the switch. This is defined by a safety area.

3.1.2

Model

The state of the system is x(t) = [il (t), vc (t)]T where il is
the current intensity in inductor, and vc (t) the voltage of
capacitor C. The dynamics associated with mode p is of the
form ẋ(t) = Ap x(t) + bp (p = 1, 2) with

 vs 
 rl
0
− xl
b1 = xl
A1 =
1
1
0
− xc r0 +rc
0
A2 =

 1
− xl (rl +

r0 .rc
)
r0 +rc
1
1
xc r0 +rc

0
− x1l r0r+r
c
r0
1
− xc r0 +rc



b2 =

 vs 
xl

0

We will use the numerical values of [4], expressed in the per
unit system: xc = 70, xl = 3, rc = 0.005, rl = 0.05, r0 = 1,
vs = 1. The sampling period is τ = 0.5. For the equilibrium
region, we take R = [1.75, 2]×[1.14, 1.16], which corresponds
to a medium value 1.875 for il with ±0.125 for variability,
and medium value 1.15 for vc with ±0.1 for variability. For

the safety region, we take Q = [1.7, 2.05]×[1.10, 1.20], which
corresponds to an additional variability of ±0.05 for il and
±0.04 for vc .

(12121221), P at13 = (21221), P at14 = (21222211), P at15 =
(22212211), P at16 = (22121), P at17 = (21221), P at18 =
(21), P at19 = (1).

Numerical simulation
The controlled system has been simulated using Octave [1].
A simulation, with starting point x0 = (1.75, 1.14), is depicted in Fig. 6 and 7. We can see that il exceeds regularly
the limits of R (in red) while vc exceeds the lower limit of R
at the beginning of the simulation. They both always stay
inside Q (in green).

Figure 3: Scheme of the boost DC-DC converter

Figure 4: Switching pattern (2.1.1.1)

3.1.3

Control synthesis

The application of the algorithm Decomposition to R =
[1.75, 2] × [1.14, 1.16], Q = [1.7, 2.05] × [1.10, 1.20],
S with
k = 10 and d = 4, yields a decomposition of R = 19
j=1 Vj
depicted in Figure 5. The associated patterns are:

Figure 5: State space decomposition

P at1 = (11222121222), P at2 = (122), P at3 = (122), P at4 =
(11222), P at5 = (122), P at6 = (12), P at7 = (12), P at8 =
(2), P at9 = (21), P at10 = (221), P at11 = (221), P at12 =

Figure 6: Simulation of the boost converter starting
from x0 = (1.75, 1.14) in plane (il , vc ). (R = [1.75, 2] ×
[1.14, 1.16] in red, Q = [1.7, 2.05] × [1.1, 1.2] in green)

Figure 7: Simulation of the boost converter starting
from x0 = (1.75, 1.14). Above: il = f (t); below: vc =
f (t)

3.2
3.2.1

Control Motion
Description

This example is taken from [9]. The problem is to control a
quadrotor helicopter to some position on top of a stationary
ground vehicle, while satisfying constraint on the relative
velocity. By controlling the pitch and roll angles, one can
modify the speed and the position of the helicopter. Under
an inner control loop, the position-velocity dynamics along
each axis can be assumed to be decoupled.

3.2.2

Model

Let g be the gravitational constant, x1 (resp. y1 ) the position according to x-axis (resp. y-axis), x2 (resp. y2 ) the
velocity according to x-axis (resp. y-axis), φ the pitch command, ψ the roll command. The possible commands for the
pitch and the roll are the following: φ, ψ ∈ {−10, −7.5, −5,
− 2.5, 0, 2.5, 5, 7.5, 10}. In the following, value 1 corresponds
to a pitch of −10, 2 to a pitch of −7.5, 3 to a pitch of −5 and
so on until 9 to a pitch of 10. Since each mode corresponds
to a pair (φ, ψ), there are 81 modes. The dynamics of the
system are given by the equation:




0 1 0 0
0
0 0 0 0
g.sin(−φ)



Ẋ = 
0 0 0 1 .X + 

0
0 0 0 0
g.sin(ψ)
where X is (x1 , x2 , x˙1 , x˙2 )T . A similar equation governs Y =
(y1 , y2 , y˙1 , y˙2 )T . The sampling period is τ = 0.1. Since the
variables x and y are decoupled in the equations and follow
the same equations (up to the sign of the command), we will
focus on the control for x. (The control for y is opposite.)

Figure 8: State space decomposition

We take R = [−0.3, 0.3]×[−0.5, 0.5] (i.e., R = {(x1 , x2 ) | x1 ∈
[−0.3, 0.3], x2 ∈ [−0.5, 0.5]}). This corresponds to an equilibrium zone centered at the state (0, 0) of the ground vehicle, and a variability of ±0.3 for position and ±0.5 for velocity. We take Q = [−0.4, 0.4] × [−0.6, 0.6] for the safety region, which corresponds to an additional variability of ±0.1
for position and velocity.

3.2.3

Control synthesis

The application of algorithm Decomposition to R = [−0.3, 0.3]×
[−0.5, 0.5] and Q = [−0.4, 0.4] × [−0.6, 0.6], with k = 6 and
d = 4, is depicted in Figure 8. The associated patterns are:
P at1 = (5), P at2 = (5), P at3 = (5), P at4 = (99997),
P at5 = (999987), P at6 = (8), P at7 = (889996), P at8 = (3),
P at9 = (89988), P at10 = (1), P at11 = (998), P at12 =
(112), P at13 = (1), P at14 = (5), P at15 = (11114), P at16 =
(1), P at17 = (1), P at18 = (111115), P at19 = (1), P at20 =
(1), P at21 = (111114), P at22 = (11111).

Figure 9: Top: plane (x1 , x2 ) with starting point
(−0.3, −0.5); bottom: plane (y1 , y2 ) with starting
point (0.1, −0.1) (R in red, the Vi s in green).

Numerical Simulation
The controlled system has been simulated using tool PLECS
[2]. A simulation, for starting point x1 = −0.3, y1 =
0.1, x2 = −0.5, y2 = −0.1, is shown in Figures 9 and
10. In Figure 9, the motion is represented in the planes
(x1 , x2 ) (top) and (y1 , y2 ) (bottom). In Figure 10, the actual movement of the helicopter around the ground vehicle,
is represented (plane (x1 , y1 )). One can see that the system
escapes from R at the beginning of the simulation, when it
is close to a corner of R, but always stays inside Q.

Figure 10:
(−0.3, 0.1)

Plane (x1 , y1 ) with starting point

3.3 Two-Room Building Thermal Problem
3.3.1 Description

This example is taken from [11]. It is a simple thermal model
of a two-room building. One of the room can be heated via
a heating device. The two rooms communicate such that
heat from one room can diffuse to the other. Moreover,
the rooms are surrounded by an environment that has a
fixed temperature. By controlling when to turn on and off
the heating device, one is interested in maintaining the two
rooms at a comfortable temperature.

3.3.2

T0 = (20.25, 21.75). We can see that T always stays inside
Q.

Model

Let T = [T1 , T2 ]T be the state variable, where Ti is the temperature of room i (i = 1, 2). The dynamics of the system
are given by the following equation:



−α21 − αe1 − αf p
α21
α T + αf Tf p
.T + e1 e
α12
−α12 − αe2
αe2 Te
where p is a mode of value 0 or 1, and the heat transfer
coefficients and external temperatures are given by the values: α12 = 5.10−2 , α21 = 5.10−2 , αe1 = 5.10−3 , αe2 =
3.3.10−3 , αf = 8.3.10−3 , Te = 10, Tf = 50. The sampling period is τ = 5. For the equilibrium zone, we take
R = [20.25, 21.75] × [20.25, 21.75], which corresponds to a
medium value of 21 for T1 and T2 with a variability of ±0.75.
For the safety zone, we take Q = [20, 22]×[20, 22], as in [11].

Ṫ =



3.3.3

Figure 12: Simulation of the temperature of the
two rooms starting from T0 = (20.25, 21.75) in plane
(T1 , T2 ). (R = [20.25, 21.75] × [20.25, 21.75] in red, Q =
[20, 22] × [20, 22] in green)

Control synthesis

The application of the algorithm Decomposition to R =
[20.25, 21.75] × [20.25, 21.75] and Q = [20, 22] × [20, 22],
S with
k = 4 and d = 2, yields a decomposition of R = 7j=1 Vj ,
which is depicted on Figure 11. The associated patterns are:

Figure 13: Simulation of the temperatures starting
from T0 = (20.25, 21.75). Above: T1 = f (t); below:
T2 = f (t)

3.4 4-level Inverter
See Appendix.

4.

Figure 11: State space decomposition

P at1 = (1010), P at2 = (01), P at3 = (0), P at4 = (0),
P at5 = (0), P at6 = (0), P at7 = (01).

Numerical simulation
The controlled system has been simulated using Octave [1].
A simulation is depicted in Fig. 12 and 13, for starting point

SUFFICIENT CONDITION OF DECOMPOSITION

Given a zone R, a recurrent decomposition does not always
exist. We give hereafter some geometrical conditions on the
position of R that guarantee the decomposability of R when
the system is “contractive”. For the sake of simplicity, we
suppose that the switched system has only |P | = 2 modes,
and the state space dimension is n = 2, but the reasoning
extends to larger values of |P | an n. We assume that matrix
Ai associated with mode i (i = 1, 2) is invertible and its
eigenvalues have negative real parts. This implies that both
modes are contractive i.e., for i = 1, 2, there exists 0 < βi <
1 such that, for all x, y ∈ Rn :
kx(τ, x, i) − x(τ, y, i)k ≤ βi kx − yk.

R
C1

x2
y

x

P2
P1
x1
e1

Figure 15: Illustration of the proof
cardinal of I, k the maximum length
of P1 , . . . , Pm , and
S
Vi = B(xi , δxi ) ∩ R is such that m
i=1 Vi = R and Vi is Rinvariant via Pi (1 ≤ i ≤ m).

Figure 14: Trajectories C1 , and C2 and zone R =
[1.7, 2] × [1.1, 1.2] for the DC-DC converter example
Let ei = −A−1
i bi be the unique attractive equilibrium point
associated with mode i (i = 1, 2). Let us define the “pure”
switching rule Si (i = 1, 2) which applies repeatedly mode
i to any point x ∈ R2 . Let C1 (resp. C2 ) be the τ -sampled
trajectory issued from e1 (resp. e2 ) under S2 (resp. S1 ) (i.e.,
C1 = P ost∗2 (e1 ) and C2 = P ost∗1 (e2 )). Since each mode is
contractive, and ei is the unique equilibrium point associated
with mode i, any trajectory under control Si ends to the
equilibrium point ei (i = 1, 2), whatever the starting point
of R2 . In particular, C1 ends to e2 and C2 to e1 , as depicted
in Figure 14 for the converter example of Section 3.1.
Theorem 3. Let Σ be a switched sampled linear system
as defined above. Let R be a rectangular box of R2 . If the interior of R contains a point of C1 or C2 , then there exists a krecurrent decomposition of R of the form {(Vi , Pi )}i=1,...,m ,
for some k ∈ N, m ∈ N.
Proof. Suppose that the interior Ṙ of R contains a point
of C1 (the case where Ṙ contains a point of C2 is symmetric).
Let y be a point of Ṙ ∩ C1 . There exists δy > 0 such that
B(y, δy ) ⊂ R. Since y ∈ C1 , we have:
(a) e1 →P1 y, for some pattern P1 ∈ (2)∗ .
Furthermore, for all x ∈ R, we have:
(b) x →P2 x1 for some x1 ∈ B(e1 , δy ) and some pattern
P2 ∈ (1)∗ , because e1 is an attractive equilibrium point;
(c) x1 →P1 x2 for some x2 ∈ B(y, δy ), because of (a) and
because mode 2 is contractive. This is depicted in Figure
15. It follows from (b)-(c) that, for all x ∈ R: x →Px x2
for some x2 ∈ B(y, δy ) and some pattern Px ∈ (1∗ 2∗ ).
Hence, we have: B(x2 , δx ) ⊂ R for some δx > 0. Since,
for any Px , P ostPx is continuous, P rePx (B(x2 , δx )) is an
open subset of R2 containing x. Since R is a compact
of R2 , from the set C = {P rePx (B(P ostPx (x), δx ))}x∈R ,
one can extract by Heine-Borel’s theorem, a subset C 0 =
{P rePxi (B(P ostPxi (xi ), δxi ))}i∈I , for some finite set of indices I, such that C 0 covers R and B(xi , δxi ) is R-invariant
via Pi . This means that C 0 ∩ R is a k-recurrent decomposition of R of the form {(Vi , Pi )}i=1,...,m , where m is the

The decomposition exhibited by the proof has no practical
interest by itself because it leads to a zone R∗ of prohibitively
large size. However, the theorem gives an interesting geometrical condition (intersection of R with the “pure” trajectories linking the equilibrium points) , which guarantees the
existence of input values k and d yielding the successful termination of our decomposition procedure. This justifies a
posteriori the existence of a decomposition for the zone R of
the DC-DC converter example (Section 3.1), as well as for
other zones intersecting with trajectories C1 or C2 .

5.

CONCLUSION

We have designed a simple and general methodology for
controlling predefined zones of the state space of sampled
switched systems. Our method relies on forward computation of points, which avoids many numerical stability problems encountered when using traditional backward computations on sets. The method can be used in order to prove
safety properties of switched linear systems. This has been
checked on several examples of the literature using numerical simulations. We have also given a geometrical condition
on zones of the state space for ensuring their controllability
when the system is contractive.
We believe that our decomposition procedure can be used,
not only for showing that a given zone R corresponds to an
equilibrium zone, but also for showing that R is a target
zone to which the system can be steered. This is the subject
of our on-going work.
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7. APPENDIX: 4-LEVEL CONVERTER
7.1 Description
The general function of a multilevel power inverter is to synthesize a desired voltage from several levels of DC voltage
(see [18]). Schematically, a multi-level inverter is made of
n capacitors C1 , . . . , Cn and n switching cells S1 , . . . , Sn (as
well as n opposite switching cells which are in complementary positions). This is schematized on Fig. 16, for a 4-level
inverter.

voltage −vlow (state 000) through voltages 31 .vhigh , − 13 .vlow .
There are thus 72 possible sequences of control for generating a 4-level staircase signal on 1 cycle. These sequences of
control are called patterns, denoted by P at1 , . . . , P at72 .
The control problem is to find a strategy for deciding at
each beginning of cycle, depending on the electrical state,
which pattern Pati (1 ≤ i ≤ 72) to apply in order to keep
the system in a safe area R, maintaining capacitor voltage
balancing and reducing switch voltage stress.

7.2 Model

Figure 16: Electrical scheme of the 4-level inverter
According to the positions of Si (the high-side switch conducting position is indicated by 1 and the low-side switch
conducting position by 0), one is able to fraction the load
voltage v0 . By controlling the global position of the switches
during a simple fixed time-stepping procedure, one is thus
able to produce a (n + 2)-level staircase output signal (see
Fig. 17 for the output of the 4-level inverter).

Let RLoad the resistor in the load, LLoad (abbreviated hereafter as L) the inductor in the load, vhigh and vlow the input
voltage. The mode of the system is characterized by the position (0 or 1) of the
cells S1 , S2 , S3 , i.e., by the

 switching
S1
value of vector S = S2 .3 There are thus 23 = 8 modes.
S3
The state of the system is x(t) = [v1 (t), v2 (t), i(t)]T where
v1 (t) (resp. v2 (t)) is the voltage of capacitor C1 (resp. C2 ),
and i(t) is the current in the circuit.
The 4-level inverter can be modeled as a sampled switched
system. Given a mode, i.e. a certain value of vector S, the
associated dynamics is indeed of the form ẋ(t) = AS x(t)+bS
with


S1 −S2
0
− R11.C1
C1

S2 −S3 
AS =  0
− R21.C2

C2
RLoad
S2 −S1
S3 −S2
−
L
L
L
and



bS = 

Figure 17: Ideal output for a 4-level converter
For n = 2, one can synthesize a 4-level staircase function by
controlling the modes at each switching time. The switching
of one cell at each switching time can be schematized as a
graph as depicted on Fig. 18: the nodes of the graph are
labelled by the configurations of the switching cells S1 , S2
and S3 .
001
000

010
100

011
101
110

011
111

101
110

001
010

000

100

Figure 18: Transition graph corresponding to 1 cycle
of 4-level staircase signal

Each path represents a possible sequence of control for 1 cycle, leading from voltage −vlow (state 000) to voltage +vhigh
(state 111) through voltages − 13 .vlow , 13 .vhigh then back to

0
0
S1

vhigh +vlow
L




We will use the numerical values: vhigh = vlow = 150V,
RLoad = 50Ω, C1 = C2 = 0.0012F, L = 0.20H, R1 = R2 =
R3 = 20, 000Ω, τ = 10/3ms. This value of τ corresponds for
the system to a cycle of period 6τ = 20ms, hence a frequency
of 50Hz for the output signal.
We consider a 4-level inverter that will output ideally a staircase waveform with an amplitude of 300V, centered around
0V (i.e., v1 = 200V , v2 = 100V ). We consider that a variation of ±5V is admissible as it represents a variation of 5%
on the least charged capacitor C2 . The admissible area R
is hence defined as R = [195, 205] × [95, 105] × [imin , imax ],
where imin and imax are the physical limits for i (imin =
−4A, imax = +4A). Actually, the system can be controlled
according to the values of the voltage state only, regardles
the values of intensity; we will therefore focus on the voltage
projection of R: [195, 205] × [95, 105].

7.3 Control synthesis
In this example, the subprocedure FindPattern of Section
2.2 is modified as follows: The subprocedure just proceeds
by enumeration among the 72 patterns mentioned in Section
3

Besides, we have: S5 = ¬S1 , S5 = ¬S2 , S4 = ¬S3

7.1, for finding a pattern mapping the input box W into R.
The decomposition
found by decomposition of R, with d = 2
S
is is 8j=1 (Vj , P atj ), with:
• V1 = [195, 200] × [95, 100]

• V2 = [195, 200] × [100, 105]
• V3 = [200, 205] × [95, 100]

• V4 = [200, 205] × [100, 105]
and
• P at1 : (000 · 100 · 110 · 111 · 110 · 100)

• P at2 : (000 · 010 · 110 · 111 · 011 · 010)

• P at3 : (000 · 100 · 101 · 111 · 101 · 001)

• P at4 : (000 · 001 · 011 · 111 · 011 · 001)

Numerical simulation
Using tool PLECS [2], we simulate the system under the
designed control. A simulation, with starting point vC1 (0) =
200, vC2 (0) = 100 and i(0) = −3, is depicted in Figure 19.
One can check that the system stays within R = [195, 205] ×
[95, 105] at each beginning of a period. The system regularly
leaves R but always stays within the slightly extended area
R∗ = [194, 207] × [93, 106].

Figure 19: Voltage vC1 = f (vC2 )
This method generalizes to inverter with a greater number
of capacitor. In [10], we present the results for a 5-level and
7-level converters.

