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Abstract

Recentworkshave proposedpushdown systemsasa tool for analyzingprogramswith (recursive) procedures.In
particular, the model-checkingproblemfor LTL hasbeenstudied. In this paperwe examinean extensionof this,
namelymodel-checkingwith regular valuations. The problemis solved via two different techniques,with an eye
on ef£ciency – both techniquescanbeshown to beessentiallyoptimal. Our methodsareapplicableto problemsin
differentareas,e.g.,data-¤ow analysis,analysisof systemswith checkpoints,etc.,andprovide a general,unifying
andef£cientframework for solvingtheseproblems.

1 Intr oduction

Pushdown systemscanbeseenasanaturalabstractionof programswrittenin procedural,sequentiallanguagessuchas
C. They generatein£nite-statetransitionsystemswhosestatesarepairsconsistingof a control location(which stores
global informationabouttheprogram)andstackcontent(which keepsthetrackof activationrecords,i.e., previously
calledproceduresandtheir local variables).

Previous researchhasestablishedapplicationsof pushdown systemsfor theanalysisof BooleanPrograms[1, 8]
andcertaindata-¤ow analysisproblems[7]. Themodel-checkingproblemhasbeenconsideredfor variouslogics,and
quiteef£cientalgorithmshave emergedfor lineartime logics[2, 6, 9].

In this paperwe revisit the model-checkingproblemfor LTL andpushdown systems.Generallyspeaking,the
problemis undecidablefor arbitraryvaluations,i.e., the functionsthat mapthe atomicpropositionsof a formula to
the respective setsof pushdown con£gurationsthat satisfythem. However, it remainsdecidablefor somerestricted
classesof valuations.In [2, 6, 9] valuationswerecompletelydeterminedby thecontrol locationand/orthe topmost
stacksymbol (we call thesevaluations‘simple’ in the following). Here we propose(and solve) the problemfor
valuationsdependingon regular predicatesover the completestackcontent. We argue that this solution provides
a general,ef£cient,andunifying framework for problemsfrom differentareas(e.g.,data-¤ow analysis,analysisof
systemswith checkpoints,etc.)

We proceedas follows: Section2 containsbasicde£nitions. Most technicalcontentis in Section3 wherewe
formally de£nesimpleandregularvaluationsandproposeour solutionsto themodel-checkingproblemwith regular$
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valuations,basedon a reductionto the caseof simplevaluations.We canthusre-usemostof the theoryfrom [6].
While thereductionitself is basedon a standardmethod,we payspecialattentionto ensureits ef£ciency, modifying
thealgorithmof [6] to takeadvantageof speci£cpropertiesof ourconstructions.Weproposetwo differenttechniques
– onefor regularvaluationsin generalandanotherfor arestrictedsubclass– bothof which increasethecomplexity by
only a linearfactor(in thesizeof anautomatonfor theatomicregularpredicates).By contrast,a blunt reductionand
analysiswouldyield up to aquadric(‘ '�( ’) blowup. Eventhoughonetechniqueis morepowerful thantheotherat the
sameasymptoticcomplexity, wepresentthembothsinceit is not clearhow they mightperformin practice.

In Section4 weconsiderapplicabilityof ourabstractresults.The£rstarea(Section4.1)areproblemsof interpro-
ceduraldata-¤ow analysis.Here,regularvaluationscanbeusedto ‘gather’piecesof informationwhich dynamically
dependonthehistoryof procedurecalls.LTL canexpressquitecomplex relationshipsamongthosedynamicproperties
andallowsto solverelatively complicatedproblemsusingourmodel-checkingalgorithm.To giveaconcreteexample,
we indicatehow to decidewhethera givenvariable ) is deadat a givenpoint of a recursive programwith dynamic
scoping. Anotherapplication(Section4.2) is connectedto systemswith checkpoints.First, we introducea formal
modelfor suchsystems,calledpushdownsystemswith checkpoints. Theideais thatthecomputationis interruptedat
certainpointsandsomepropertyof thestackcontentis checked. Furthercomputationalstepsdependon theresultof
this inspection.Thispartof ourwork is motivatedby theadventof programminglanguageswhichcanenforcesecurity
requirements.Newer versionsof Java, for instance,enableprogramsto performlocal securitychecksin which the
methodson the stackarechecked for correctpermissions.Jensenet al [10] £rst proposeda formal framework for
suchsystems.With their techniquesonecanprove thevalidity of control¤ow basedglobalsecuritypropertiesaswell
asto detect(andremove) redundantcheckpoints.Our methodsaremoregeneral,however; for instance,we arenot
restrictedto safetyproperties,andour modelcanrepresentdata-¤ow aswell. Propertiesof pushdown systemswith
checkpointscanbeexpressedin LTL for which we provide anef£cientmodel-checkingalgorithm.In Section4.3we
presentandanalyzea model-checkingalgorithmfor CTL * . In thecontext of £nite-statesystemsit is well-known that
model-checkingthemorepowerful logic CTL * canbereducedto checkingLTL [5]. This techniquecanbetransferred
to pushdown systemsusingmodel-checkingwith regularvaluations.

The complexity of all of the previously developedalgorithmsis measuredin certainparametersof the problem
whichareusuallysmall,andourcomplexity boundsarepolynomialsin thoseparameters.In general,thoseparameters
canbeexponentialin thesizeof aprobleminstance.Therefore,it is naturalto askwhetherit is possibleto solvesome
of the studiedproblemsmoreef£ciently by other (possiblyquite different) techniques.This questionis answered
(negatively) in Section5 wherewe establishEXPTIME lower boundsfor thoseproblems(evenfor ratherrestricted
forms of them). Hence,all of our algorithmsareessentiallyoptimal. Complexity measuresarediscussedin more
detail in Remark3.1andin Section5. Wedraw ourconclusionsin Section6.

2 Preliminaries

2.1 Transition Systems

A transitionsystemis a triple +-,/.10	2�3426587 where 0 is asetof states, 3:9;0=<>0 is a transitionrelation, and5@?A0
is adistinguishedstatecalledroot.

As usual,we write BC3ED insteadof .1BF26D�7�?43 . There¤exive andtransitive closureof 3 is denotedby 3G* . We
saythatastateD is reachablefroma state B if BH3I*JD . A stateD is reachableif it is reachablefrom theroot.

A run of + is anin£nitesequenceof statesKL,MBFNOBQPRBTSVUWUWU suchthat BRXY3ZBRX\[�P for each]_^;` . Observe thatan
arbitrarysuf£x of a run is again a run – for every ]a?=b caN we de£nethe ]Wdfe suf£x of K , denotedK@.g]W7 , to be the run
B X B X\[�P B Xh[	S UWUWU
2.2 The Logic LTL

Let iaj�,;kQlH2Wma2�no2�UWUWUgp bea(countable)setof atomicpropositions. LTL formulaearebuilt accordingto thefollowing
abstractsyntaxequation(where l rangesover iCj ):

q rhr , s�sutvlIt�w q t q Pyx q S
t�z q t q P|{ q S
Let +},M.10	2�3~26587 bea transitionsystem.A valuationof atomicpropositionsis a function � r iajY3��|� . Thevalidity
of anLTL formula q for a run KL,MB�NR� w.r.t. a valuation � , denotedK-t ,Y� q , is de£nedinductively on thestructure
of q asfollows:
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� K�t , � s|s
� K�t ,Y��lZ�u� B�Na?A��.1l
7
� K�t ,Y�uw q �@��K}�t ,o� q
� K�t ,Y� q Pyx q S��u��K�t ,o� q P andK�t ,o� q S
� K�t ,Y�uz q �u��K@.��O7yt ,Y� q
� K�t , � q P|{ q S��u� ��] r .gK@.�]�7�t , � q S�7�x�.f� �u��] r Ku.g��7�t , � q P�7

We alsode£ne� q=� s|sV{ q and � q�� w�.�� w q 7 . An LTL formula q is valid in a stateB w.r.t. � , written B
t , � q , if f
K�t ,Y� q for eachrun K whichstartsin thestateB .
2.3 Pushdown systems

A pushdownsystemis a tuple ¡¢,E.1£V2�¤�2�¥�2W¦ N 26§_7 where £ is a £nite setof control locations, ¤ is a £nite stack
alphabet, ¥¨9�.1£©< ¤�7�<A.1£©< ¤�*�7 is a £nitesetof transitionrules, ¦WNa?A£ is an initial control location, and§ª?>¤
is abottomstack symbol.

We useGreekletters «¬26­�2WUWU�U to denoteelementsof ¤ , andsmall letters��26K�2�UWUWU from theendof thealphabetto
denoteelementsof ¤Y* . Wealsoadoptamoreintuitivenotationfor transitionrules,writing ®f¯82W«y°�± 3²®1¦³26Ku° insteadof
.´.�¯µ2W«y712�.6¦³21K@7�7y?¶¥ .

A con£guration of ¡ is anelementof £·<�¤�* . To ¡ we associatea uniquetransitionsystem+¹¸ whosestatesare
con£gurationsof ¡ , theroot is ®�¦WNO21§º° , andthetransitionrelationis theleastrelation 3 satisfyingthefollowing:

®f¯82W«�°y± 3:®�¦³26�	°»,�� ®f¯82W«�K�°V3:®�¦³26�|Ku° for every K�?¶¤ *
Without lossof generalitywe requirethat § is never removedfrom thestack,i.e., whenever ®f¯826§H°Y± 3¼®�¦³26Ku° then K
is of theform �|§ .

Pushdown systemscan be conveniently usedas a model of recursive sequentialprograms. In this setting,the
(abstracted)stackof activationrecordsincreasesif anew procedureis invoked,anddecreasesif thecurrentprocedure
terminates. In particular, it meansthat the height of the stackcan increaseat most by one in a single transition.
Therefore,from now onweassumethatall pushdown systemswework with havethisproperty. Thisassumptiondoes
not in¤uencetheexpressive power of pushdown systems,but it hassomeimpacton thecomplexity analysiscarried
out in Section3.1.

3 LTL on pushdown systems

Let ¡E,½.1£y2�¤�2�¥�2W¦´Nv26§H7 bea pushdown system,q anLTL formula,and � r iCjH3²�v¾�¿ À|Á a valuation.We dealwith
thefollowing variantsof themodelchecking problem:

(I) Themodelcheckingproblemfor theinitial con£guration:does®�¦WNv26§H°yt ,o� q ?

(II) Theglobalmodelcheckingproblem:compute(a£nitedescriptionof) thesetof all con£gurations,reachableor
not, thatviolate q .

(III) Theglobalmodelcheckingproblemfor reachablecon£gurations:compute(a£nitedescriptionof) thesetof all
reachablecon£gurationsthatviolate q .

In this paperwe useso-called¡ -automatato encodein£nitesetsof con£gurationsof a pushdown system¡ . As we
shall see,in somecaseswe cansolve the problems(II) and(III) by computing¡ -automatarecognizingthe above
de£nedsetsof con£gurations.

De£nition 3.1 Let ¡Â,G.1£V2�¤�2�¥�2W¦WNv21§H7 bea pushdownsystem.A ¡ -automatonis a tuple ÃL,G.1ÄC2�¤�2WÅR2W£V2WÆa7 where
Ä is a £nite setof states, ¤ (i.e., the stack alphabetof ¡ ) is the input alphabet, Å r ÄL<»¤Â3Ç�|È is the transition
function, £ (i.e., thesetof control locationsof ¡ ) is thesetof initial states, and Æ-9ÉÄ is a £nitesetof accepting
states. We extend Å to elementsof ÄÉ<Ê¤�* in the standard way. A con£guration ®g¯821Ku° of ¡ is recognizedby Ã iff
ÅO.g¯826K@7�Ë>ÆÉ�,;Ì .
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In general,all of the above mentionedvariantsof the model checkingproblemare undecidable– if thereare no
‘effectivity assumptions’aboutvaluations(i.e., if avaluationis anarbitrary function � r iaj�3Í�|¾�¿ À|Á ), onecaneasily
expressundecidablepropertiesof pushdown con£gurationsjust by atomic propositions. Therefore,we searchfor
‘reasonable’restrictionswhich do not limit the expressive power too muchbut allow to constructef£cientmodel-
checkingalgorithmsat thesametime. For example,wecanrestrictourselvesto thosevaluationswhicharecompletely
determinedby associatingatomicpropositionswith subsetsof £©<@¤ (see,e.g.,[2, 6]).

De£nition 3.2 Let ¡Â,G.6£V2�¤�2�¥Î7 bea pushdownsystem,Ï r .�iajY<Î£a7y3Ð� À a function.A simplevaluation � r iCj�3
�|¾V¿¹À|Á (speci£edby Ï ) is de£nedasfollows: �8.6l
7y,/kQ®f¯82W«�Ku°Jt|«A?AÏ	.1lH26¯�7126K�?¶¤�*�p .
In otherwords,(in)validity of anatomicpropositionin a givencon£gurationdependsonly on its control locationand
thetopmoststacksymbol(in our framework, we aremainly interestedin reachablecon£gurationswherethestackis
alwaysnonempty).Consequently, if we aregivena pushdown system¡ , anLTL formula q , anda simplevaluation
� , we caneasilysynchronize¡ with a Büchi automatonwhich recognizesexactly the modelsof w q , reducingthe
model-checkingproblemto theproblemwhetheragivenBüchipushdown systemhasanacceptingrun [2, 6]. Here,it
is crucialthatatomicpropositionsareevaluatedin a completely‘static’ way becauseotherwisewe couldnot perform
theaforementionedsynchronization.

In our paper, we proposea more generalkind of valuationswhich are encodedby £nite-stateautomata. We
advocatethis approachin the next sectionsby providing several examplesof its applicability to practicalproblems;
moreover, we show that this techniqueoftenresultsin ratheref£cient(or, at least,essentiallyoptimal)algorithmsby
presentingrelevantcomplexity results.

De£nition 3.3 Let ¡¢,E.1£y2´¤�2�¥�2W¦WNv26§_7 be a pushdownsystem,Ï a functionwhich assignsto each pair .1lº21¯�7 of
iaja<Ñ£ a deterministic£nite-stateautomatonÒ�ÓÔ over the alphabet ¤ with a total transition function; we also
assumethat theinitial stateof Ò�ÓÔ is notaccepting. A regularvaluation� r iCj�3Í�|¾V¿ À�Á (speci£edby Ï ) is de£nedas
follows: �8.6l
7y,/kQ®f¯826Ku°¬tWK�Õ4?AÖ�.gÒ�ÓÔY7�p where K�Õ denotesthereverseof K .

Hence,anatomicpropositionl is valid in acon£guration®f¯826Ku° if f theautomatonÒ²ÓÔ entersa£nalstateafterreading
thestackcontentsbottom-up.As we shallsee,therequirementthat ÒEÓÔ is deterministicis rathernaturalandhasan
importantimpacton complexity analysis.Theassumptionthat theinitial stateof Ò�ÓÔ is not acceptingsimpli£esour
next constructions– aswealreadymentioned,weareonly interestedin reachablecon£gurationswhereit is impossible
to emptythestack.Hence,thisassumptiondoesnotbringany ‘real’ restrictionsfrom apracticalpointof view.

3.1 Model-Checkingwith Regular Valuations

The variantsof the modelcheckingproblemde£nedin the previous sectionhave beenconsideredin [6] for simple
valuations.Thefollowing theoremsaretakenfrom there:

Theorem 3.1 Let ¡É,/.1£y2´¤�2�¥�2W¦´Nv26§H7 bea pushdownsystem,q anLTL formula,and � a simplevaluation.Let × be
a Büchi automatonfor w q . Thenonecancompute

� a ¡ -automatonØ with Ùu.�th£�tRÚÎt ¥Êtg7 statesand Ùu.1th£CtÜÛÜt ¥ÊtÜÛR.1th£CtRÚÎt ¥Î7´7 transitionsin Ùu.�th£CtÜÛÜt ¥ÊtÜÛR.�th£CtRÚÎt ¥Î7´7
timeandspacesuch that Ø recognizesexactlythereachablecon£gurationsof ¡ ;

� a ¡ -automatonÃ of size Ùu.�t\£CtWÛWt ¥ÊtWÛWt ×_t S 7 in Ùu.�t\£Ct S ÛWt ¥ÊtWÛ�t ×
t Ý�7 timeusing Ùu.�th£CtWÛWt ¥ÊtWÛWt ×
t S 7 spacesuch that
Ã recognizesexactlythosecon£gurations ®f¯826Ku° of ¡ (reachableor not) such that ®f¯826Ku°º�t ,Y� q ;

� a ¡ -automatonÃaÞ of size Ùu.�t\£CtßÛ¹t ¥Êt¹Û�.1th£CtßÚ/t ¥Êtg7 S Ûßt ×
t S 7 in Ù@.1th£Ct¹Ûßt ¥ÊtßÛß.�th£CtßÚ;t ¥Êtg7 S Û¹t ×_t Ý�7 time using
Ùu.�t\£Ct�Û�t ¥Êt�Û�.�th£�tFÚàt ¥Êtg7 S Û�t ×
t S 7 spacesuch that ÃaÞ recognizesexactlythosereachablecon£gurations ®f¯826Ku° of
¡ such that ®f¯826Ku°H�t ,o� q .

Theorem 3.2 Let ¡É,/.1£y2´¤�2�¥�2W¦´Nv26§H7 bea pushdownsystem,q anLTL formula,and � a simplevaluation.Let × be
a Büchi automatonwhich correspondsto w q .

� Problems(I) and(II) canbesolvedin Ùu.�th£Ct S ÛOt ¥ÊtQÛOt ×
t Ý�7 timeand Ùu.�th£CtQÛOt ¥ÊtOÛOt ×
t S 7 space.

4



� Problem(III) canbesolvedin either Ùu.�th£CtWÛWt ¥ÊtWÛ�.�th£Ct�Ú»t ¥Êtg7 S ÛWt ×_t Ý 7 timeand Ùu.�th£CtWÛWt ¥ÊtWÛ�.�th£�t�ÚAt ¥Êtg7 S ÛWt ×
t S 7
space, or Ùu.�th£�t ÝºÛOt ¥ÎtQÛv.�th£�tvÚ~t ¥Êt�7�ÛOt ×_t Ý|7 timeand Ùu.�t\£Ct ÝºÛOt ¥ÊtOÛv.�t\£CtvÚ~t ¥Êtg7�ÛOt ×
t S 7 space.

Our aim hereis to designef£cientmodelcheckingalgorithmsfor regularvaluations.We show thatonecanactually
build on topof Theorem3.1.

For the restof this sectionwe £x a pushdown system¡á,â.1£y2´¤�2�¥�2W¦WNv26§_7 , an LTL formula q , anda regular
valuation � . TheBüchi automatonwhich correspondsto w q is denotedby ×G,G.1ã_2´�QäVå126æ	265FNv2Wçè7 . Let k³l
PR2WUWUWU�2WlYéµp
bethesubsetof atomicpropositionswhichappearin q , andlet ÒEÓÔ¬êV,/.6ÄHÓX 2�¤�2WëFÓX 2WBRÓX 2WÆºÓX 7 bethedeterministic£nite-
stateautomatonassociatedto .1l�X�26¯�7 for all ¯¶?à£ and �
ì=]Yì=' . Observe thatwedonot requirethe ÒEÓÔ¬ê automata
to be pairwisedifferent;aswe shall seein Section4.2, thereareseveral ‘safety’ problemswhich canbe reducedto
themodel-checkingproblemfor pushdown systemsandtheLTL logic with regularvaluations.In this case,many of
the Ò ÓÔ¬ê automataareidenticalandthis factsubstantiallyin¤uencesthecomplexity. For simplicity, we assumethat
whenever ]��,/� or ¯/�,í¦ , thenthe ÒEÓÔ¬ê and Ò�îÔ�ï automataareeitheridenticalor have disjoint setsof states.Let
kÜÒ²PR2WUWU�UW21Ò�ðèp bethesetof all Ò�ÓÔ¬ê automatawhere �aìI]HìÑ' and ¯Î?�£ , andlet Äºñ bethesetof statesof Ò�ñ
for each ��ì/�Aì/ò . TheCartesianproduct P´ó�ñRóßð ÄHñ is denotedby ôßjöõvjö÷�ø . For given ù5A?Gôßjöõvjö÷�ø , ¯=?ú£ , and
�
ì�]oì�' , we denoteby ù5|ÓX theelementof ÄHÓX which appearsin ù5 (observe thatwe canhave ù5|ÓX ,©ù5vîñ evenif ]a�,=� or
¯~�,M¦ ). Thevectorof initial states(i.e., theonly elementof ôßjöõvjö÷�ø whereeachcomponentis aninitial stateof some
Ò�ÓÔ¬ê ) is denotedby ùB . Furthermore,wewrite ùDº,½ùë�.Üù5ß2W«y7 if ùD�ÓX ,ªëFÓX .Üù5|ÓX 2W«y7 for all �_ì�]Yì=' , ¯¶?A£ . Now wepresent
andevaluatetwo techniquesfor solvingthemodelcheckingproblemswith ¡ , q , and � .

Remark 3.1(On the complexity measures) Thesizeof an instanceof the model-checking problemfor pushdown
systemsand LTL with regular valuationsis given by t ¡ t	Ú©th�ßt	Ú©t q t , where t\��t is the total sizeof all employed
automata.However, in practiceweusuallywork with small formulaeanda smallnumberof rathersimpleautomata
(seeSection4); therefore, wemeasure thecomplexity of our algorithmsin t ×
t and tgôßjöõvjö÷�øFt ratherthanin t q t and th�ßt
(in general, × and ôßjöõvjö÷�ø canbeexponentiallylarger than q and � ). Thisallowsfor a detailedcomplexity analysis
whoseresultsbettermatch thereality becauset ×_t and tfôßjöõvjö÷�øFt stayusually‘small’. Thisissueis discussedin greater
detail in Section5 where weprovidesomelower boundsshowingthat all algorithmsdevelopedin this paperare also
essentiallyoptimalfromthepointof view of worst-caseanalysis.

Technique1 – extendingthe £nite control

Theideabehindthis techniqueis to evaluatetheatomicpropositionsl
PR2WUWUWU�2WlYé ‘on the¤y’ by storingthe(product
of) Ò�ÓÔ¬ê automatain the £nite control of ¡ andupdatingthe vectorof statesafter eachtransitionaccordingto the
(local) changeof stackcontents. Note that herewe convenientlyusethe assumptionsthat the Ò�ÓÔJê automataare
deterministic,have total transitionfunctions,andreadthe stackbottom-up. However, we alsoneedoneadditional
assumptionto make this constructionwork:

EachautomatonÒ�ÓÔ¬ê is alsobackward deterministic, i.e., for every ûÑ?~ÄHÓX and «~?A¤ thereis at most
onestateDü?AÄHÓX suchthat ëFÓX .gDW2W«y7V,�û .

Notethatthisassumptionis truly restrictive– therearequitesimpleregularlanguageswhichcannotberecognizedby
£nite-stateautomatawhicharebothdeterministicandbackwarddeterministic(asanexamplewecantakethelanguage
kQý X tR]�þ~`�p ).

We de£nea pushdown system¡@ÞÊ,Z.6£oÞÿ2�¤�2�¥uÞÿ2W¦ÜÞN 21§H7 where £oÞÊ, £Í<;ôßjöõvjö÷�ø , ¦ÜÞN ,/.1¦�Nv2 ùë .TùBF26§_7´7 , and the
transitionrules ¥uÞ aredeterminedasfollows: ®�.g¯82Qù58712W«�°�± 3AÞJ®´.1¦³2vùû�7626Ku° if f thefollowing conditionshold:

� ®f¯82W«�°y± 3:®�¦³26Ku° ,
� thereis ùDü?=ôßjöõvjö÷�ø suchthat ùë�. ùDW2W«y7V,Mù5 and ùë . ùDW26K Õ 7V,·ùû .

Observe that dueto the backward determinismof ÒEÓÔ¬ê thereis at mostone ùD with the above statedproperties;and
thanksto determinismof Ò�ÓÔ¬ê we furtherobtainthat for given ®g¯µ2W«�°Y± 3á®1¦³21Ku° and ù5Ê?úôßjöõvjö÷�ø thereis at mostone
ùûà?=ôßjöõvjö÷�ø suchthat ®�.g¯82Qù58712W«�°y± 3»ÞJ®�.6¦³2vùûV7621Ku° . Fromthis it follows that t ¥uÞÿt�,;t ¥ÊtOÛQtfôßjöõvjö÷�øFt .

A con£guration®�.6¦Q2Qù587626Ku° of ¡@Þ is consistentif f ù5ª,¢ùë�.TùBF26K Õ 7 (rememberthat ùB is the vectorof initial states
of ÒEÓÔ¬ê automata). In other words, ®�.1¦³2Qù587621Ku° is consistentif f ù5 ‘re¤ects’ the stackcontentsK . Let ®f¯826Ku° be a
con£gurationof ¡ and ®�.g¯82Qù587126Ku° be the (unique)associatedconsistentcon£gurationof ¡ÊÞ . Now we can readily
con£rmthat
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(A) if ®g¯µ26Ku°y3²®1¦Q26�	° , then ®´.g¯82Qù587126Ku°V3:®�.6¦³2vùûV7126�	° where ®´.1¦³2vùûV7126�	° is consistent;

(B) if ®´.g¯82Qù5�7126Ku°V3:®�.1¦³2vùûV7126�	° , then ®�.6¦³2vùûV7621�	° is consistentand ®f¯826Ku°y3²®1¦³21�	° is a transitionof +¹¸ .

As theinitial con£gurationof ¡@Þ is consistent,wesee(dueto (B)) thateachreachablecon£gurationof ¡@Þ is consistent
(but not eachconsistentcon£gurationis necessarilyreachable).Furthermore,dueto (A) and(B) we alsohave the
following:

(C) let ®f¯826Ku° be a con£gurationof ¡ (not necessarilyreachable)and let ®�.g¯82Qù587126Ku° be its associatedconsistent
con£gurationof ¡ Þ . Thenthepartsof + ¸ and+ ¸ � whicharereachablefrom ®f¯826Ku° and ®�.g¯82Qù587126Ku° , respectively,
areisomorphic.

Theunderlyingfunction Ï of thesimplevaluation �OÞ is de£nedby

Ï	.1l X 2�.g¯82Qù587´7y, ¤ if ù5vÓX ?AÆºÓXÌ otherwise

for all �_ì=]Yì=' , .g¯82Qù587�?A£oÞ . Now it is easyto see(dueto (C)) thatfor all ¯¶?A£ andK·?¶¤Y* wehave

®f¯826Ku°Vt , � q �u� ®�.�¯82Qù5�7126Ku°Vt , � � q where ù5 ,íùë�.TùBF26K Õ 7 (1)

During the constructionof ¡CÞ we observed that th£oÞ tu,¼t\£Ct	Û�tfôßjöõvjö÷�øFt and t ¥uÞ tu,¼t ¥Êt	Û	tgôßjÿõOjÿ÷�øFt . Applying
Theorem3.2 näıvely, we obtainthat usingTechnique1, the model-checkingproblems(I) and(II) canbe solved in
cubic time andquadraticspace(w.r.t. tgôßjöõvjö÷�øFt ), andthat model-checkingproblem(III) takeseven quadrictime and
space.However, closeranalysisrevealsthatwecandomuch better.

Theorem 3.3 Technique1 (extendingthe£nitecontrol) givesusthefollowingboundsonthemodelcheckingproblems
with regular valuations:

1. Problems(I) and(II) canbesolvedin Ùu.1th£Ct S ÛWt ¥ÊtWÛWtgôßjöõvjö÷�øFtWÛWt ×_t Ý 7 timeand Ùu.�th£CtRÛWt ¥ÊtWÛWtgôßjöõvjö÷�ø³tRÛWt ×_t S 7 space.

2. Problem(III) canbesolvedin either Ùu.�t\£Ct6Û6t ¥Êt6Û1.1th£Ct1Ú t ¥Êtg7 S Û6tgôßjöõvjö÷�øFt6Û6t ×_t Ý�7 timeand Ùu.1th£Ct6Û6t ¥Êt6Û1.�th£Ct6Ú t ¥Êt�7 S Û
tfôßjöõvjö÷�øFt�Û�t ×
t S 7 space, or Ùu.�t\£Ct Ý¹Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t Ý�7 timeand Ùu.�t\£Ct Ý¹Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t S 7
space.

In otherwords,all problemstakeonly linear (!) timeandspacein tgôßjöõvjö÷�øFt . Proof: Wesaythata ¡�Þ -automatonis well-
formedif f its setof statesis of theform Ä=<Côßjöõvjö÷�ø whereÄ is asetsuchthat £�9;Ä . A transition.´.�¯82 ùD�712W«¬2�.g¯|Þÿ2vùûV7´7 of
a well-formed ¡CÞ -automatonis consistent(w.r.t. ùë ) if f ùë .Rùû�2W«y7�, ùD . A ¡�Þ -automatonis consistentif f it is well-formed
andcontainsonly consistenttransitions.

For the proof we revisit the algorithmspresentedin [6]. Algorithm 1 shows the computationof ��� ÷|* from [6],
restatedfor thespecialcaseof consistent¡ Þ -automata.We£rstshow thatcomputationof ��� ÷ * upholdstheconsistency
of a ¡CÞ -automaton.

Lemma 3.1 Whenreceivinga consistent¡�Þ -automatonasinput,Algorithm1 will outputa consistent¡CÞ -automaton.

Proof: RecallthatAlgorithm 1 implementsthesaturationprocedureof [2], i.e.,all additionsto theautomatoncorre-
spondto thefollowing situation:

If ®�.�¯µ2OùûV712W«�°y± 3:®�.�¯ Þ 2vùû Þ 7621Ku° in ¥ Þ and .g¯ Þ 2vùû Þ 7 ���� 3I.1¦³2vùû Þ Þ 7 in thecurrentautomaton,thenadda transition
.´.�¯µ2OùûV712W«¬2�.1¦³2vùûµÞ Þ67´7 .

From the existenceof the transitionrule in ¥uÞ we know that thereexists ùD=?Íôßjöõvjÿ÷�ø suchthat ùë�. ùDW2W«y7Ê, ùû and
ùë�. ùDW26K Õ 7
,ÍùûµÞ . Provided that theautomatonis consistent,we know that ùë .RùûµÞ Þÿ26K Õ 7
,ÍùûµÞ . Exploiting thebackward
determinismweget ùDü,·ùûµÞ Þ , andhencetheaddedtransitionis consistent. �

Thefactthatthealgorithmonly hasto dealwith consistenttransitionsin¤uencesthecomplexity analysis:

Lemma 3.2 Givena consistent¡CÞ -automatonÃL,�.1Ä·<�ôßjöõvjö÷�ø�2´¤�2WÅR2W£·<àôßjöõvjö÷�ø�2WÆa7 , wecancompute��� ÷|*�.6Ö�.fÃ>7´7
in Ùu.�thÄat S ÛOt ¥ÊtOÛQtfôßjöõvjö÷�øFtg7 timeand Ùu.�thÄCtOÛOt ¥ÊtOÛQtfôßjöõvjö÷�øFtvÚ4thÅQtg7 space.
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Algorithm 1
Input: apushdown system¡�Þ¬,/.1£©<Aôßjÿõvjö÷�ø�2´¤�2�¥uÞÿ2W¦´Nv26§H7 ;

a consistent¡CÞ -automatonÃ-,/.1Ä·<Aôßjöõvjö÷�ø�2�¤�2WÅÜ2W£·<Aôßjöõvjö÷�ø�2WÆa7
Output: thesetof transitionsof Ã	��

� Á

1 � ÷����²Ì���j � õ��ßø��:Å��	¥uÞ Þ��²Ì��
2 for all ®�.�¯µ2OùûV712W«�°�± 3²®�.�¯|Þÿ2vùûµÞ6762��¹°V?¶¥uÞ do j � õ��ßø�� j � õ��ßø���kv.�.g¯82vùû�762�«¬2�.g¯|Þÿ2vùûµÞ67´7�p ;
3 while j � õ��ßøu�,;Ì do
4 pop Dº,/.´.6¦Q2OùûV712W«¬2�.1¦ÜÞÿ2vùûµÞ67´7 from trans;
5 if D��? � ÷�� then
6 � ÷���� � ÷����>kTD�p ;
7 for all ®�.g¯�PR2vùûVP�762W«yPW°�± 3²®�.6¦³2vùû�762�«�°y?�.�¥uÞ���¥uÞ Þ67 do
8 j � õ��ßø�� j � õ��ßø���kO.´.g¯�PR2vùûVP�762�«�PR2�.1¦ Þ 2vùû Þ 7´7�p ;
9 for all ®�.g¯�PR2vùûVP�762W«yPW°�± 3²®�.6¦³2vùû�762�«¬«�S|°V?¶¥uÞ do

10 ¥uÞ Þ �Í¥uÞ Þ���kQ®�.g¯�PR2vùûVP�762�«�PW°y± 3:®�.6¦ÜÞÿ2vùûµÞ6712W«�S|°´p ;
11 for all .´.6¦ÜÞÿ2vùûµÞ6762�«�Sv2�.1¦ÜÞ Þÿ2vùûµÞ Þ67´7�? � ÷�� do
12 j � õ��ßø��¢j � õ��ßø��>kv.´.�¯�PR2vùû�PW712W«yPR2�.1¦ÜÞ Þÿ2vùûµÞ Þ67´71p ;
13 return rel

Proof: A completeproof for thegeneralcase,discussingdatastructuresandotherdetailsis givenin [6]. Herewe just
pointout theimportantdifferencesfor thespecialcaseof consistentautomata.

� Line 10will beexecutedoncefor everycombinationof a rule ®´.g¯ P 2vùû P 712W« P °y± 3:®�.1¦³2vùûV712W«¬« S ° anda(consistent)
transition .´.6¦³2vùûV762�«¬2�.1¦ÜÞÿ2vùûµÞ67´7 . Since ùûµÞ is thesinglestatefor which ùë�.WùûµÞÿ2W«V7y,·ùû holds,thereare Ùu.�t ¥uÞ6t�ÛTthÄCtg7V,
Ùu.�t\ÄatOÛOt ¥ÊtOÛQtfôßjöõvjö÷�øFtg7 suchcombinations.Thus,thesizeof ¥ Þ Þ is also Ùu.�thÄatQÛOt ¥ÊtOÛOtgôßjöõvjÿ÷�øFtg7 .

� For the loop startingat line 11, .1¦ÜÞÿ2vùûµÞ67 and «8S (andhence ùûµÞ Þ ) are£xed,so line 12 is executedÙu.�thÄCt S Û�t ¥Êt�Û
tfôßjöõvjö÷�øFt�7 times.

� Line 8 is executedoncefor every combinationof rules ®�.�¯	PÜ2vùûVPW712W«yPW°V± 3 ®´.1¦³2vùû�762�«�° in ¥uÞ��u¥�Þ Þ andtransitions
.´.6¦³2vùûV712W«¬2�.1¦ÜÞÿ2vùûµÞ67´7 . Sincethesizeof ¥uÞ Þ is Ùu.�t\Äat Û t ¥Êt Û tfôßjöõvjö÷�øFtg7 and ùûµÞ is unique,wehave Ùu.�thÄCt S Û t ¥Êt Û tfôßjöõvjö÷�øFt�7
suchcombinations. �

Lemma 3.3 Therepeatingheadsof theproductof ¡�Þ and × canbecomputedin Ùu.�th£�t S Û|t ¥Êt|Û|tfôßjöõvjö÷�ø�t|Û�t ×
t Ý�7 time
and Ùu.�th£CtQÛOt ¥ÊtOÛOtgôßjöõvjö÷�øFtOÛOt ×_t S 7 space.

Proof: (analogousto [6]) The algorithm £rst computesthe set ��� ÷8*�.�ky®f¯|Þÿ2!�ß°»tü¯|Þ�?}£oÞH<Iãàpv7 . Sincethis set
canbe representedby a consistentautomatonwith th£�tJ<=thã
tJ<=tfôßjöõvjö÷�øFt many statesandno transitions,this stepis
boundedby the aforementionedlimitations on time andspace. From the resultsa headreachabilitygraphof size
Ùu.�t\£Ct´Û´t ¥Êt´Û´tgôßjöõvjö÷�øFt´Û´t ×_t S 7 is constructed.To £ndtherepeatingheads,weidentify thestronglyconnectedcomponents
of thatgraphwhich takestime linearin its size. �

We cannow concludetheproof of Theorem3.3. Thestepsrequiredto solve themodel-checkingproblemsareas
follows:

� Computethe set of repeatingheads"$# of the productof ¡CÞ and × . According to Lemma3.3, this takes
Ùu.�t\£Ct S Ûgt ¥ÊtgÛftfôßjöõvjö÷�øFtgÛft ×
t Ý 7 timeand Ùu.�t\£CtfÛgt ¥ÊtfÛgtfôßjöõvjö÷�øFtgÛft ×_t S 7 space,andwehave t "$#�tß,;Ùu.�t ¥ÊtgÛftgôßjÿõvjö÷�ø³tgÛft ×
t�7 .

� ConstructanautomatonÃ acceptingexactly theconsistentsubsetof "%#Ê¤�* . Take Ã ,É.�.´.1£½<àãC7 �»kQBFpv7o<
ôßjöõvjö÷�ø�2�¤�2�ÅÜ2W£;<¶kT5FN|pH<>ôßjöõvjö÷�ø�2�kv.1B�2QùBQ71pv7 . For every repeatinghead®�.g¯8265O2vùûV712W«�° , addto Å theuniquetransition
.´.�¯µ265O2vùûV712W«¬2F.6BF2vùûµÞ17�7 with ùë .Rùû�Þö2�«y7V,�ùû . For every triple .Wùû�2W«�2OùûµÞ67 suchthat ùë .RùûµÞÿ2W«y7V,�ùû addto Å thetransition
.´.6BF2vùû�762W«�2�.6BF2vùûµÞ17�7 . Thereareat most Ùu.�tgôßjÿõOjÿ÷�øFt�Û�t ¤�tg7u9�Ùu.1t ¥Êt�Û�tfôßjöõvjö÷�øFt�7 suchtriples. This automatonis
consistentandhas Ùu.�t\£CtOÛOtfôßjöõvjö÷�ø�tOÛOt ×_tg7 statesand Ùu.1t ¥ÊtOÛOtgôßjÿõOjÿ÷�øFtOÛOt ×_tg7 transitions.

� ComputetheautomatonÃaÞ¬,/.´.�.1£/<�ã�7&�@kQB³pO7¬<�ôßjöõvjö÷�ø�2´¤�2WÅÜÞÿ2W£/<¶kT5�N|p_<�ôßjöõvjö÷�ø�2�kO.1BF2³ùBQ7�pO7 correspondingto��� ÷|*�.1Ö�.gÃ�7�7 . Accordingto Lemma3.2,thistakes Ùu.�t\£Ct S Û�t ¥Êt�Ûftfôßjöõvjö÷�øFtfÛ�t ×
t Ý�7 timeand Ùu.�t\£CtfÛ�t ¥Êt�Ûftfôßjöõvjö÷�øFtfÛ�t ×
t S 7
space.(Recallthatthesizeof × is alsoa factorin thesizeof theproducttransitionrules.)
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� Due to Lemma3.1, Ã Þ is consistentandacceptsonly consistentcon£gurations.Accordingto Proposition3.1
in [6] we have '/�t ,Y� � q for every con£gurationin Ö�.fÃ�Þ67 . According to (1), we then have ®f¯826Ku°~�t ,Y� � q
for every '�,Í®�.�¯82vùûV7126Ku° in Ö�.fÃaÞ67 . Hence,we cansolve the problem(II) by modifying ÃaÞ slightly; let ÃèÞ Þ
be the automatonÃaÞ Þ , .�.´.1£L<~ã�7(��kQB³pv7_<úôßjöõvjö÷�ø)�=£V2�¤�2WÅÜÞ Þÿ2�£y2�kO.1BF2³ùBQ7�pO7 where ÅÜÞ Þ@,âÅÜÞ*��k�.�¯82�«¬2W¦O7�t
.´.�¯µ265O2vùûV712W«¬2�¦O7
?;ÅRÞvp . Problem(I) is solved by checkingwhether ®1¦´Nv26§º°�?/Ö�.fÃaÞ Þ67 . Sincenoneof the steps
requiredto computeÃèÞ Þ takesmorethan Ùu.1th£Ct S Û�t ¥Êt�Û�tgôßjöõvjö÷�øFt�Û�t ×
t Ý�7 time and Ù@.1th£Ct�Û|t ¥Êt�Û�tgôßjöõvjÿ÷�øFt�Û�t ×_t S 7
space,the£rstpartof our theoremis proven.

� To prove thesecondpartwe simply needto synchroniseÃaÞ Þ with theautomatonØ which recognizesall reach-
ablecon£gurations.ComputingØ takes Ùu.1th£Ct|Û�t ¥Êt�Û�.�t\£Ct�ÚIt ¥Êtg7�7 time andspaceaccordingto Theorem3.1.
Thesynchronizationis performedasfollows: For all transitions.g¯82W«¬21¯|Þ67 of ÃèÞ Þ and .1¦³2W«¬2�¦ÜÞ67 of Ø we adda
transition .´.g¯82W¦O712W«¬2�.g¯|Þ 2W¦ÜÞ67´7 to theproduct.A straightforwardprocedurehowever wouldgive usahigherresult
thannecessary. We cando betterby employing the following trick from [6]: £rst all transitions .1¦³2W«¬2W¦³Þ67 of
Ø aresortedinto buckets labelledby « . Theneachtransitionof ÃèÞ Þ is multiplied with the transitionsin the
respective bucket. As Ø has Ùu.1th£Ct8Ú/t ¥Êt�7 states,eachbucket contains Ùu.´.�t\£Ct8Ú/t ¥Êt�7 S 7 items. Hence,the
productcanbecomputedin Ùu.�th£CtvÛ|t ¥Êt|Û�.1th£Ct�ÚÑt ¥Êtg7 S Û|tfôßjöõvjö÷�øFtvÛ|t ×_t S 7 time andspace.Alternatively, we can
sort thetransitionsof Ã Þ Þ into bucketsof size Ùu.�t\£Ct S Ûvt ×
t S Ûvtfôßjöõvjö÷�øFt�7 (exploiting theconsistency of t Ã Þ Þ t ) and
constructtheproductin Ù@.1th£Ct Ý�ÛWt ¥ÊtWÛ�.�t\£Ct�ÚAt ¥Êtg7 ÛWtfôßjöõvjö÷�øFtWÛ�t ×
t S 7 timeandspace.If weaddthetimeandspace
which is neededto constructÃèÞ Þ and Ø , wegettheresultsstatedin thesecondpartof Theorem3.3. +,

Technique2 – extendingthe stack

An alternative approachto model-checkingwith regularvaluationsis to storethevectorsof ôßjÿõOjÿ÷�ø in thestackof ¡ .
This techniqueworkswithoutany additionallimitations,i.e.,wedonotneedtheassumptionof backwarddeterminism
of Ò�ÓÔJê automata.

We de£nea pushdown system¡ Þ�,M.1£y2´¤�Þÿ2�¥uÞÿ2W¦´Nv26§VÞ67 where¤�Þy,~¤I<àôßjöõvjö÷�ø , §VÞy,�.g§º2³ùBQ7 where ùB is thevector
of initial statesof Ò�ÓÔ¬ê automata,andthesetof transitionrules ¥uÞ is determinedasfollows:

� ®f¯82�.1«¬2Qù587�°�± 3AÞJ®1¦³2!�ß°à�u� ®f¯82W«�°y± 3:®�¦³2!�ß°
� ®f¯82�.1«¬2Qù587�°�± 3AÞJ®1¦³2�.g­�2Qù587�°à�u� ®g¯µ2W«�°�± 3:®�¦³26­�°
� ®f¯82�.1«¬2Qù587�°�± 3 Þ ®1¦³2�.g­�2vùûV7´..-�2Qù587�°à�u� ®g¯µ2W«�°�± 3²®1¦³21­�-y°	x�ùû�,½ùë�.Üù5ß2!-V7

Intuitively, thereasonwhy wedonotneedtheassumptionof backwarddeterminismin oursecondapproachis thatthe
stackcarriescompleteinformationaboutthecomputationalhistoryof the Ò ÓÔ¬ê automata.

A con£guration®�¦³2�.1«*/�2 ù5�.�0�7´7 ÛWÛ�Û�.1«�PR2 ù58.´�O7�7�° is calledconsistentif f ù5�.´�O7º,ÂùB and ù58.g�CÚ~�O7º,Ðùë . ù58.g��762W«�ñ³7 for all
�_ì����10 .

Theunderlyingfunction Ï of thesimplevaluation �QÞ is de£nedby

Ï	.1lYX126¯�7V,;kv.1«¬2Qù587�t|«A?¶¤�2Wë³ÓX .Tù5vÓX 2�«y7�?AÆºÓX p
It is easyto seethat ®�¦³2W«2/YÛWÛWÛW«�PW°yt ,Y� q �u�:®�¦³2�.1«2/�2 ù58.�0�7�7¹ÛWÛWÛ�.6«yPR2 ù58.��O7´7�°yt ,o� � q where®1¦Q2�.6«2/�2 ù5�.�0�7´7 ÛWÛ�Û�.1«�PR2 ù58.´�O7´71°
is consistent.

Theorem 3.4 Technique2 (extendingthestack) givesusthesameboundsonthemodelcheckingproblemswith regular
valuationsasTechnique1, i.e.:

1. Problems(I) and(II) canbesolvedin Ùu.1th£Ct S ÛWt ¥ÊtWÛWtgôßjöõvjö÷�øFtWÛWt ×_t Ý�7 timeand Ùu.�th£CtRÛWt ¥ÊtWÛWtgôßjöõvjö÷�ø³tRÛWt ×_t S 7 space.

2. Problem(III) canbesolvedin either Ùu.�t\£Ct6Û6t ¥Êt6Û1.1th£Ct1Ú t ¥Êtg7 S Û6tgôßjöõvjö÷�øFt6Û6t ×_t Ý�7 timeand Ùu.1th£Ct6Û6t ¥Êt6Û1.�th£Ct6Ú t ¥Êt�7 S Û
tfôßjöõvjö÷�øFt�Û�t ×
t S 7 space, or Ùu.�t\£Ct Ý Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t Ý 7 timeand Ùu.�t\£Ct Ý Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t S 7
space.
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Proof: Since t ¥ Þ tH,�t ¥Êt8Û�tfôßjöõvjö÷�øFt (herewe usethe fact that eachÒEÓÔ¬ê is deterministic),we cancomputea ¡ -
automaton3Ç, .!4�2�¤�Þÿ2!-�2�£y2�ça7 of size Ùu.�t\£CtµÛµt ¥ÊtµÛµtfôßjöõvjö÷�øFtµÛµt ×_t S 7 in Ùu.�th£Ct S Û�t ¥ÊtµÛµtfôßjöõvjö÷�øFtµÛµt ×_t Ý|7 time and
Ùu.�t\£CtFÛ�t ¥Êt�ÛFtgôßjöõvjö÷�øFt�ÛFt ×_t S 7 spacesuchthat 3 recognizesall con£gurationsof ¡@Þ whichviolate q (seeTheorem3.1);
then,to solveproblem(I), we just look if 3 accepts®�¦�Nv26§�Þ ° .

The problemwith 3 is that it can also acceptinconsistentcon£gurationsof ¡ Þ . Fortunately, it is possibleto
performa kind of ‘synchronization’with the reversedÒ�ÓÔJê automata.We de£neÃ¢,Í.6ÄC2�¤�2�ÅÜ2W£V2WÆa7 where ÄE,
.�4-<àôßjöõvjö÷�ø³7��>£ , Æ�,ªç·<Îk ùB³p , and Å is de£nedasfollows:

� if 576982: ;<�=� 3?> is a transitionof - , then Å containsa transition ..5µ2 ùD�7 8� 3 .!>82Qù587 where ùDü,íùë .Üù5¹2�«y7 ;
� if .g¯82Qù587 83²..5µ2 ùD�7 , ¯¶?A£ , is a transitionof Å , then̄ 83 .@5µ2 ùD�7 is alsoa transitionof Å .

Notice that Ã is the samesizeas 3 sincein every transition ùD is uniquelydeterminedby ù5 and « . Now, for every
con£guration®g¯82F.6«A/�2 ù58.!0�7´7¹ÛWÛWÛ�.6«yPR2 ù58.��O7´7�° , onecaneasilyprove (by inductionon 0 ) that

-V.g¯82�.1«2/�2 ù58.�0�7´7 ÛWÛWÛ�.1«�PR2 ù58.��O7´7´7y,;¦ where ù5�.g�CÚÑ�Q7V,íùë . ù58.g�ß712W«�ñ³7 for all �_ì=�u�10
if f

ÅO.´.g¯82Qù58712W«2/�Û�ÛWÛR«yP�7y,/.1¦³2 ù58.´�Q7´7 where ù5�,½ùë�. ù58.!0�712W«2/¹71U
Fromthiswe immediatelyobtainthat Ã indeedacceptsexactly thosecon£gurationsof ¡ whichviolate q . Moreover,
the sizeof Ã andthe time andspaceboundsto computeit arethe sameasfor 3 which provesthe £rst part of the
theorem.

To solveproblem(III), onecantry out thesamestrategiesasin Theorem3.3.Again, it turnsout thatthemostef£-
cientwayis to synchronizeÃ with the ¡ -automatonØ whichrecognizesall reachablecon£gurationsof ¡ . Employing
thesametrick asin Theorem3.3(i.e.,sortingtransitionsof Ø into bucketsaccordingto their labels),weobtainthatthe
sizeof ÃèÞ is Ùu.1th£CtÿÛÿt ¥ÊtÿÛ .�t\£Ct Úut ¥Êtg7 S Ûÿtfô¹jÿõvjö÷�øFt Ûÿt ×
t S 7 andit canbecomputedin Ùu.1th£CtÿÛÿt ¥ÊtÿÛ .�t\£Ct Úut ¥Êtg7 S Ûÿtfôßjöõvjö÷�øFtÿÛÿt ×
t Ý�7
timeusing Ùu.�th£CtTÛÜt ¥ÊtÜÛÜ.�th£CtÜÚÊt ¥Êtg7 S ÛÜtfôßjöõvjö÷�ø�tÜÛÜt ×
t S 7 space.Usingthealternativemethod(sortingtransitionsof Ã into
bucketsinsteadandexploiting determinism)we getanautomatonof size Ùu.1th£Ct Ý Ûvt ¥ÊtvÛ|.�th£�t|ÚÑt ¥Êt�7�Ûvtgôßjöõvjö÷�øFtvÛvt ×_t S 7
in Ùu.�th£Ct ÝºÛOt ¥ÊtOÛO.�th£CtvÚ4t ¥Êt�7�ÛOtfôßjöõvjö÷�øFtOÛOt ×
t Ý�7 in timeand Ùu.1th£Ct ÝºÛOt ¥ÊtOÛv.1th£CtvÚ4t ¥Êtg7�ÛQtfôßjöõvjö÷�øFtOÛOt ×
t S 7 space. +,

4 Applications

4.1 Inter proceduralData-Flow Analysis

Pushdown systemsprovide a very naturalformal modelfor programswith recursive procedures.Hence,it shouldnot
besurprisingthatef£cientanalysistechniquesfor pushdown automatacanbeappliedto someproblemsof interpro-
ceduraldata-¤ow analysis(see,e.g., [7, 11]). Herewe brie¤y discussthe convenienceof regular valuationsin this
applicationarea.Wedonotpresentany detailedresultsaboutthecomplexity of concreteproblems,becausethiswould
necessarilyleadto a quitecomplicatedandlengthy developmentwhich is beyondthescopeof our work (thoughthe
associatedquestionsarevery interestingontheirown). Ouraimis just to provideconvincingargumentsdemonstrating
theimportanceof thetechnicalresultsachievedin Section3.

A standardwayof abstractingrecursiveprogramsfor purposesof interproceduraldata-¤ow analysisit to represent
eachprocedure£ by its associated¤owgraph. Intuitively, the¤ow graphof £ is a labelledbinarygraphwhosenodes
correspondto ‘programpoints’, andan arc ' B� 3 '�Þ indicatesthat the control ¤ow is shifted from the point ' to
' Þ by performingthe instruction ' . The entry andexit pointsof £ aremodeledby distinguishednodes. To avoid
undecidabilities,the CEDGF�sGHGIKJGFGIKL2MEI command(andrelatedinstructions)aremodeledby nondeterminism,i.e., there
canbeseveralarcsfrom thesamenode.Moreover, therearespecialarcswith labelsof theform N�õ��
�2O
.�õ �.P øF7 which
modelprocedurecalls (where õ �.P ø is a vectorof termswhich arepassedasparameters).Flow graphscanbeeasily
translatedto pushdown systems;astransitionsof pushdown systemsarenot labelled,we £rst performa ‘technical’
modi£cationof the¤ow graph,replacingeacharc ' B� 3¨'�Þ where' is anondeterministicnode(i.e.,anodewith more
thanonesuccessor)by two arcs' Q� 3¨'�Þ Þ B� 3¨'�Þ where'�Þ Þ is anew nodeand� is a ‘dummy’ instructionwithoutany
effect. This allows to associatethe instructionof eacharc ' B� 3 '	Þ directly to ' (somenodesareassociatedto the
dummyinstruction).Now supposethereis arecursivesystemof procedures£yPR2WUWU�UW2W£�éµ2W0 , where0 is adistinguished
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startingprocedurewhich cannotbecalledrecursively. Their associated¤ow graphscanbetranslatedto a pushdown
automatonin thefollowing way:

� for eachnode' of each¤owgraphwe introducea freshstacksymbolRAé ;

� for eacharcof theform ' B� 3¨'�Þ weadda rule ®´Ûh2!R�é�°�± 3²®�Ûh2!R¶é � ° , where Û is the(only) controllocation;

� for eacharcof the form 'TSVUXWYWXZ�6
U 
 [�\ =�X���&�&���&� 3M' Þ we addtherule ®´Û\2�R�é�°ü± 3 ®�Ûh2WÄ	�^] å 
`_aR�é � ° where Äb�^] å 
`_ is thestack
symbolfor theentrynodeof (the¤ow graphof) Ä . Observe thatonecanalsopushspecialsymbolscorrespond-
ing to argumentsif needed;

� for eachprocedure£ differentfrom 0 we addtherule ®´Û\2�£A��c�d å °o± 3 ®´Û\2��¹° , where £A��c�d å correspondsto theexit
nodeof £ . For thestartingprocedure0 weaddtherule ®�Ûh2W0 ��c�d å °y± 3:®´Û\2�0 ��c�d å ° .

In otherwords,the top stacksymbolcorrespondsto thecurrentprogrampoint (andto the instructionwhich is to be
executed),andthestackcarriesthe informationaboutthehistoryof activationcalls. Now, many of thewell-known
propertiesof data-¤ow analysis(e.g.,liveness,reachability, very business,availability) canbeexpressedin LTL and
veri£edby a model-checkingalgorithm(in somecasesthe above presentedconstructionof a pushdown automaton
mustbe modi£edso that all necessaryinformation is properly re¤ected– but the principle is still the same). For
example,if we want to checkthata givenvariable ) is deadat a givenprogrampoint ' (i.e., whenever theprogram
point ' is executed,in eachpossiblecontinuationwehave that ) is eithernotusedor it is rede£nedbeforeit is used),
wecanmodel-checktheformula

�H.´jVe � é ,��².´.1w�f�øT÷ag�hC{igv÷�jKho7lkÂ.´�üw(f øT÷mgnhY7´7´7
in the con£guration®�Ûh2W0��^] å 
`_O° , where f øT÷mgnh , f ø�÷agnh , and gv÷.joh areatomicpropositionswhich arevalid in exactly
thosecon£gurationswherethetopmoststacksymbolcorrespondsto theprogrampoint ' , to aninstructionwhichuses
thevariable) , or to aninstructionwhichde£nes) , respectively. Evenin thissimpleexample,wecanseethatregular
valuationsareindeeduseful– if wehavea languagewith dynamicscoping(e.g.,LISP),wecannotresolve to which )
theinstruction) r ,qp ataprogrampoint ' refersto withoutexaminingthestackof activationrecords(the ) refersto
a local variable ) of thetopmostprocedurein thestackof activationrecordswhich declaresit). So, f ø�÷agnh and gO÷�joh
wouldbeinterpretedby regularvaluationsin this case.

Theexampleabove is quitesimple.The‘real’ power of regularvaluationswould becomeapparentin a context of
morecomplicatedproblemswherewe needto examinecomplex relationshipsamongdynamicallygatheredpiecesof
information.This is oneof thesubjectsof intendedfuturework.

4.2 Pushdown Systemswith Checkpoints

Another areawherethe resultsof Section3.1 £nd a naturalapplicationis the analysisof recursive computations
with local securitychecks. Modernprogramminglanguagescontainmethodsfor performingrun-time inspections
of the stackof activation records,and processescan thus take dynamicdecisionsbasedon the gatheredinforma-
tion. An exampleis the classr2sGsEI�MGMEtKuGJ|sGvKuGLGLKIGv implementedin Java DevelopmentKit 1.2 offering the method
sEHKI2sEwGxKIGvGy�CGMGMGCzuGJ which checkswhetherall methodsstoredin thestackaregranteda givenpermission.If not, the
methodrisesanexception.

We proposea (rathergeneral)formal modelof suchsystemscalledpushdownsystemwith checkpoints. Our work
was inspiredby the paper[10] which dealswith the sameproblem. Our model is more general,however. The
modelof [10] is suitableonly for checkingsafetyproperties,doesnotmodeldata-¤ow, andforbidsmutuallyrecursive
procedurecallswhereasour modelhasnoneof theserestrictions.Propertiesof pushdown systemswith checkpoints
canbeexpressedin LTL andweprovideanef£cientmodel-checkingalgorithmfor LTL with regularvaluations.

De£nition 4.1 A pushdown systemwith checkpointsis a triple {à,G.g¡ 2!|ß26æJ7 where

� ¡É,/.1£V2�¤�2´¥�2W¦�Nv26§_7 is a pushdownsystem,

� | is a functionwith domain 3á9E£L<Î¤ which assignsto each pair .�¯µ2W«y7@?T3 a deterministic£nite-state
automatonÒ Ó8 ,É.1Ä Ó8 2�¤�2WÅ Ó8 2�B Ó8 2WÆ Ó8 7 . For technical convenience, weassumethat Å Ó8 is total, B Ó8 �?úÆ Ó8 , and
Ö�.gÒ Ó8 7�9Gk�K�«ÊtWK�?¶¤�*�p . Elementsof 3 arecalledcheckpoints.
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� æ r ¥ 3 kvÚH2 � 2�`�p is a functionwhich partitions the setof transitionrules into positive, negative, and inde-
pendentones. We require that if .g¯82W«y7 is not a checkpoint, then all rules of the form ®f¯82W«�°>± 3 ®�¦³26�	° are
independent.

The function æ determineswhethera rule canbe appliedwhenan inspectionof the stackat a checkpointyields a
positive or negative result,or whetherit is independentof suchtests.Usingpositive andnegative rules,wecanmodel
systemswhich perform CEDGF�sGHGIKJGFGIGL�MEI commandswherethe condition is basedon dynamicchecks;hence,these
checkscanbenestedto anarbitrarylevel. Thefactthata rule ®f¯82W«�°�± 3¢®�¦³26�	° is positive,negative,or independentis
denotedby ®f¯82W«�°y± 3 [ ®�¦³26�	° , ®g¯82�«�°�± 3~}à®�¦³26�	° , or ®f¯82W«�°y± 3 N ®�¦³26�	° , respectively.

To { weassociateauniquetransitionsystem+&� wherethesetof statesis thesetof all con£gurationsof ¡ , ®�¦WNO21§º°
is theroot,andthetransitionrelationis theleastrelation 3 satisfyingthefollowing:

� if ®f¯82W«�°y± 3 [ ®�¦³26�	° , then ®f¯82W«ßKu°V3:®�¦³26�|Ku° for all K�?¶¤�* s.t. K Õ «A?AÖ�.fÒ Ó8 7 ;� if ®f¯82W«�°y± 3�}à®�¦³26�	° , then ®f¯82W«ßKu°V3:®�¦³26�|Ku° for all K�?¶¤�* s.t. K Õ «I�?AÖ�.fÒ Ó8 7 ;� if ®f¯82W«�°y± 3 N ®1¦³21��° , then ®g¯82�«ßKu°y3²®1¦³26�|Ku° for all K·?¶¤Y* .
Somenaturalproblemsfor pushdown processeswith checkpointsarelistedbelow.

� Thereachabilityproblem:givenapushdown systemwith checkpoints,is agivencon£gurationreachable?

� The checkpoint-redundancy problem: given a pushdown systemwith checkpointsanda checkpoint.g¯82W«y7 , is
therea reachablecon£gurationwherethecheckpoint.g¯82�«y7 is (or is not) satis£ed?

This problemis importantbecauseredundantcheckpointscanbesafelyremovedtogetherwith all negative (or
positive) rules,declaringall remainingrulesasindependent.Thus,onecandecreasetheruntimeoverhead.

� Theglobalsafetyproblem:givenapushdown systemwith checkpointsandaformula q of LTL, doall reachable
con£gurationssatisfy q ?

An ef£cientsolutionto this problemallows to make ‘experiments’with checkpointswith theaim of £ndinga
solutionwith aminimal runtimeoverhead.

Actually, it is quiteeasyto seethatall theseproblems(andmany others)canbeencodedby LTL formulaeandregular
valuations. For example, to solve the reachabilityproblem,we take a predicatel which is satis£edonly by the
con£guration®f¯826Ku° whosereachabilityis in question(theassociatedautomatonÒ²ÓÔ has �\÷�� P j��8.gK@7 states)andthen
we checktheformula �º.�w�l
7 . Observe thatthis formulain factsaysthat ®f¯826Ku° is unreachable; thereachabilityitself
is not directly expressiblein LTL (we canonly saythat ®f¯826Ku° is reachablein everyrun). However, it doesnot matter
becausewecansimply negatetheanswerof themodel-checkingalgorithm.

4.2.1 Model-CheckingLTL for Pushdown Systemswith Checkpoints

Let {-, .f¡@2!|�26æJ7 be a pushdown systemwith checkpoints,where ¡ , .1£V2�¤�2�¥�2W¦´Nv26§_7 . We de£nea pushdown
system¡�Þ_,¨.1£É<�kOÚ_2 � 2´`ßpQ2�¤�2�¥uÞÿ2�.1¦´NO2´`�7126§_7 where ¥uÞ is the leastsetof rulessatisfyingthe following (for each� ?àkvÚH2 � 2�`�p );

� if ®f¯82W«�°y± 3 [ ®�¦³26�	°y?¶¥ , then ®´.g¯82 � 712W«�°y± 3²®´.1¦³2�Ú�7621�	°y?¶¥uÞ ;
� if ®f¯82W«�°y± 3 } ®�¦³26�	°y?>¥ , then ®�.�¯82 � 762�«�°�± 3²®´.1¦³2 � 7621�	°y?¶¥ Þ ;
� if ®f¯82W«�°y± 3 N ®1¦³21��°V?¶¥ , then ®�.g¯82 � 712W«�°y± 3:®�.1¦³2�`87626�	°V?¶¥uÞ .

Intuitively, ¡�Þ behavesin thesamewayastheunderlyingpushdown system¡ of { , but it also‘remembers’whatkind
of rule (positive,negative, independent)wasusedto enterthecurrentcon£guration.

Let � bea regularvaluationfor con£gurationsof { with anunderlyingfunction Ï (seeDe£nition3.3),andlet q
beanLTL formula. Let � �v÷mN�� , ��÷ P , and ��evø be freshatomicpropositionswhich do not appearin q . We de£nea
function Ï Þ , which is theunderlyingfunctionfor a regularvaluation � Þ for con£gurationsof ¡ Þ , asfollows:

� if lª?>iaj �Yk2���O÷aN�� 2���÷ P 2m��evøFp , then Ï Þ6.6lH2�.g¯82 � 7´7V,ªÏ	.1lH26¯�7 for � ?�kOÚ_2 � 2´`ßp
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� Ï Þ .�� �v÷aN�� 2�.g¯82 � 7�7V,=Ò for � ?àkvÚ_2 � 2�`�p , whereÒ is theproductautomatonaccepting 8n�z� Ö�.gÒ Ó8 7 where� ,;k�«Êt .�¯µ2W«y7 is acheckpointp
� Ï Þ6.
��÷ P 2�.g¯82 � 7´7V,ªÏ�Þ6.���evø�2�.�¯µ2�Ú
7´7V,=Ò , whereÒ is aone-stateautomatonaccepting¤Y* .
� Ï Þ .
��÷ P 2�.g¯82�`87�7V,ªÏ Þ .
�u÷ P 2�.g¯82�Ú�7�7V,ªÏ Þ .
��evø�2�.g¯82 � 7´7V,ªÏ Þ .���evø�2�.�¯µ2�`87�7V,=Ò , whereÒ is aone-stateautoma-

tonacceptingÌ .
Now wecanreadilycon£rmthefollowing:

Theorem 4.1 Let ®f¯826Ku° bea con£guration of { . Wehavethat

®f¯826Ku°Vt , � q �u� ®�.g¯82�`87126Ku°Vt , � �o� ,�� q
where

� � �º.´.�� �v÷aN��u,��:z¶.1w���÷ P 7´7�xÊ.1w)� �v÷aNz�@,��:z¶.1w���evø³7´7�7 .
Proof: It suf£cesto realizethat

®f¯826Ku° � ®f¯|Nv26KüN|°y3²®g¯	PÜ26K�PW°y3:®f¯|Sv26KüS|°y3²®f¯ Ý 21K Ý °y3:Û�ÛWÛ
is anin£nitepathin +�� if f

®�.g¯82�`87621Ku° � ®´.g¯|Nv2 � N�7126KüN|°y3²®´.g¯�PR2 � P�7621KèPW°y3:®�.g¯|Sv2 � S�7621KüS|°y3:Û�ÛWÛ
is anin£nitepathin +	¸ � satisfying

�
(whereeach� X for ]Hþª` is either Ú , � , or ` ; realizethatall � X aredetermined

uniquely). Indeed,
�

ensuresthat all transitionsin the latter pathare ‘consistent’with possiblecheckpointsin the
formerpath. As all atomicpropositionswhich appearin q areevaluatedidentically for pairs ®f¯ X�26KHX�° , ®´.g¯ X12 � X´7621KHX�°
(seethede£nitionof ÏµÞ above),wecanconcludethatbothpathseithersatisfyor donot satisfy q . +,

Theprevious theoremin factsaysthat themodel-checkingproblemfor LTL andpushdown systemswith check-
pointscanbereducedto themodel-checkingproblemfor LTL and‘ordinary’ pushdown systems.As the formula

�
is £xed andthe atomicpropositions ���v÷mN�� , ��÷ P , and ��evø areregular, we canevaluatethe complexity boundsfor
the resultingmodel-checkingalgorithmusingthe resultsof Section3.1. Let kQl_PR2WU�UWUW2WlYé�p be the setof all atomic
propositionswhich appearin q , andlet � ,}k��~PÜ2WU�UWUW2�ÒEðèp be the setof all Ò�ÓÔ¬ê automata.Let ôßjöõvjö÷�ø be the
Cartesianproductof thesetsof statesof all Ò Ó8 automataandtheautomataof � . Let × beaBüchiautomatonwhich
correspondsto w q . Now we canstateour theorem(rememberthat £ is thesetof controlstatesand ¥ thesetof rules
of theunderlyingpushdown system¡ of { ).

Theorem 4.2 We havethe following boundson the modelchecking problemsfor LTL with regular valuationsand
pushdownsystemswith checkpoints:

1. Problems(I) and(II) canbesolvedin Ùu.1th£Ct S ÛWt ¥ÊtWÛWtgôßjöõvjö÷�øFtWÛWt ×_t Ý�7 timeand Ùu.�th£CtRÛWt ¥ÊtWÛWtgôßjöõvjö÷�ø³tRÛWt ×_t S 7 space.

2. Problem(III) canbesolvedin either Ùu.�t\£Ct6Û6t ¥Êt6Û1.1th£Ct1Ú t ¥Êtg7 S Û6tgôßjöõvjö÷�øFt6Û6t ×_t Ý�7 timeand Ùu.1th£Ct6Û6t ¥Êt6Û1.�th£Ct6Ú t ¥Êt�7 S Û
tfôßjöõvjö÷�øFt�Û�t ×
t S 7 space, or Ùu.�t\£Ct Ý¹Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t Ý�7 timeand Ùu.�t\£Ct Ý¹Û t ¥Êt Û .�th£�töÚat ¥Êt�7ÜÛ�tfôßjöõvjö÷�øFt Û�t ×_t S 7
space.

Proof: We apply Theorem4.1, which saysthat we canequivalently considerthe model-checkingproblemfor the
pushdown system¡�Þ , formula

� ,�� q , and valuation �OÞ . First, let us realizethat the Büchi automatonwhich
correspondsto w�. � ,�� q 7 canbeactuallyobtainedby ‘synchronizing’ × with theBüchi automatonfor

�
, because

wV. � ,�� q 7 � � xaw q . As theformula
�

is £xed, thesynchronizationincreasesthesizeof × justby aconstantfactor.
Hence,theautomatonfor wV. � ,�� q 7 is asymptoticallyof thesamesizeof × . Thesamecanbesaidaboutthesizes
of £oÞ and £ , andaboutthesizesof ¥uÞ and ¥ . Moreover, if we collectall automatain therangeof Ï�Þ (seeabove) and
considerthestatespaceof their product,we seethat it hasexactly thesizeof ôßjöõvjö÷�ø becausetheautomataassociated
to ��evø and �u÷ P have only onestate. +,
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4.3 Model-checkingCTL �
In this section,we apply the model-checkingalgorithmto the logic CTL * which extendsLTL with existentialpath
quanti£cation[4]. Moreprecisely, CTL * formulaearebuilt accordingto thefollowing abstractsyntaxequation:

q rhr , s|s@tvlIt|w q t q Pyx q S
tE� q t�z q t q P|{ q S
wherel rangesover theatomicpropositions(interpreted,say, by aregularvaluationrepresentedby a£niteautomaton
of size tgôßjöõvjÿ÷�øFt ).

For £nite-statesystems,model-checkingCTL * can be reducedto checkingLTL as follows [5]: For a CTL *
formula q , call thepathdepthof q themaximalnestingdepthof existentialpathquanti£erswithin q . Subformulae
of q canbechecked in ascendingorderof pathdepth;subformulaeof the form � q Þ where q Þ is � -freearechecked
with an LTL algorithmwhich returnsthe setof states0�� � satisfying q Þ . Then � q Þ is replacedby a freshatomic
propositionwhosevaluationyieldstrueexactly on 0�� � , andtheprocedureis repeatedfor subformulaeof higherpath
depth. The methodcanbe transferredto the caseof pushdown systems;runningthe LTL algorithmon � q Þ returns
anautomatonÒ�� � . We canthenreplace� q Þ by a freshatomicpropositionwhosevaluationis givenby Ò�� � . This
methodwasalreadyproposedin [9], but withoutany complexity analysis.

Let us review the complexity of this procedure. For the rest of this subsection£x a pushdown system¡ ,
.1£y2´¤�2�¥�2W¦´Nv26§_7 . Givenan � -freeformula q , let ×/,/.1ã
2�� äVå 26æ	215FNO2�ça7 beaBüchiautomatoncorrespondingto q , and
let tgôßjöõvjö÷�øFt bethesizeof the ÒEÓÔ¬ê automataencodingtheregularvaluationsof propositionsin iCj .

Thealgorithmsfrom section3.1(in generalwe canonly useTechnique2) yield anautomatonÒ�� which accepts
exactly thecon£gurationssatisfying� q . Observe that Ò�� is non-deterministic,readsthestacktop-down, andhas
Ùu.�t\£Ct Û�t ×_t Û�tfôßjöõvjö÷�øFt�7 states.We needto modify theautomatonbeforewe canuseit asanencodingfor the regular
valuationof � q . More precisely, we needto reversetheautomaton(i.e. make it readthestackbottom-up)andthen
determiniseit. Reversaldoesnot increasethesize,anddueto thedeterminismof ÒEÓÔ¬ê (in bottom-updirection)the
determinisationexplodesonly the‘ £Ê<oã part’ of thestates,i.e.wegetanautomatonÒÐÞ � of size �è.1tfôßjöõvjö÷�øFtOÛÜ�n� ¾������ Õ ��7 .

To checksubformulaeof higherpathdepthwe replace� q by a freshatomicproposition l � . With .6l¡��26¯�7 we
associatethe automatonÒ ÓÔA¢ which is a copy of ÒÐÞ � wherethe set Æ Ó� of acceptingstatesis taken as kV.1¦³2WBQ7�t
¦
?¶�|¾V¿ Õ 2W¦¤£G.g¯8265FN�712WB¶?�ôßjöõvjö÷�øJp . The crossproductof thesenew automatawith the ‘old’ Ò�ÓÔ¬ê automatatakes
only �è.�tgôßjöõvjö÷�øFtOÛR��� ¾(� ��� Õ �g7 statesagain; we needjust onecopy of thenew automaton,andall reachablestatesareof
theform .´.1¦³2WBQ762WBQ7 where ¦
?¶�|¾V¿ Õ and BH?=ôßjöõvjö÷�ø .

As we go up in pathdepth,we canrepeatthis procedure:First we producea deterministicvaluationautomaton
by taking the crossproductof the automatacorrespondingthe atomicpropositionsandthosederived from model-
checkingformulaeof lower pathdepth. Thenwe model-checkthe subformulacurrentlyunderconsideration,and
reverseanddeterminisetheresultingautomaton.By thepreviousarguments,eachdeterminisationonly blows up the
non-deterministicpartof theautomaton,i.e. aftereachstagethesizeof thevaluationautomatonincreasesby a factor
of � � ¾(� ��� ¥ ê � where× X is aBüchiautomatonfor thesubformulacurrentlyunderconsideration.

With this in mind, we cancomputethe complexity for formulaeof arbitrarypathdepth. Let ×ºPR2WUWU�UW21×�é be the
Büchi automatacorrespondingto the individual subformulaeof a formula q . Adding the times for checkingthe
subformulasandusingTheorem3.4wegetthatthemodel-checkingproceduretakesatmost

Ù t\£Ct S ÛOt ¥ÊtOÛOtfôßjöõvjö÷�øFtQÛR� � ¾(��� ¦ §ê ¨�© � ¥ ê � Û
é
XYª�P t ×�X�t Ý

timeand

Ù th£CtQÛOt ¥ÊtOÛOtgôßjöõvjö÷�øFtOÛR� � ¾(� � ¦ §ê ¨2© � ¥ ê � Û
é
XYª�P t ×�X´t

S

space.Thealgorithmhenceremainslinearin both t ¥Êt and tgôßjÿõOjÿ÷�øFt . Thealgorithmof BurkartandSteffen [3], applied
to CTL * formulaewhich arein thesecondlevel of thealternationhierarchy, would yield analgorithmwhich is cubic
in t ¥Êt . On the otherhand,the performanceof our algorithm in termsof the formula is lessclear. In practice,it
woulddependstronglyon thesizeof theBüchiautomatafor thesubformulae,andon theresultof thedeterminisation
procedures.
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5 Lower Bounds

In previoussectionswe establishedreasonably-lookingupperboundsfor themodel-checkingproblemfor pushdown
systems(£rstwithout andthenalsowith checkpoints)andLTL with regularvaluations.However, thealgorithmsare
polynomial in t ¡�t�Ú/tfôßjöõvjö÷�øFt�Ú/t ×
t , andnot in the sizeof probleminstancewhich is (aswe alreadymentionedin
Remark3.1) t ¡ t�Ú/th�ßt�Ú/t q t . In Remark3.1 we alsoexplainedwhy we usetheseparameters– it hasbeenargued
thattypical formulae(andtheir associatedBüchi automata)aresmall,hencethesizeof × is actuallymorerelevant(a
model-checkingalgorithmwhosecomplexity is exponentialjust dueto the blowup causedby the transformationofq into × is usuallyef£cientin practice).The samecanbe actuallysaidabout tgôßjöõvjö÷�øFt – in Section4 we have seen
thatthereareinterestingpracticalproblemswherethesizeof tgôßjöõvjö÷�øFt doesnot explode.Nevertheless,from thepoint
of view of worst-caseanalysis(wherewe measurethecomplexity in thesizeof probleminstance)our algorithmsare
exponential. A naturalquestionis whetherthis exponentialblowup is indeednecessary, i.e., whetherwe could (in
principle)solve themodel-checkingproblemsmoreef£cientlyby some‘better’ technique.In this sectionwe show it
is not thecase,becauseall of theconsideredproblemsareEXPTIME -hard(evenin ratherrestrictedforms).

Westartwith thenaturalproblemsfor pushdown systemswith checkpointsmentionedin theprevioussection(the
reachabilityproblem,the checkpointredundancy problem,etc.) All of themcanbe (polynomially) reducedto the
model-checkingproblemfor pushdown systemswith checkpointsandLTL with regularvaluationsandthereforeare
solvablein EXPTIME . Thenext theoremsaysthat this strategy is essentiallyoptimal,becauseeventhereachability
problemprovably requiresexponentialtime.

Theorem 5.1 Thereachability problemfor pushdownsystemswith checkpoints(evenfor thosewith just threecontrol
statesandnonegativerules)is EXPTIME-complete.

Proof: Themembershipto EXPTIME follows from Theorem4.2. Weshow EXPTIME -hardnessby reductionfrom
theacceptanceproblemfor alternatingLBA (which is known to beEXPTIME -complete).An alternatingLBA is a
tuple Ò ,/.1ÄC2�«�2WÅR2W¦�Nv2�¬µ2�­µ21¯�7 where ÄC2�«�2WÅÜ2�¦�Nv2z¬�2 and ­ arede£nedasfor ordinarynon-deterministicLBA ( ¬ and
­ arethe left-endandright-endmarkers,resp.),and ¯ r ÄÉ3 kT�J2�� 2³õ�NaNQ2 � ÷�®µp is a functionwhich partitionsthestates
of Ä into universal, existential, accepting, andrejecting, respectively. We assume(w.l.o.g.) that Å is de£nedso that
‘terminated’con£gurations(i.e., theonesfrom which thereareno furthercomputationalsteps)areexactly accepting
andrejectingcon£gurations.Moreover, we alsoassumethat Ò alwayshaltsandthat its branchingdegreeis � (i.e.,
eachcon£gurationhasat mosttwo immediatesuccessors).A computationaltree for Ò on a word K�?¯« * is any
(£nite)tree° satisfyingthefollowing: therootof ° is (labeledby) theinitial con£guration¦QNG¬|K±­ of Ò , andif ² is
anodeof Ò labelledby acon£gurationû�¦�� whereû�26��?³« * and ¦
?AÄ , thenthefollowing holds:

� if ¦ is acceptingor rejecting,then ² is a leaf;

� if ¦ is existential,then ² hasonesuccessorwhoselabel is somecon£gurationwhich canbereachedfrom û�¦��
in onecomputationalstep(accordingto Å );

� if ¦ is universal,then ² hasò successorswhereò²ìú� is thenumberof con£gurationswhich canbereached
from û�¦�� in onestep;thosecon£gurationsareusedaslabelsof thesuccessorsin one-to-onefashion.

Ò acceptsK if f thereis acomputationaltree° suchthatall leavesof ° areacceptingcon£gurations.
Now wedescribeapolynomialalgorithmwhichfor agivenalternatingLBA Ò ,G.6ÄC2�«�2WÅR2W¦�N|2z¬�2z­�26¯�7 andaword

K¨?´«o* of length ' constructsa pushdown systemwith checkpoints{ª,½.f¡@2�|ß26æJ7 andits con£guration®�ý|21§º° such
that ®�ý|26§H° is reachablefrom theinitial con£gurationof { if f Ò acceptsK . Intuitively, theunderlyingsystem¡ of {
simulatestheexecutionof Ò andcheckpointsareusedto verify thatthereis nocheatingduringtheprocess.Westart
with thede£nitionof ¡ , putting ¡Â,/.1ka5µ2�ý|265�pQ2�¤�2´¥�2!5µ26§_7 where

� ¤4,1«I<A.1Ä´�>k � pv72��kT­yPR2�ÛWÛWÛW26­�éF[ Ý p$��ka-	PR2�ÛWÛ�ÛR2!-ßéµp$��kXµ·¶ P 2^µ·¶S 2^µ·¸ P 2^µ·¸S 2WlH2Wã
26§ºp
� ¥ containsthefollowing (familiesof) rules:

1. ®�5µ26§H°�± 3²®.5�26­yP §H°
2. ®�5µ26­	X�°�± 3²®.5µ21­�X\[�PRë�° for all �_ì�]Yì='»ÚÎ� and ëa?³«I<A.6Ä´��k � pv7
3. ®�5µ26­	éF[ Ý °�± 3²®.5µ2�-	PRë|° for every ëè?àkXµ·¶ P 2^µ·¸ P 2WlH2Wã
p
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4. ®�5µ2!-ßX�°�± 3:®�5µ2!-¹Xh[�PW° for every �_ì=]Yì=' � �
5. ®�5µ2!-ßéµ°y± 3:®�5µ2!�¹°
6. ®�5µ2Wl_°�± 3E®�ý|2!�ß° , ®�5µ2Wã�°�± 3E®g5v2!�¹° , ®�5µ2^µ·¶ P °�± 3E®.5µ21­yP�µ·¶ P ° , ®�5µ2^µ·¸ P °�± 3E®�5µ26­yP�µ·¸ P °
7. ®�ý�2Wë|°y± 3:®�ý�2!�¹° for every ëa?¹«I<».1Ä´��k � pv7
8. ®�ý�2^µ·¸ P °�± 3²®�5µ26­yP�µ·¸S ° , ®1ý�2^µ·¸S °y± 3:®�ý�2!�¹° , ®�ý|2^µ·¶ P °y± 3:®�ý|2��¹° , ®�ý|2^µ·¶S °y± 3:®�ý|2��¹°
9. ®f5O2Wë�°�± 3²®g5v2!�¹° for every ëa?¹«I<».1Ä´��k � pv7

10. ®f5O2^µ·¶ P °y± 3:®�5µ26­yP�µ·¶S ° , ®f5O2^µ·¶S °y± 3:®f5O2!�ß° , ®f5O2^µ·¸ P °�± 3:®f5O2!�ß° , ®g5O2�µ·¸S °�± 3²®g5v2!�¹°
Intuitively, theexecutionof ¡ startsby enteringthestate®.5µ21­yP §º° (rule1). Then,exactly 'ÎÚÎ� symbolsof «Ñ<».1Ä~�
k � pv7 arepushedto the stack;the compoundsymbol ..R»21D�7a?º«�<4.1Ä»�àk � pv7 indicatesthat the tapecontainsthe
symbolR and,if Dü?AÄ , thattheheadis at thispositionandthecontrolstateof Ò is D ; if Dü, � it meansthatthehead
is elsewhere.During thisprocess,thefamily of ­�X symbolsis usedasa ‘counter’ (rules2). Realizethattheword K of
length ' is surroundedby the ‘ ¬ ’ and‘ ­ ’ markers,so thetotal lengthof thecon£gurationis 'àÚà� . The lastsymbol
­�é³[ Ý is thenrewritten to -	PRë , where ë is oneof µ·¶ P 2^µ·¸ P 2WlH2Wã (rules3). The purposeof ë is to keepinformation
aboutthe just storedcon£guration(whetherit is existential, universal,accepting,or rejecting)and the index of a
rule which is to beusedto obtainthenext con£guration(alwaysthe£rstone;rememberthatacceptingandrejecting
con£gurationsareterminal).After that, -VP is successively rewritten to all of the -¹X symbolsanddisappears(rules4,5).
Their only purposeis to invoke severalconsistency checks– aswe shallsee,eachpair ..5µ2!-ßX´7 is a checkpointandall
rulesof 4,5 arepositive. Dependingon the previously stored ë (i.e., on the type of the just pushedcon£guration),
we eithercontinuewith guessingthenext one,or changethecontrolstateto ý or 5 (if thecon£gurationis accepting
or rejecting,resp.) Hence,the guessinggoeson until we endup with an acceptingor rejectingcon£guration.This
musthappeneventually, becauseÒ alwayshalts. If we £ndanacceptingcon£guration,we successively remove all
existentialcon£gurationsandthoseuniversalcon£gurationfor whichwehavealreadycheckedbothsuccessors.If we
£nd a universalcon£gurationwith only onesuccessorchecked – it is recognizedby the ‘ µ¹¸ P ’ symbol– we change
‘ µ·¸ P ’ to ‘ ­VP!µ·¸S ’ andchecktheothersuccessor(rules7 and8). Similar thingsaredonewhena rejectingcon£guration
is found.Thecontrolstateis switchedto 5 andthenweremoveall con£gurationsuntil we(possibly)£ndanexistential
con£gurationfor which we cantry out theothersuccessor(rules9 and10). We seethat K is acceptedby Ò if f we
eventuallypoptheinitial con£gurationwhenthecontrolstateis ‘ ý ’, i.e., if f thestate®�ý�26§H° is reachable.

To make all that work we mustensurethat ¡ cannotgain anything by ‘cheating’, i.e., by pushinginconsistent
sequencesof symbolswhich do not modela computationof Ò in thedescribedway. This is achievedby declaring
all pairs ..5µ2!-ßX´7 for �¶ì�]èì�'=Ú;� ascheckpoints.TheautomatonÒ�¼½ ê for �¶ì�]èì�' acceptsthosewordsof the
form §y�8PRë�P �OSvë�S�ÛWÛWÛ6�|ðCë³ð$-¹X , where �\÷�� P j��8.g�|ñ³7C,�'�Ú=� , ëFñ¶?iµ·¶ P 2^µ·¶S 2^µ·¸ P 2�µ·¸S 2WlH2Wã for every ��ìM�=ìMò , such
thatthetriplesof symbolsatpositions]R26]yÚÑ�³26]yÚ»� in eachpair of successive substrings�K/�26�G/Ü[�P areconsistentwith
the symbol ë�/ w.r.t. the transitionfunction Å of Ò (if somecon£gurationhasonly oneimmediatesuccessor, then
Ò¾¼½ ê ‘ignores’ the rule index storedin ë�/ ). Furthermore,the£rst con£gurationmustbe the initial one,andthe last
con£guration�8ð mustbe consistentwith ëFð . Observe that Ò¾¼½ ê needsjust Ùu.�t Ò²t ¿|7 statesto storethe two triples
(aftercheckingsubwords �G/�2�ë�/�26�K/Ü[�P , thetriple of �K/ is ‘forgotten’) theinitial con£guration,a ‘counter’ of capacity
'�Ú4� , andsomeauxiliary information. Moreover, Ò¾¼½ ê is deterministicandwe canalsoassumethat its transition
functionis total. As all rulesassociatedwith checkpointsarepositive,any cheatingmoveeventuallyresultsin entering
acon£gurationwherethesystem‘getsstuck’, i.e.,cheatingcannothelpto reachthecon£guration®1ý�26§H° . +,
Fromthe(technical)proofof Theorem5.1wecaneasilydeducethefollowing:

Theorem 5.2 Themodel-checking problem(I) for pushdownsystemswith checkpoints(evenfor thosewith just three
control statesand no negativerules) is EXPTIME-completeevenfor a £xedLTL formula �H.1w £n7 where £n is an
atomicpredicateinterpretedbya simplevaluation � .

Proof: Let usconsiderthepushdown systemwith checkpoints{�,/.f¡@2!|�26æJ7 constructedin theproofof Theorem5.1.
To ensurethat each£nite pathin +2� is a pre£xof somerun, we extendthe setof transitionrulesof ¥ by a family
of independentrulesof the form ®�BF2W«�°_± 3 ®�BF2W«�° for eachcontrol state B andeachstacksymbol « . Now it suf£ces
to realizethat the initial con£guration®�5µ26§H° cannotreachthe state ®�ý�26§º° if f it cannotreachany stateof the form
®�ý|21§��	° (where�Î?Ê¤�* ) if f ®�5µ26§H°�t ,o� �H.1w £n7 where � is a simplevaluationwith theunderlyingfunction Ï suchthat
Ï	. £n7y,;kv.1ý�26§H7�p . +,
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Hence,model-checkingLTL for pushdown systemswith checkpointsis EXPTIME -completeeven whenwe have
only simplevaluations.

Now we analyzethe complexity of model-checkingwith (ordinary)pushdown systemsandLTL formulaewith
regular valuations. First, realizethat if we take any £xed formula anda subclassof pushdown systemswherethe
numberof controlstatesis boundedby someconstant,themodel-checkingproblemis decidablein polynomialtime.
Now weprove thatif thenumberof controlstatesis notbounded,themodel-checkingproblembecomesEXPTIME -
completeeven for a £xed formula. At this point, one is temptedto apply Theorem4.1 to the formula �H.�w £n7 of
Theorem5.2. Indeed,it allows to reducethe model-checkingproblemfor pushdown systemswith checkpointsand
�º.�w £n7 to the model-checkingproblemfor ordinarypushdown systemsandanother£xed formula

� ,�� �º.�w £n7 .
Unfortunately, this reductionis not polynomialbecausethe atomicproposition � �v÷mN�� occurringin

�
is interpreted

with thehelpof severalproductautomataconstructedout of theoriginal automatawhich implementcheckpoints(see
theprevioussection).Thereforeweneedonemoretechnicalproof.

Theorem 5.3 Themodel-checking problem(I) for pushdownsystemsand LTL formulaewith regular valuationsis
EXPTIME-completeevenfor a £xedformula .´� correct7y,��².´�üw £n7 .
Proof: Thisproof is similar to theproofof Theorem5.1. Again,weconstructapushdown system¡ whichsimulates
theexecutionof analternatingLBA Ò ,/.1ÄC2�«�2WÅÜ2�¦�Nv2z¬�2z­�26¯�7 onaninputword K�?³«o* of length' . Thedifferenceis
that,sincetherearenocheckpoints,wemust£ndanew wayof ‘cheating-detection’,i.e.,wemustbeableto recognize
situationswhenthenext con£gurationof Ò hasnotbeenguessedcorrectly. It is achievedby addingafamily of control
states'�PR2WUWU�UW2E'´é ; after guessinga new con£guration,¡ successively switchesits control stateto 'OPR2WUWU�UW2E'´é without
modifying its stack.Theunderlyingfunction Ï of theconstructedregularvaluationassignsto eachpair . correct2E'´X�7 a
deterministicautomatonÒ B êSVÀ 
`

� S å which checksthat thetriplesof symbolsat positions]Ü26]�Úú�³26]�Úà� in eachpair of
successive con£gurationspreviously pushedto thestackare‘consistent’(Ò B êSVÀ 
`

� S å is almostthesameautomatonas
the Ò¾¼½ ê of theproof of Theorem5.1). All otherpairsof the form . correct26¯�7 areassignedanautomatonaccepting
¤ * . The ¡ is formally de£nedasfollows: ¡É,/.�ka5µ2Wý�265O2E'vPR2WUWU�UW2E'´é�p³2´¤�2�¥�2!5µ21§H7 where

� ¤4,1«I<A.1Ä´�>k � pv72��kT­yPR2�ÛWÛWÛW26­�éF[ Ý p$��kÁµ·¶ P 2�µ·¶S 2�µ·¸ P 2^µ·¸S 2WlH2Wã
26§ºp
� ¥ containsthefollowing (familiesof) rules:

1. ®�5µ26§H°�± 3²®.5�26­yP §H°
2. ®�5µ26­	X�°�± 3²®.5µ21­�X\[�PRë�° for all �_ì�]Yì='»ÚÎ� and ëa?³«I<A.6Ä´��k � pv7
3. ®�5µ26­	éF[ Ý °�± 3²®�'�PR2Wë�° for every ëa?àkÁµ·¶ P 2^µ·¸ P 2WlH2Wã�p
4. ®^' X 2Wë�°�± 3:®�' X\[�P 2Wë|° for every �
ì=]Yì=' � � and ëa?�kXµ ¶ P 2^µ ¸ P 2�lº2�ã
p
5. ®^'´é82�ë|°y± 3:®�5µ2Wë|° for every ëè?àkXµ·¶ P 2^µ·¸ P 2WlH2Wã
p
6. ®�5µ2Wl_°�± 3E®�ý|2!�ß° , ®�5µ2Wã�°�± 3E®g5v2!�¹° , ®�5µ2^µ·¶ P °�± 3E®.5µ21­yP�µ·¶ P ° , ®�5µ2^µ·¸ P °�± 3E®�5µ26­yP�µ·¸ P °
7. ®�ý�2Wë|°y± 3:®�ý�2!�¹° for every ëa?¹«I<».1Ä´��k � pv7
8. ®�ý�2^µ·¸ P °�± 3²®�5µ26­yP�µ·¸S ° , ®1ý�2^µ·¸S °y± 3:®�ý�2!�¹° , ®�ý|2^µ·¶ P °y± 3:®�ý|2��¹° , ®�ý|2^µ·¶S °y± 3:®�ý|2��¹°
9. ®f5O2Wë�°�± 3²®g5v2!�¹° for every ëa?¹«I<».1Ä´��k � pv7

10. ®f5O2^µ·¶ P °y± 3:®�5µ26­yP�µ·¶S ° , ®f5O2^µ·¶S °y± 3:®f5O2!�ß° , ®f5O2^µ·¸ P °�± 3:®f5O2!�ß° , ®g5O2�µ·¸S °�± 3²®g5v2!�¹°
11. ® � 2Wë�°�± 3²® � 2Wë�° for every controlstate� andevery ëè?¶¤ .

Hence,therulesarealmostthesameasin theproof of Theorem5.1,exceptfor somechangesin 3.,4.,5.,and11. The
underlyingfunction Ï of theconstructedregularvaluationassignsto . £n2�ý 7 anautomatonrecognizingall stringsof
¤�* wherethelastsymbolis § , andto all otherpairsof theform . £n26¯�7 anautomatonrecognizingtheemptylanguage.
Weseethat Ò acceptsK if f thereis anin£nitepathfrom thestate®�5µ26§H° suchthatcorrectholdsin all statesof thepath
and£n holdsin at leastonestateiff ®�5µ26§H°��t ,o�¶.�� correct7�,��¼.´�ºw £n7 where � is theconstructedregularvaluation.

+,
Observe thatmodel-checkingwith pushdown systemsandany £xedLTL formulawhosepredicatesareinterpretedby
asimplevaluationis alreadypolynomial(seeTheorem3.1).
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6 Conclusion

We have presentedtwo different techniquesfor checkingLTL with regular valuationson pushdown systems.Both
techniquesrely ona reductionto (andslightmodi£cationof) theproblemfor simplevaluationsdiscussedin [6]. Both
techniquestake linear time andspacein tfôßjöõvjö÷�øFt where ôßjöõvjö÷�ø is the setof statesof an automatonrepresentingthe
regularpredicatesusedin the formula. Sinceboth take thesameasymptotictime it would be interestingto compare
their ef£ciency in practice(for caseswherebothtechniquescanbeused).

Thesolutioncanbeseamlesslycombinedwith theconceptof symbolicpushdown systemsin [8]. Theseareused
to achieve a succinctrepresentationof BooleanPrograms,i.e., programswith (recursive) proceduresin which all
variablesareboolean.

Theability to representdatais a distinctadvantageover theapproacheshithertomadein our areasof application,
namelydata-¤ow analysis[7] andsecurityproperties[10]. For the latter, we have indicatedthat our modelis more
general.Ourapproachprovidesaunifying framework for theseapplicationswithout losingef£ciency. Bothtechniques
take linear time in tfôßjöõvjö÷�øFt whereasthemethodsusedin [7] werecubic(thougherroneouslyreportedaslinearthere,
too). In [10] nocomplexity analysiswasconducted.
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