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IMPLICATIONAL RELEVANCE LOGIC IS
2-EXPTIME-COMPLETE

SYLVAIN SCHMITZ

ABSTRACT. We show that provability in the implicational fragment of
relevance logic is complete for doubly exponential time, using reductions
to and from coverability in branching vector addition systems.

KeYy WORDS. Relevance logic, branching VASS, focusing proofs, com-
plexity

1. INTRODUCTION

Relevance logic R [1],12] provides a formalisation of ‘relevant’ implication:
in such a system, the formula A — B indicates that the truth of A is actually
useful in establishing B; an example of an irrelevant implication valid in
classical logic would be B — (A — B).

The pure implicational fragment R_, of R was developed independently
by Moh [19] in |1950 and Church [6] in (1951, and is as such the oldest of
the relevance logics. [Kripke| already presented in [1959| a decision algorithm
for provability in R_, [14], which was later extended to larger and larger
subsets of R, like the conjunctive-implicational fragment R_, ». Several
negative results by |Urquhart| would however foil any hope for elementary
algorithms: first in [1984] when he showed the undecidability of the full logic
R [26]; later in (1999 with a proof that R_, o suffers from a non primitive-
recursive complexity: it is ACKERMANN-complete [28]. This left a gigantic
gap for the implicational fragment R._,, between an earlier EXPSPACE lower
bound [27] and the ACKERMANN upper bound shared by the variants of
Kripkes procedure.

In this paper, we close this gap and show that provability in R_, is
2-ExpTIME-complete. Our proof relies crucially on a recent result by Demri
et al. [10], who show the 2-ExpPTIME-completeness of the coverability prob-
lem in branching vector addition systems with states (BVASS). These sys-
tems form a natural generalisation of vector addition systems, and have been
defined independently in a variety of contexts (see the survey [24] and
below), notably that of provability in multiplicative exponential linear
logic (MELL, see [9]). More precisely:

o In we show that so-called expansive BVASSs can simulate
proofs in R_, in a natural manner by exploiting the subformula
property of its usual sequent calculus LR_,. We then show how
to reduce reachability in expansive BVASS to coverability, thereby
providing a decision procedure in doubly exponential time.
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e The matching hardness proof in relies on the one hand on
comprehensive instances of the BVASS coverability problem, and on
the other hand on a new focusing sequent calculus FR_, for R_,.

e The reduction from R_, provability to expansive BVASS reachability
is actually a special case of a more general reduction proved in [15]
for the multiplicative exponential fragment of intuitionistic contrac-
tive linear logic (IMELLC), i.e. IMELL with structural contrac-
tion. Our reduction in from expansive reachability to
coverability thus entails that IMELLC provability is 2-EXPTIME-
complete, as explained in

Let us first recall the formal definition of R_, before turning to that of
BVASSs in [Section 3

2. THE IMPLICATIONAL FRAGMENT R_,

The reader will find in [I2] Section 4] a nice overview of the decision
problem for R, covering in particular Kripke's solution for R_, [14] and
Urquhart/s lower bound argument for R_, 5 [28].

2.1. A Sequent Calculus. We recall here the formal definition of R_, as
a sequent calculus LR_, in Gentzen’s style. Let A be a countable set of
atomic propositions; we define the set of formulae as following the abstract
syntax

Az=a|A— A (implicational formulae)

where a ranges over A. We consider — to be right-associative, e.g. A —
B — C denotes A — (B — C). In the following rules, we use A, B,C,...
to denote implicational formulee and I', A,... to denote multisets of such
formulee; commas in e.g. ‘I'; A” and ‘I", A’ denote multiset unions of I' with
the singleton A and with A respectively; finally, a sequent is a pair ‘I" -
A’ stating that the succedent A is valid assuming the antecedent I' to be
relevant:

A AFB
—ara “T.4rp
T'+A ABFC T,Al B

TaAsBre Y Trasp R

As we work with multisets, this sequent calculus includes implicitly the
structural ‘exchange’ rule. It does however not feature the classical ‘weak-
ening’ rule—which would defeat the very point of relevance—mor the ‘cut’
rule—which is admissible. A visible consequence of this definition is that the
calculus enjoys the subformula property: all the formule in rule premises are
subformulee of the formulse appearing in the corresponding consequences.

2.2. Decidability and Complexity. With hindsight, the decision proce-
dure of Kripke [14] for provability in the implicational fragment of relevance
logic can be seen as a precursor for many later algorithms that rely on the
existence of a well quasi ordering (wqo) for their termination [22]. This de-
cision procedure can be understood as an application of Dickson’s Lemma
to prove the finiteness of ‘minimal’ proof trees for the target sequent - A.
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Furthermore, combinatorial analyses of Dickson’s Lemma as e.g. in [I3] pro-
vide explicit upper bounds on the size of those minimal proofs, in the form
of the Ackermann function in the size of A, yielding an ACKERMANN upper
bound for R_, provability, as shown by Urquhart [28].

Regarding lower bounds, Urquhart| in [27, Section 9] explains how to de-
rive EXPSPACE-hardness for R_,, using model-theoretic techniques to reduce
from the word problem for finitely presented commutative semigroups [18].

2.3. Strict A-Calculus. The implicational fragment R_, is in bijection
with the typing rules of the simply typed Al-calculus, where abstracted
terms A\z.t are well-formed only if z appears free in ¢; see [7, Section 9.9].
This means that R_, provability can be restated as the type inhabitation
problem for the simply typed Al-calculus. Our complexity results should
then be contrasted with the PSPACE-completeness of the same problem for
the simply typed A-calculus [25].

3. BraNCHING VASS

Branching vector addition systems with states (BVASS) have been inde-
pendently defined in several contexts:

e in computational linguistics [24], as a means of modelling grammat-
ical dependencies between tree nodes in unordered vector grammars
with dominance edges [2I]—they have since been related with ab-
stract categorial grammars [8] and minimalist grammars [23]—;

e in computational logic, as a way to attack the decision problem for
MELL through counter machines [9],

e in cryptographic protocol verification, as a means to reason in rewrit-
ing systems modulo associativity and commutativity of some sym-
bols [29].

They have furthermore been linked to the satisfiability problem of two-
variables FO over data trees [4, [I1] and the modelling of parallel program-
ming libraries [5].

3.1. Formal Definitions. Given d in N, we write ‘O’ for the null vector in
N?, and for 0 < i < d, ‘&’ for the unit vector in N¢ with 1 on coordinate

i and 0 everywhere else. Let Uy & {&,—& | 0 < i < d}. Syntactically, an
ordinary BVASS is a tuple B = (Q, d, Ty, Ts) where @ is a finite set of states,
d is a dimension in N, and T, C Q x Uy x Q and Ty C Q3 are respectively
finite sets of unary and split rules. We denote unary rules (q,u,q1) in T,
with @ in Uy by ‘¢ — ¢1” and split rules (¢, q1,q2) in Ts by ‘¢ — q1 + g2’

We define the semantics of an ordinary BVASS through a deduction sys-
tem over configurations (¢,V) in Q x N¢:

v . V1V
1 (incr) (decr) LN T

q1,V+ & q1,V q1,V1 g2,V

(split)

respectively for unary rules ¢ N q1 and q SN q1 in T, and a split rule
q — q1 + g2 in Ty; in ‘+> denotes component-wise addition in N¢.
Such a deduction system can be employed either top-down or bottom-up
depending on the decision problem at hand (as with tree automata); the
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top-down direction will correspond in a natural way to proof search in the

sequent calculus of [Section 2|

3.1.1. Ordinary BVASSs are a slight restriction over BVASSs, which would
in general allow any vector in Z? in unary rules. Because they often lead
to more readable proofs, we only employ ordinary BVASSs in this paper.
This is at no loss of generality, since one can build an ordinary BVASS
‘equivalent’ to a given BVASS in logarithmic space, where equivalence should
be understood relative to the reachability and coverability problems; see [24]
for details.

3.1.2. Reachability. Branching VASSs are associated with a natural decision
problem: reachability asks, given a BVASS B, a root state g,, and a leaf state

q¢, whether there exists a deduction tree with root label (g,,0) and every
leaf labelled (g, 0); such a deduction tree is called a reachability witness. De
Groote et al. [9] have shown that this problem is recursively equivalent to
MELL provability, and it is currently unknown whether it is decidable—it
is however known to be of non-elementary computational complexity [15].
Let us introduce some additional notation that will be handy in proofs.
We write B, T, q; I+ g,V if there exists a deduction tree of B with root label
(q,V) and leaves labelled by (gy,0), which uses each rule in T C T, & Ty
at least once. Such root judgements can be derived through the deduction

system
B, T, q - q1,v+&;
B.0,al a0  BTUlgE i) qlrq,9

BaTquH_ Qb\_/ BvThqu_ Qb\_/l B,TQ,(]@ I- Q2>\_/2

BTU{q— g ql-qv+a  BTUTU{g—= i +qe},qel-q,91 + s

We write more simply B, q, IF ¢,V if there exists T C T, W Ty such that
B,T,q I q,v. With these notations, the reachability problem asks whether

B, q IF g, 0.

3.2. Root Coverability. Our interest in this paper lies in a relaxation of
the reachability problem, where we ask instead to cover the root: given as
before (B, ¢, qr), we ask whether there exists a coverability witness, i.e. a
deduction tree with root (g,¥) for some ¥ in N¢ and leaves (g¢,0); in other
words whether B, g¢ IF ¢,, v for some v in N¢.

This problem was shown decidable by Verma and Goubault-Larrecq [29],
and was later proven 2-EXPTIME-complete by Demri et al. [10] in a slight
variant called branching vector addition systems (BVAS):

Fact 1 (10, Theorem 8 and Theorem 21). BVAS coverability is 2-EXPTIME-
complete.

Branching VAS are not equipped with a state space Q. Their coverability
problem is stated slightly differently, but is easy to reduce in both directions
to BVASS coverability. This would not be worth mentioning here if it were
not for the following instrumental corollary of their proof, which exploits an
encoding of d-dimensional BVASSs into (d + 6)-dimensional BVASs:
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Corollary 2. Coverability in a BVASS B = (Q,d, Ty, Ts) can be solved in

Lo, . O(n-1 n-1 Ql))
deterministic time 22 oslr-log Q|

tation of (d,T,).

Corollary [2| entails that coverability remains in 2-EXPTIME for BVASSs
with double exponential state space. This is an easy result, which we show

in |[Appendix B

, where n denotes the size of the represen-

4. UrPER BOUND

In order to show a 2-EXPTIME upper bound for R_, provability, we intro-
duce as an intermediate decision problem the expansive reachability problem
for BVASS . Then, the first step of our proof in
takes us from the sequent calculus LR, to reachability in expansive BVASS.
This is a simple construction that relies on the subformula property of LR._.,
and is actually a particular case of a more general reduction shown in [15]
Proposition 9]. The new technical result here is the second step: a reduc-
tion from expansive BVASS reachability to BVASS coverability, which is
shown in This new reduction also entails new upper bounds for
provability in extensions of LR, studied in [15]; see

4.1. Expansive Reachability. An expansive BVASS is a BVASS with an
additional deduction rule:
q, €; .
—————— (expansion)
q,V + 28;
Note that expansions could be simulated by unary rules ¢ N q &, q &, q
for all ¢ in @ and 0 < ¢ < d; we prefer to see them as new deduction rules.
This yields a new rule for root judgements, which we denote using ‘I’
to emphasise that we allow expansion rules:

B7Ta q |Fe q,V+ 28;
BvTv qr ”_e Q7\_/ +&
The expansive reachability problem then asks, given an expansive BVASS B

and two states ¢, and ¢y, whether B, ¢, IF. ¢, 0.

4.2. From LR _, to Expansive Reachability. We prove here the follow-
ing reduction:

Proposition 3. There is a logarithmic space reduction from provability in
R, to expansive reachability in ordinary BVASSs.

Let us consider an instance (F') of the provability problem for R_, for an
implicational formula F'. The instance is positive if and only if we can find
a proof for - F'in LR_,. Thanks to the subformula property, we know that
in such a proof, all the sequents I' = A must use subfomulee of F'. That is,
if we denote by S the set of subformulae of F', then I' is in N° and A in S.

We construct from F' an expansive BVASS Bp that implements proof

search in LR_, restricted to subformulee of F'. We define for this B def

(QF,|S|, Ty, Ts) where the state space Qp includes S and a distinguished
leaf state q. It also include some intermediate states as introduced in the
translations of the rules of LR_, into rules in T3, U Ty depicted in
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FIGURE 1. The rules and intermediate states of Bp.

Note that has no associated rule; it relies instead on expansions in Bp.
The full state space Qr of Br, including intermediate states, is thus of size
O(|F[?).

Let us write vp for the vector in N 15| associated with a multiset T in

N*. The proof of is a consequence of the following claim

instantiated with A = F and " = {):
Claim 3.1. For all T in N® and A in S, ' - A if and only if B, g IF. A, Vr.

Proof. We proceed by induction of the structure of proofs in LR_, and of
expansive root judgements in Bp.

for the base case (Id), A+ A iff Bp,qolFe A,&4.
[contractiont If ', A - B as the result of from I", A, A+ B then by

induction hypothesis Br, qe I-e B,Vr a4, from which an expansion
yields Br,q; IFe B,Vr 4. Conversely, if Br,q, IF. B,Vr 4 as the
result of an expansion from Bp,q, I B,Vr a 4, then by induction
hypothesis I'; A, A + B and a contraction yields I'; A - B.

[left implicationt If ', A, A — B F C as the result of applied to
I'- A and A, B F C, then by induction hypothesis Bg, g IF. A, Vr
and Br, ¢ IFe C,Va . Then the group of rules in Br yields Br, ¢, Ik
Cp,Va and Bp,q IFe Ca—p,Vr A in the intermediate states, and
finally Br,q; IFe C,Vr a,a—p as desired. The converse direction is
similar.

[right implication: If ' H A — B as the result of applies to
I'yA = B, then by induction hypothesis Br,q IFe B,Vr 4, from
which the corresponding rule of By yields Bp,q; k. A — B,Vr as
desired. The converse direction is similar. U

4.3. From Expansive Reachability to Coverability. The second step of
our proof that R_, provability is in 2-EXPTIME is then to reduce expansive
reachability to coverability in BVASS. Our reduction incurs an exponential
blow-up in the number of states, but thanks to this still results
in a 2-EXPTIME algorithm:

Proposition 4. There is a polynomial space reduction from BVASS expan-
stve reachability to BVASS coverability.

4.3.1. Topmost Increments. Consider an instance (B, ¢, q;) of the expansive
reachability problem with B = (Q, d, T, Ts). Because the root vector of an
expansive reachability witness must be 0, we can identify along each branch
of the witness and for each coordinate 0 < i < d the topmost application of
an (jincr) rule—possibly no such increment ever occurs on some branches.
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Assume without loss of generality that g, has no outgoing transition in
B. We construct a new BVASS B = (Qf,d, TJ,T5> with additional states

and rules ¢ = qé —55 g for every 0 < i < d. Then B, ¢ IFe ¢y, 0 if and only
if BY, qo I q-,0 (observe in particular that no expansion in qé can occur
in an expansive reachability witness). Additionally, the new rules allow us
to assume that there is a topmost increment for each branch and every
coordinate of an expansive reachability witness of Bf.

Let [d] o {1,...,d}. The root judgement relation can be refined as ‘I’
with a set s C [d] of coordinates, such that i € s if there is an increment on
1 higher in the expansive reachability witness. Formally,

d -
B0, q F 40,0
since by assumption every coordinate must see an increase. Then, an incre-
ment is either topmost or not:

BTaTa qv ”_g&J{z} QhV_V + él BT7T7 qr “_zu{z} CII,\_/ + éz
BLTU{g S g} qe ks % BELTU{g S i}, q H71 g0

where w(i) = 0. Decrements and expansions are necessarily dominated by
the topmost increment:

BT7T7 qe ”‘2U{Z} Q17\_/ BT7T7 qe ”_2U{z} Q7\_/ + Qéz
BLTU{q % g qe HP g vre BLT g g ute

Finally, the same topmost increments have been seen on both branches of a
split:

BTaTlaqg “_Z Qb\_/l BT7T27qe ”_z Q27\_/2
BTaTl U T2 U {q —q+ q2}7QK ”‘2 Q>\_/1 + Vo
The refined root judgements verify
B7 qe H_e Q'I‘)G lmphes BT7qf “_g qT7(_) ) (1)

the converse implication being immediate by removing the ‘s’ annotations.

4.3.2. Reduction to Coverability. We construct a BVASS B = (Qx2l¥ 4, T4, Tsi>
and build a coverability instance (B*, (g, ), (¢, [d])). The idea is to main-

tain a set s C [d] as in the refined judgements IF}; however since we cannot

test to zero we will rely instead on nondeterminism. Let

TE € {(q,8) 25 (@1, sU{i}) ¢ 5 g € T, s C [d]} (incr?)
U {(gsU{i}) =5 (qosU{i}) g =5 q €T}, s C ]}, (decr?)

T {(q,8) = (q1,9) + (q2,8) g = @+ @ eTHsCld}.  (splith)

Claim 4.1. If B, g, IF3, q,¥, then there exists ¥/ > ¥ such that B*, (g, [d]) IF
(¢, 5), V.

Proof. We prove the claim by induction over the root judgement in Bf. For
the base case with ¢ = ¢, and v = 0, we choose V' = 0.
For the induction step, if the judgement results from the application of an

kﬁu{i}

increment rule on coordinate i, then BT, g | q1,V+§;, and by induction



8 S. SCHMITZ

hypothesis there exists ¥ > v such that B¥, (g, [d]) IF (q1,s U {i}),V + &.
Two cases arise depending on whether ¢ &€ s or ¢ € s, i.e. whether this is
the topmost increment on coordinate ¢ or not. In both cases, yields
B, (qe, [d]) IF (g,5),V as desired.

If the judgement results from the application of a decrement to BT, ¢, Il—iu{i}
q1,V, then by induction hypothesis there exists ¥ > ¥ such that B*, (g, [d]) IF
(q1,5 U {i}),¥, and (decr?) shows BY, (g, [d]) IF (g,s U {i}),¥ + & where
vV +8& >V -+¢g as desired.

If the judgement results from an expansion applied to BT, ¢ |F2U“} q,V+
28;, then by induction hypothesis there exists V' > vV + 2§; > vV + &; and
B*, (qe, [d]) IF (g,5 U {i}),V as desired.

Finally, if the judgement results from a split with premises BT, q, IF
q1,v1 and BY, g IF$ g2, V2, then by induction hypothesis there exist V) > v,
and V) > ¥y such that B*, (g, [d]) IF (q1,5),¥) and B¥, (g, [d]) IF (ga, ), V.
Thanks to , this yields B*, (g, [d]) I+ (q, s), V) + ¥, where ¥} + ¥, >
V1 + Vo as desired. O

For the converse direction, given s C [d] and v in N%, we define s - ¥ for

each 0 < ¢ < d by
o ndef |V ifi€E s,
. f— 2
(s-9)(@) {0 otherwise. 2)

Claim 4.2. If BY, (qe, [d]) IF (q,5),V, then B, g IF. g, 5 - .

Proof. We prove the claim by induction on the root judgement in B*. For
the base case, B*, (q, [d]) IF (qe, [d]), 0 indeed matches BT, g IFe g, [d] - O.

For the induction step, first assume that the judgement stems from
and BY, (g, [d]) IF (q1,s U {i}),V + &. By induction hypothesis, B, ¢ IF,
q1,(sU{i}) - (v+8&). Two cases arise depending on whether ¢ € s. First
suppose ¢ € s: then (sU{i}) - (V+ &) = s-V+¢& and ¢ Sy qr yields
B, q ke q,s -V as desired. Assuming i € s, let us decompose v as W + ng;
where W(i) = 0 and n > 0: then (sU{i})- (V+&)=s-w+ (n+ 1)g. We
apply n expansions on coordinate i to show BY, g IFe ¢q1,5- W +&;. Applying
g = q1 then yields B, ¢ IF. g, s - W, where s - W = s - V as desired.

Assume now that was applied to BY, (qp, [d]) I+ (q1,s U {i}),¥.
By induction hypothesis, Bf, g, IFe q1, (s U {i}) - ¥, and ¢ 5 g1 yields
BT qo ke q,(sU{i}) -V + &, where (sU{i})-V+& = (sU{i})- (V+&) as
desired.

Finally, assume that was applied to B, (¢, [d]) IF (q1,s),V1 and
B* (g, [d]) IF (g2,5),V2. By induction hypothesis, BT, q; IFe q1,s - V1 and
BT, qo ke 2, 5 - V2, from which ¢ — ¢ + g2 yields BT, g IFe q,5- V1) + (s - V),
where (s-V1) 4 (s- V) = s+ (V1 + V2) as desired. O

Proof of [Proposition J|. If B, q; I-c ¢, 0, then by (1)), BT, g K0 ¢,.,0, thus by
Claim 4.1L there exists v such that B*, (g, [d]) IF (gr,?), ¥, i.e. we can cover
(qh (Z)) in Bi

Conversely, if B¥, (¢, [d]) IF (g, (), ¥, then by M Bt g lFe gr, 0 -V
where () - ¥ = 0. Therefore B, ¢, IF. g,,0 in the original BVASS B. O
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Theorem 5. Provability in R_, is in 2-EXPTIME.

Proof. By [Proposition 3|and [Proposition 4} from a provability instance (F'),

we can reduce to a coverability instance <B§,, (gr,0), (qe, [|F]])) where pr
has dimension |F| and a number of states in 2°(¥]) for a polynomial p. By
this coverability instance can be solved in double exponential
time in |F'|. Note that the coverability check can be performed on-the-fly
from F' to avoid the explicit construction of B}. U

5. LOWER BOUND

In this section, we exhibit a reduction from BVASS coverability to R_,
provability, thereby showing its 2-EXPTIME-hardness.

Previous reductions from counter machines to substructural logics in [16,
28, [15] actually reduce to provability in the logic extended with a theory
encoding the rules of the system, which is then reduced to the basic logic.
This last step relies in an essential way on the presence of exponential or
additive connectives to ‘dispose’ of unused rules.

Having neither exponential nor additive connectives at our disposal, we
introduce in a comprehensive variant of the expansive reacha-
bility problem, where every rule should be employed at least once in the
deduction. We further avoid the use of a theory and define in a
focusing calculus for R_,, from which the correctness of the reduction given
in [Section 5.3| will be facilitated.

5.1. Comprehensive Reachability. Given an expansive BVASS B = (Q,d, Ty, T5)
and two states g, and g, the comprehensive reachability problem asks whether

there exists a deduction tree of B with root label (g,,0) and leaves label

(qe,0), such that every rule in T, U Ty is used at least once. Termed dif-
ferently, it asks whether B, T, U Ts, q¢ IFe g-,0. We show that BVASS cov-
erability can be reduced to comprehensive expansive reachability, hence by

[Fact 1t

Proposition 6. Comprehensive reachability in expansive ordinary BVASS
1s 2-EXPTIME-hard.

5.1.1. Increasing Reachability. Let us consider an instance (B, ¢,,qe) of the
coverability problem in an ordinary BVASS B = (Q,d, T,,Ts). As a first

step, we construct an ordinary BVASS Bf dof (Q,d, Tl , Ts) with additional

increases q — q for every ¢ in Q and 0 < i < d. We claim that coverability
in B is equivalent to reachability in BT:

Claim 6.1. There exists v in N? such that B, g; I+ g,V if and only if BT, ¢, IF
qT7 O

Proof Sketch. Clearly, it B, q; I ¢,V for some V in N?, then B, q IF ¢, 7,
and using increases in ¢, shows Bf,q; |- ¢.,0. Conversely, if there is a

reachability witness for <BT, qr, qe), then we can assume that increases ¢ N q
occur as close to the root as possible. As increases occurring right below
increments, decrements, or splits can be permuted locally to occur right
above, such a reachability witness has all its increases at the root. The
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FIGURE 2. The rules of B in the proof of

where t ranges over TJ U Ts.

deduction tree below those increases is labelled (g, V) for some ¥ in N¢ and
is also a deduction tree of B. g

5.1.2. Comprehensive Root Rules. The second step of the reduction from
BVASS coverability builds an ordinary BVASS B = (Q*,d + 1 + \TJ U
Ty, Tf,f, T,) with an additional set of root rules designed to allow any rule in
T} UT, to be employed in a reachability witness, depicted in

The idea is to introduce a new state ¢t and a new coordinate for each
rule ¢ in TJ U Ty. Starting from ¢f, B can simulate any rule ¢ from TJ UTs
by first incrementing by the corresponding unit vector &, then applying the
rule, and finally decrementing by & to return to ¢t. This ensures that, if
BT, qo IFe b, ¥ for some ¥ in N9, then B, 7", q; IF. gt, v where T UT, C T".

The additional states and rules from qi and to ¢, then show that:

Claim 6.2. If BT, T, q, . g,0 for some T C Tif U T, then B, THU Ty, g0 I
gr,0.
Conversely, assume that B%, g I, q%, 0. This entails B*, g/ IFe ¢%,8441.

First assume that no decrement by & for any ¢ in TIUT, s is ever used in
the corresponding expansive reachability witness. Then also no increment

by & occurs, and the only rule applicable at this point is ¢ BN qr. This
yields a node n labelled (g,,0), and a deduction subtree rooted by n where
only rules of B and expansions are applied. Because any expansion can be
simulated in Bf using an increase, this yields Bf, ¢, IF ¢, 0.

Assume now the opposite: there is at least one occurrence of a decrement
by & in the expansive reachability witness. Consider the bottommost such
occurrence along some branch, necessarily yielding a node with ¢t as state

label. Then in the same way, below this bottommost occurrence, no incre-

ment by & occurs, and the only rule applicable at this point is ¢ BN qr,
which yields a node n labelled (g, V) for some ¥ in N¢. The deduction sub-
tree rooted by n only uses rules of B and expansions, thus as in the previous
case Bf, g, I g, v. Using increases in ¢, then shows B, ¢ IF ¢, 0. Therefore,
in all cases:

Claim 6.3. If BY, TE U Ty, qo IFe gF, 0, then BT, g, IF gy, 0.
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By Claims and Bi,qu UTs, qr ke q;;,(_) if and only if there

exists v in N¢ such that B, gy IF ¢, v, thereby showing the correction of our
reduction.

5.2. Focusing Proofs in R_,. We enforce a particular proof policy in our
simulation of BVASSs in R_., which is inspired by the focusing proof tech-
niques [2] employed to reduce non-determinism during proof search in se-
quent calculi. With only implication at our disposal, we find ourselves in
a ‘negative fragment’, where focusing proofs have a very simple calculus
FR._,.

A focusing sequent is of one of the two forms ‘T", [A] E B’ or ‘T' E A’ where
‘[A] is called a focused formula. We let I', A, ... denote as before multisets
of implicational formule and A, B, C' implicational formulse. Here are the
rules of the focusing calculus FR_,:

I [AlEa INA,AEa
— (atomi il B e "o
[a] Ea (atomic) I'NAEa (focus) INAFEa ()
I'EA ABlFa I AEB
(=) (=k)

I A JA— BlFa IT'EA— B

Note that our focusing calculus FR._, gives the priority to right implications
over the left implications , focus and contractions :
the latters can only be applied to sequents with atomic succedents a in A.
A similar observation is that a focusing sequent I, [a] F A is provable if and
only if A = a is atomic and I' = () is the empty multiset, since is
the only rule yielding a sequent with a focused atomic formula [a].

Theorem 7 (FR_, is sound and complete). A sequent I' = A is provable in
LR_, if and only the focusing sequent I' E A is provable in FR_,.

We prove [Theorem 7] in [Appendix Al using the admissibility of a suitable
cut rule in FR_,.

5.3. From Comprehensive Expansive Reachability to FR_,. Let us
consider a comprehensive expansive reachability instance (B, ¢,, g¢) with B =
(Q,d,T,,Ts). We are going to construct an implicational formula F' such
that - F if and only if B, T, U Ty, ¢/ IFe ¢, 0.

We work for this on the set of atomic formulae Q W {e; | 0 < i < d}, and

associate to a root judgement B, T, g, I g,V a focusing sequent

qé7ATaF\_/ F q (3)

where A7 encodes the rules in T" C T,, U T, and I'y encodes v: let T =
{t1,...,t;} and V = c181 + - - - + c4€q, then

Ar ¥, T, (4)

Ty et .. e, (5)



12 S. SCHMITZ

where ‘[t]’ is the individual encoding of rule ¢t and ‘A¢’ stands for ¢ repeti-
tions of the formula A. We use the following individual rule encodings:

a5 a] (e = a) —q, (6)
=5 g = (e —q), (7)
[¢ = q1 + q2] dzefQ1—>(Q2—>CJ)- (8)

Then proof search in FR_; is easily seen to implement deductions in B:
Claim 8.1 (Completeness). If B, T, q e q,V, then g, Ar,T'g E gq.

Proof. We proceed by induction on the structure of the root judgement. For
the base case, i.e. for B, 0, ¢ IF. gz, 0, we have

(BEomig

(focus))

[qe] F e
qr F qe
as desired.

For the induction step, if the last applied rule is an increment ¢ = ¢ &, q
on a judgement B, T, q; ke q1,V + €;, then

i.h.
QE7AT7P\77e’i ':(h -
‘=| (atomid])
a0, A1, Iy Fei — q1 [q] F q =

a0, Ar, T, [(e1 = q1) = gl F ¢
a0, A7, T5, (e1 = q1) 2 qF¢q

(focus)

and an additional contraction if t € T shows qp, Apyqny, Ty F g as
desired. B

If the last applied rule is a decrement t = ¢ —> ¢ on a judgement
B, T,qelFe q1,V, then

[ei] = €; i
_— ————  (jlatomicd))
i.h. €i e [d Fq
q, A1, T5 Fq1 ei,[ei = ql F q
Ap, Ty, e, (g1 — (ei = @) F =
qe, AT,1 3,64, |91 i q q Focd)

qe, Ar,Tg,ei,q1 — (ei = q) F q

and an additional contraction (C/|) if ¢ € T shows gy, Arygy, late F q as
desired.

If the last applied rule is an expansion on a judgement B, T, ¢, I, q, V+2€;,
then

i.h.
qe, AT: F\77 €i, € = q

(')
QZaAT7F\776i':q .

as desired.
Finally, if the last applied rule is a split t = ¢ — g1 +¢2 on two judgements
B,T1,q¢ ke q1,V1 and B, 15, g IFe g2, V2, then
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i.h. _
i.h. a0, A, T, Fga [/ Fq :'
q, A1y, T5, F g1 a0, A1y, Iy, (g2 > g F g
e, qo; Ay, A1y, Ty, Ty (1 — (g2 = @)l F g
qe; Aryumugey Do+, F @ <
as desired. O

The interest of the focusing calculus F'R_, is that, starting from a sequent
qe, A, T, [[t]] E ¢ where A is in NATuuTs and T in N{e:l0<i<d} and the focus is
on the encoding of a rule ¢, there is no choice but to follow the proof trees
shown in the proof of Given a multiset m in N¥ for some set F,
we write

o(m) < {e € E|m(e) > 0} (9)
for the support of m.

Claim 8.2 (Soundness). Let A be in NA7wurs | T in N{&l0<i=d} g in Q) and
n > 0. Then ¢}, A,I' E ¢ implies B,0(A), g IFe ¢, Vr.

Proof. Note that n = 0 would yield an unprovable sequent. We proceed by
induction on the structure of a proof tree for the focusing sequent. The only
applicable rules in a proof search from ¢y, A,I' F ¢ are and .
In the latter case, we distinguish three cases depending on the contracted
formula A:
e If A = gy, then by induction hypothesis B,o(A), g IFe q,Vr as de-
sired.
o If A =e¢;in I, then by induction hypothesis B, o(A), q¢ IFe ¢, Vr +&;,
and an expansion yields B, 0(A), g¢ IFe ¢, Vr as desired.
e If A = [t] for some rule ¢ in A, then the support o(A) is not changed
and by induction hypothesis B, o(A), ¢ IFe ¢, Vr as desired.
In the former case, we also distinguish three cases depending on which
formula A receives the focus:

e If A = ¢y, then necessarily A and I' are empty and ¢ = ¢4, and
indeed B, 0, g, Fe q, 0.

o If A=¢; in ', then proof search fails since q # e;.

o If A= [t]in A, then proof search needs to follow the proof trees used

in the proof of and applying the induction hypothesis on
the open leaves of these trees allows to conclude in each case. O

Theorem 8. Provability in R_, is 2-EXPTIME-hard.

Proof. We reduce from the comprehensive expansive reachability problem,

which is 2-ExpT1iME-hard by [Proposition 6, From an instance (B, g, qr)

where B = (Q,d, Ty, Ts), we construct a formula F o q — o(Ty UTs, qr)
defined by
ef def
0(0,q0:) = g , e(Tw{t},qr) = [t] = ¢(T,qr) - (10)

By F F if and only if F F. The latter holds if and only if
qe, Ar,uT, F qr since we can only apply (%JR ). Then this occurs if and only

if B, T,, UTs,q ke ¢, 0 by [Claim 8.1] and [Claim 8.2] O
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FIGURE 3. The additional BVASS rules for LRY, ..

6. EXTENSIONS

The complexity bounds proven in [Theorem 5| and [Theorem & for R_, can
be generalised to larger fragments of R and propositional contractive linear
logic (LLC).

6.1. Adding Multiplicatives. The sequent system LR_, for R_, can be
extended to accommodate further multiplicative connectives: the fusion
connective o (aka. ‘co-tenability’ in [I]) and the sentential constant t:

i(t)
rt-A ‘*t -t

(tr)

A BFC ) LA ArB
T AcBFC FAFAoB (°®)

Let us call LRt_>7O the resulting sequent system. The BVASS Bp presented
in can be extended in a straightforward manner with the rules
of and by identifying g, with t. Thanks to and
this shows that provability in LRY, | is in 2-EXPTIME.

Note that the sequent system LRt_m is the same as that of intuitionistic
multiplicative contractive linear logic (IMLLC), where —, o, and t are
usually noted respectively —o, ®, and 1.

6.2. Adding Exponentials. In fact, essentially the same reduction from
sequent calculus to expansive BVASS reachability can be carried over for
the more general multiplicative exponential fragment of intuitionistic con-
tractive linear logic with bottom IMELZC, see [15, Proposition 9]. The
main differences are that:

(1) The exponential connectives incur an exponential blow-up in the
number of states of the constructed BVASS Bp: its state space now
contains S x 2% where S| is the set of exponential subformulse of
F. The subsequent reduction to coverability in then per-
forms a product with 25\9 (contractions in exponential subformulae
being already handled), hence the resulting state space remains of
size 2PUFD for some polynomial p.

(2) The exponential connectives also require an additional operation of
full zero test: as shown in [I5] Lemma 3], this operation can be
eliminated at no cost in complexity.

By [I'heorem 8| [Proposition 4] and [Corollary 2| we conclude:

Theorem 9. Provability in any logic between R_, and IMELZC is 2-
ExPTIME-complete.
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This applies in particular to Rt,, IMLLC, and IMELLC. It seems likely
that the non-intuitionistic variants MLLC and MELLC, i.e. multiplicative
and multiplicative exponential contractive linear logic, are also 2-EXPTIME-
complete: the upper bound follows from the bound on IMELZC, and the
lower bound should not cause any difficulty, but is beyond the scope of this

paper.

6.3. Adding Additives. The key difference between LRt_),o and the ACK-
ERMANN-complete sequent calculus studied by Urquhart [28] for the conjunctive-
implicational fragment R_, A is the absence of conjunction A and disjunction

V, which are additive connectives that require a richer model of alternating
BVASS; see [15].

7. CONCLUDING REMARKS

Besides closing a longstanding open problem, the proof that R_, is 2-
ExXpTIME-complete paves the way for new investigations:

e In spite of the high worst-case complexity of BVASS coverability,
Majumdar and Wang [17] have recently presented a practical algo-
rithm with encouraging initial results. The reduction in
allows to transfer their techniques to R_, provability, but might in-
cur a worst-case exponential blow-up.

e Provability in the related implicational fragment T_, of ticket entail-
ment has recently been proven decidable independently by Padovani
[20] and Bimb6 and Dunn [3]. Although the complexity of this prob-
lem is currently unknown, the latter proof relies on a reduction to
provability in LRY,, which we prove to be 2-EXPTIME-complete in

Acknowledgements. The author thanks David Baelde for his excellent
suggestion of employing focusing proofs and helpful discussions around their
uses.

APPENDIX A. FocusiNGg CALCULUS

The purpose of this appendix is to prove [heorem 7} FR_, is sound and
complete for R_,. We first prove some preliminary statements:

Lemma 10 (Right implication is invertible). The sequent ' E A — B is
provable in FR_, if and only if I', A E B is provable.

Proof. No other rule of FR_, can yield a non-atomic succedent A — B. O

Lemma 11 (Identity is admissible). Let A = A,, — --- — A1 — a where the
A;’s are arbitrary implicational formule and a is atomic. Then the following
rules are admissible in FR_,:

Id - (1df
AL, AnAlFa (1dpy) ara U4

Proof. Observe that can always be derived from (ld;j) by
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( )
A A AlFa =
A A AFq

()

AFA

We thus prove the two rules simultaneously by induction over the struc-
ture of A. The base case for A atomic (i.e. for n = 0) holds thanks to the
rule; for the induction step, we have the proof

i.h. i.h.
— ()
Ai+1':Al'+1 Ai,...,Al,[Ai%'--—)Al—>CL]':(L =
A1, Ay AL A = A= - = Ay —alFa 0
Let us introduce extra notation: lower-case 7,9, ... denote multisets of

implicational or focused formulse containing at most one focused formula.

Lemma 12 (Mix is admissible). The miz rules and are ad-
missible in FR_, for all n > 0:
A 6§ A" Ea _ 'EA AA"[AlFa

I'NoFa (mix) I''AFa

(mixH)

Proof. Assume that the two premises of a mix rule can be proved in FR_,.
We show by induction, first on the structure of the cut formula A, and second
on the structure of the proof of the right premise, that the conclusion of the
mix rule can be proved in FR_,. Let us consider for this the last rule applied
in the proof of the right premise:

[atomic identityg this is only possible for

(BEomid

'kFa [al Ea —
)

I'kFa

and could be obtained directly from the left premise.
[focust this is only possible for

AA™ [AlEa
(focus))
A A A Eq —
I'AFa

and could be obtained directly from with a sub-proof of its
right premise, thus by induction hypothesis there is a mix-free proof

of ' A F a.
[contractiont this is only possible for
A A2 =g
TEA A A7 lEg :’
[LAFa =

and could be obtained directly from with a sub-proof of its
right premise, thus by induction hypothesis there is a mix-free proof
of ', A F a.

[left implication: here we consider two cases depending on whether

(mix]) or 1mixH ) is applied. Here is the situation with :
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Al,Anl FB AQ,A”Q,[C] Fa

Tk A Ar, Ao, AT (B 5 O Fa "
F,Al,AQ, [B — C] Fa
We replace this proof by the following:
n e A Ag, A™ E
FEA  AGAMEB 2 A™ [ClFa o
F,AI'ZB F,AQ,[C]’ZG .l
=)

F,F,Al,AQ, [B — C] Fa

F,Al,AQ, [B — C] Fa
where the two introduced mix rules have sub-proofs of the original
right premise as right premises, and can therefore be turned into

mix-free proofs by induction hypothesis.
The situation with (mix(j|) is more involved:

(<)

A, (A= BMmEA Ao, (A — B)" [B]Fa
rEA— B A1, Ao, (A— Bt [A — BlEa
F, Al, AQ Fa
We prove this in two steps: we first prove I', Ay, A F a by

inv. ()  TEAS B Ay (A— By, [BlFa
T,AEB T, A, [BlFa
AT, A Fa
F, AQ, AEa
This relies on[Lemma 10]to show I'; A F B. By induction hypothesis,
the top (mix) is applied to a sub-proof of the right premise and
the bottom (mix)) uses a subformula B of the original cut formula
A — B, thus both have mix-free proofs.
As a second step, we use I', Ay, AF a in

Ir'eEA—B A, (A= BmEA

(—7)
(mix)

(mix])

(i)

(<’D

F,AlizA F,AQ,A':(I w3
F7F,A1,A2':CL s
C.
T.AL Ay Fa =

The top has a sub-proof as right premise, while the bottom
uses a subformula A of the cut formula A — B, thus both have
mix-free proofs, yielding an overall mix-free proof for I', Ay, As E a.

[right implicationk cannot yield a sequent with an atomic succedent
a. O

Theorem 7 (FR_, is sound and complete). A sequent I' = A is provable in
LR_, if and only the focusing sequent I' E A is provable in FR_,.

Proof. First observe that any proof in FR_, can be transformed into a proof
in LR_, by removing the focus information in sequents and suppressing
(focus]) rules.

Conversely, we show by induction over the structure of the proof of I' - A
in LR_, that ' F A in FR_,. To this end, let us examine the last applied
rule in the proof of I' - A:
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[identityt by |[Lemma 11} the corresponding sequent A E A can be
proved in FR_,.

[contractiont let B = By — --- — B,, — b where the B;’s are implica-
tional formulee and b is an atomic formula. By induction hypothesis,
I') A, AE B is provable, thus by we have the proof

I'A,A, By,...,Bn,Eb
T.ABy,..  BnFb =
(=2
I'AEB
[left implicationt by induction hypothesis, ' E A and A, BE C. Let

B=By—--—B, >band C=C7 — -+ — C,, — ¢ where b and
c are atomic. Using [Lemma 11| and [Lemma 12| we first prove

( )
AFA Y B BaIBFD
i.h. AyBlaaBma[A%B]':b q "
TEA 1&&PMBWA—M%%‘:E
T,B1,....,Bn,A—> BFD
()
A BFB

Thus, using [Lemma 10| and [Lemma 12| we have:
i.h. and inv.

I''A—-BEB A,BC,....ChEc
T,AA— B,Ch,...,ChEc

(mix])

T,AABFC =
[right implication: the FR_, rule is identical. O

APPENDIX B. BRANCHING VECTOR ADDITION SYSTEMS

Before we prove[Corollary 2] let us define branching VASs in a more formal
way. A BVAS is a tuple B = (d, Ty, Ts) where both T}, and T are finite sets
of rules in Z%. The configurations of B are thus in N¢, and deductions follow
the rules: o o

u-+v u-+vy+ vy

- (unary’) (split’)

Vi V2
for @ in T, respectively Ts. We followed here Demri et al. [10] and defined
BVASs as working ‘bottom-up’ instead of ‘top-down’ as in the semantics of
Dection Jl

The coverability problem then takes as input a BVAS B of dimension d,
a root vector V,, and a leaf vector ¥;, both in N?, and asks for the existence
of a deduction tree using and with root labelled by some
V > ¥, for the product ordering over N¢ and leaves labelled by V,. Defining
root judgements B, vy I V in the natural way, coverability then asks whether
there exists v > v,. such that B, vy I v.

B.1. From BVAS to BVASS. As mentioned earlier, BVAS coverability is
easy to reduce to BVASS coverability. Given a BVAS coverability instance
(B,Vy,Vg) with B = (d,T,,Ts), one builds a BVASS coverability instance
(B', qr,q¢) where B = (Q,d, T, T!) is equipped with a dummy state ¢, one
state ¢g for each split rule t in T, and two states ¢, and ¢o. Unary rules u in
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T, are encoded as ¢ —a, g. Split rules t in T are encoded as q o, qu — q+q.
The root condition is checked by a rule ¢, — ¢, the leaf condition by a rule

g —% ¢;. Then a deduction tree with root v and leaves v, exists for B if
and only if a deduction tree with root (¢,V) and leaves (g, Vvy) exists for B,
and the result follows.

B.2. From BVASS to BVAS. The converse reduction is more involved.
Demri et al|sketch in [10] a reduction that incurs a linear increase in the
dimension, but we need here to be more economical.

Given a vector v in N%, we write ||¥|| for its infinite norm maxg;<g V(7).
For a set of vectors T, ||T'|| then denotes maxgyer ||V|. When considering
BVAS(S) coverability problems, we assume a binary encoding of vectors,
e.g. ||T,| € 20UBD,

Corollary 2. Coverability in a BVASS B = (Q,d, Ty, Ts) can be solved in

920 (n-log(n-log [Q]))

deterministic time 2 , where n denotes the size of the represen-

tation of (d,T,).
Proof. Let us consider an instance (B, g, q¢) of the BVASS coverability prob-
lem, where B = (Q,d, T,,Ts). We construct a BVAS coverability instance

(B',¥,,V;) where B’ & (64d,T!,T"). We do not assume B to be ordinary, i.e.
we have the following general rule for root judgements derived from unary

rules in T;:
BvTaqf I+ q17\_/+ u

B,TU{g > ai},ae b q,9
The idea of the reduction is to encode each state from the finite set Q) =

{q0,- -, q)g|-1} using two extra dimensions. For a state ¢; with 0 <7 < [Q),
we write [¢|; for the pair (i, |Q| — ). This encoding verifies:
[q] < [d] iff q=q. (11)

In order to implement unary and split rules from B in B’, we actually intro-
duce six new coordinates. For a state ¢ in Q and 0 < k < 2, we write [¢]"
for the concatenation 0% - [¢] - 022=k)*+d_ For a vector @ in Z¢, we also write
i for its concatenation with 0% on its left.

Let us define B':

T, < {ql° = [a]' =0l g > a}, (
U {lql' = a1’ ¢ € Q}U{lq]* - a1’ [ ¢ € Q}, (13

(

(

'|0
]

L= {[q)° - (o] = [e2)? | 4 — a1 + @2}
vy < IVQT‘—‘O )
v < g0 (16

Observe that |7, is in O(|Q| + ||Tw||), while || T2, |lvr]| and |Jve]| are in
O(|Q|). We prove the correction of this construction by a series of claims:

Claim 2.1. If B, gy IF ¢, ¥, then B',7, I~ [¢]° + V.

By induction on the structure of a proof for the judgement B, g, I ¢, V.
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e For the base case, i.e. B,q I+ 7,0, then B,V IF ¥y = [¢,]° + 0
by .

e For the induction step, first assume B, ¢, I+ ¢,V as the result of a
unary rule ¢ — ¢;. Then by induction hypothesis, B,V IF [q1]° +
V + 4. Applying yields B,V I- [q1]' + ¥V + @, from which
shows B,V IF [q]° + ¥ as desired.

e Still for the induction step, assume the root judgement results from a
split rule ¢ — q1 +¢2. Then by induction hypothesis, B,V IF [¢1]° +
V1, from which yields B', ¥V IF [q1]* + V1, and also by induction
hypothesis B', vy IF [q2]° + V2, from which yields B,V IF [g2]? +
Vs. Applying then shows B', Vg I [¢]° + V1 + V2 as desired.

Claim 2.2. 1f 0 < k < 2 and B, ¥ I+ [q]* 4 ¥, then B, ¢/ IF q(W), ¥(W).

By induction on the structure of a proof for the judgement B, , I [¢]¥4-v.

e For the base case, B,V I [q/]° by , and indeed B, ¢ IF g, 0.

e For the induction step, if the judgement results from ([12]), then
B IF [¢]' +V + @ with w = [¢]° + V. By induction hypoth-
esis B,q I q1,v + G, from which ¢ = ¢; yields the desired root
label.

o If the judgement results from , then &k > 0 and the judgement
has B, v, IF [¢]°,V as premise, and the induction hypothesis allows
to conclude directly.

e If the judgement results from , then B',V, I [q1]' + V1 and
B,V IF [q2]? + V2. By the induction hypothesis B, g, I+ ¢1,v; and
B, qs Ik q2,Vs, and an application of ¢ — g1 + ¢ yields the desired
result.

In order to conclude on the correction, observe by an easy induction that
B,V IF W implies W = [¢]* + ¥ for some 0 < k < 2, ¢ in Q, and ¥ in N
Thus W > ¥, if and only if W = [¢,]° + ¥ for some ¥ in N, and by the
previous claims and , if and only if B, g IF ¢, V.

Finally, regarding complexity, Demri et al. [10] define in the proof of their

Theorem 8 L &' || T UT!|| 4 ||9,]| + 2, which is in O(|Q| + || T.|), H &' LG,
and B & H?, and show that, if B/,V, I W > ¥,, then there is a proof of

the judgement of height at most H and using vector values truncable to B.
The existence of such a proof can be established with an alternating Turing
machine working in space log B. Since log B is in 20(dlegdloglog(|QI+[|Tull))
this yields the stated bound on the complexity. O

REFERENCES

[1] A. R. Anderson and N. D. B. Jr. Entailment: The Logic of Relevance and Necessity,
volume I. Princeton University Press, 1975.

[2] J.-M. Andreoli. Logic programming with focusing proofs in linear logic. J. Logic
Comput., 2(3):297-347, 1992. doi:10.1093 /logcom /2.3.297,

[3] K. Bimb6 and J. M. Dunn. On the decidability of implicational ticket entailment.
J. Symb. Log., 78(1):214-236, 2013. |doi:10.2178/js1.7801150.

[4] M. Bojaniczyk, A. Muscholl, T. Schwentick, and L. Segoufin. Two-variable logic
on data trees and XML reasoning. J. ACM, 56(3):1-48, 2009. ISSN 0004-5411.
doi:10.1145/1516512.1516515.


http://dx.doi.org/10.1093/logcom/2.3.297
http://dx.doi.org/10.2178/jsl.7801150
http://dx.doi.org/10.1145/1516512.1516515

[5]

[6]

[7]
8]

[9]

(10]

(11]

(12]

(13]

(14]
(15]
(16]

(17]

(18]

(19]
20]

21]

22]

23]

(24]
25]
[26]

27]

IMPLICATIONAL RELEVANCE LOGIC IS 2-EXPTIME-COMPLETE 21

A. Bouajjani and M. Emmi. Analysis of recursively parallel programs. ACM Trans.
Prog. Lang. Syst., 35(3):10:1-10:49, 2013. do0i:10.1145/2518188.

A. Church. The weak theory of implication. In A. Menne, A. Wilhelmy, and H. Angsil,
editors, Kontrolliertes Denken, Untersuchungen zum Logikkalkil und zur Logik der
Einzelwissenschaften, pages 22-37. Kommissions-Verlag Karl Alber, Munich, 1951.
H. H. Curry and R. Feys. Combinatory Logic, Vol. 1, volume 22 of Studies in Logic
and the Foundations of Mathematics. North-Holland Publishing Company, 1958.

P. de Groote. Towards abstract categorial grammars. In ACL 2001, pages 252-259.
ACL Press, 2001. |d0i:10.3115/1073012.1073045.

P. de Groote, B. Guillaume, and S. Salvati. Vector addition tree automata. In
LICS 2004, pages 64-73. IEEE Computer Society, 2004. ISBN 0-7695-2192-4. doi:
10.1109/LICS.2004.51.

S. Demri, M. Jurdzinski, O. Lachish, and R. Lazi¢. The covering and boundedness
problems for branching vector addition systems. J. Comput. Syst. Sci., 79(1):23-38,
2012. doi:10.1016/j.jcss.2012.04.002.

J. Dimino, F. Jacquemard, and L. Segoufin. FO?(<,+1,~) on data trees, data tree
automata and an extension of BVASS. 2013. URL |http://hal.inria.fr/hal-00769249.
J. M. Dunn and G. Restall. Relevance logic. In D. M. Gabbay and F. Guenthner,
editors, Handbook of Philosophical Logic, volume 6, pages 1-128. Kluwer Academic
Publishers, 2002. |d0i:10.1007/978-94-017-0460-1_1.

D. Figueira, S. Figueira, S. Schmitz, and Ph. Schnoebelen. Ackermannian and
primitive-recursive bounds with Dickson’s Lemma. In LICS 2011, pages 269-278.
IEEE Computer Society, 2011. doi:10.1109/LICS.2011.39.

S. A. Kripke. The problem of entailment. In ASL 1959, volume 24 of J. Symb. Log.,
page 324, 1959. (Abstract).

R. Lazi¢ and S. Schmitz. Non-elementary complexities for branching VASS, MELL,
and extensions. Manuscript, arXiv:1401.6785 [cs.LO], 2014.

P. Lincoln, J. Mitchell, A. Scedrov, and N. Shankar. Decision problems for proposi-
tional linear logic. 56(1-3):239-311, 1992. doi:10.1016,/0168-0072(92)90075-B.

R. Majumdar and Z. Wang. Expand, enlarge, and check for branching vector addition
systems. In P. R. D’Argenio and H. Melgratti, editors, Concur 2013, volume 8052 of
LNCS, pages 152-166. Springer, 2013. d0i:10.1007/978-3-642-40184-8_12.

E. W. Mayr and A. R. Meyer. The complexity of the word problems for commutative
semigroups and polynomial ideals. Adv. Math., 46(3):305-329, 1982. do0i:10.1016/
0001-8708(82)90048-2.

S. K. Moh. The deduction theorems and two new logical systems. Methodos, 2:56—75,
1950.

V. Padovani. Ticket entailment is decidable. Math. Struct. Comput. Sci., 23(3):
568-607, 2013. doi:10.1017,/S0960129512000412.

O. Rambow. Multiset-valued linear index grammars: imposing dominance con-
straints on derivations. In ACL’94, pages 263-270. ACL Press, 1994. doi:10.3115/
981732.981768.

J. Riche and R. K. Meyer. Kripke, Belnap, Urquhart and relevant decidability &
complexity. In G. Gottlob, E. Grandjean, and K. Seyr, editors, CSL’98, volume 1584
of LNCS, pages 224-240. Springer, 1999. doi:10.1007/10703163_16.

S. Salvati. Minimalist grammars in the light of logic. In S. Pogodalla, M. Quatrini,
and C. Retoré, editors, Logic and Grammar, volume 6700 of LNCS, pages 81-117.
Springer, 2011. |d0i:10.1007/978-3-642-21490-5_5.

S. Schmitz. On the computational complexity of dominance links in grammatical
formalisms. In ACL 2010, pages 514-524. ACL Press, 2010.

R. Statman. Intuitionistic propositional logic is polynomial-space complete. Theor.
Comput. Sci., 9(1):67-72, 1979. |doi:10.1016/0304-3975(79)90006- 9.

A. Urquhart. The undecidability of entailment and relevant implication. J. Symb.
Log., 49(4):1059-1073, 1984. do0i:10.2307/2274261.

A. Urquhart. The complexity of decision procedures in relevance logic. In J. M. Dunn
and A. Gupta, editors, Truth or Consequences: Essays in honour of Nuel Belnap,
pages 61-76. Kluwer Academic Publishers, 1990. |doi:10.1007/978-94-009-0681-5_5.


http://dx.doi.org/10.1145/2518188
http://dx.doi.org/10.3115/1073012.1073045
http://dx.doi.org/10.1109/LICS.2004.51
http://dx.doi.org/10.1109/LICS.2004.51
http://dx.doi.org/10.1016/j.jcss.2012.04.002
http://hal.inria.fr/hal-00769249
http://dx.doi.org/10.1007/978-94-017-0460-1_1
http://dx.doi.org/10.1109/LICS.2011.39
http://arxiv.org/1401.6785
http://dx.doi.org/10.1016/0168-0072(92)90075-B
http://dx.doi.org/10.1007/978-3-642-40184-8_12
http://dx.doi.org/10.1016/0001-8708(82)90048-2
http://dx.doi.org/10.1016/0001-8708(82)90048-2
http://dx.doi.org/10.1017/S0960129512000412
http://dx.doi.org/10.3115/981732.981768
http://dx.doi.org/10.3115/981732.981768
http://dx.doi.org/10.1007/10703163_16
http://dx.doi.org/10.1007/978-3-642-21490-5_5
http://dx.doi.org/10.1016/0304-3975(79)90006-9
http://dx.doi.org/10.2307/2274261
http://dx.doi.org/10.1007/978-94-009-0681-5_5

22 S. SCHMITZ

[28] A. Urquhart. The complexity of decision procedures in relevance logic II. J. Symb.
Log., 64(4):1774-1802, 1999. doi:10.2307/2586811.

[29] K. N. Verma and J. Goubault-Larrecq. Karp-Miller trees for a branching extension
of VASS. Discrete Math. Theor. Comput. Sci., 7(1):217-230, 2005.

ENS CacHAN, INRIA, FRANCE
FE-mail address: schmitz@lsv.ens-cachan.fr


http://dx.doi.org/10.2307/2586811

	1. Introduction
	2. The Implicational Fragment R
	2.1. A Sequent Calculus
	2.2. Decidability and Complexity
	2.3. Strict -Calculus

	3. Branching VASS
	3.1. Formal Definitions
	3.2. Root Coverability

	4. Upper Bound
	4.1. Expansive Reachability
	4.2. From LR to Expansive Reachability
	4.3. From Expansive Reachability to Coverability

	5. Lower Bound
	5.1. Comprehensive Reachability
	5.2. Focusing Proofs in R
	5.3. From Comprehensive Expansive Reachability to FR

	6. Extensions
	6.1. Adding Multiplicatives
	6.2. Adding Exponentials
	6.3. Adding Additives

	7. Concluding Remarks
	Acknowledgements

	Appendix A. Focusing Calculus
	Appendix B. Branching Vector Addition Systems
	B.1. From BVAS to BVASS.1007 
	B.2. From BVASS to BVAS.1007 

	References

