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Abstract. We make the first steps towards showing a general “random-
ness for free” theorem for stochastic automata. The goal of such theorems
is to replace randomized schedulers by averages of pure schedulers. Here,
we explore the case of measurable multifunctions and their measurable
selections. This involves constructing probability measures on the mea-
surable space of measurable selections of a given measurable multifunc-
tion, which seems to be a fairly novel problem. We then extend this to
the case of IT automata, namely, non-deterministic (infinite) automata
with a history-dependent transition relation. Throughout, we strive to
make our assumptions minimal.

1 Introduction

This paper grew out of an attempt at proving a “randomness for free” type the-
orem [5] for stochastic automata [4]. We present the first steps in this direction.

A stochastic automaton is a transition system on a measurable space @ of
states. When in state ¢ € @), we have access to a set 6(q) of fireable transitions,
from which we choose non-deterministically. A transition is a pair (a,p) of an
action a, from a fixed measurable space L, and of a probability measure p on Q.
Once we have chosen such a transition, we pick the next state ¢’ at random with
respect to u, and proceed. There are two ways to resolve the non-deterministic
choice of a transition (a, ) € 6(q). A pure scheduler o is a function that maps
each path w = qpa1q1 - - a,q, of states and actions seen so far to an element
o(w) of 8(gn) (or to a special termination constant ). A randomized scheduler
7 instead maps w to a (sub)probability measure concentrated on 6(g, ), thereby
drawing the transition at random as well. In each case, given a scheduler 7, the
stochastic automaton behaves as a purely probabilistic transition system, and
one can define the probability P,(£) that the automaton will follow a path that
lies in the measurable set £.

The “randomness for free” question we envision is as follows: given a ran-
domized scheduler n, and a measurable set £ of paths, can we find two pure
schedulers o=, ot such that P,- (&) < P,(€) < P,+(€)? This has a number of
important applications, and was solved positively by Chatterjee, Doyen et al.
[5, Section 4], in the case that @ and L are finite. In general, we consider the
following more general question: given a randomized scheduler 7, and a mea-
surable payoff function h from paths to RT, can we find two pure schedulers



o=, 0" such that [ h(w)dP,- < [ h(w)dP, < [ h(w)dP,+? This includes the
previous question, by taking the characteristic function yg¢ of £ for h.

Beware that one cannot reasonably ask for the existence of a pure scheduler
o such that P,(£) = P,(&). For example, let @ = {0,1,2}, L = {x}, 6(0) =
{t1 = (%,01),t2 = (%,02)} (where §, is the Dirac mass at x), 6(1) = 6(2) = 0.
There are only two pure schedulers, one that reaches state 1 with probability 1,
while the other reaches 2 with probability 1. But one can reach 1 with arbitrary
probability p using the randomized scheduler 1(0) = pdy, + (1 — p)dy,.

While Chatterjee, Doyen et al. are concerned with finite state and action
spaces, infinite spaces are useful as well: in modeling timed probabilistic and
non-deterministic transition systems [7, Example 1.1], or devices that interact
with the physical world [6, 1], where each state includes information about time,
position, impulse and other real-valued data, for example. Considering his pub-
lication record (see for example [16] on labeled Markov processes, or [10] on
Markov decision processes), Prakash would probably be the first to approve us.

Our initial aim was to prove such “randomness for free” theorems for general
stochastic automata. During the year 2008, we found very complex arguments
that proved only very weak versions of what we were after. We were on the wrong
path. On the opposite, Chatterjee, Doyen et al. [5, Section 4] used a simple idea:
draw pure schedulers ¢ themselves at random, with respect to some measure
w, designed so that P,(£) = [ P,(£)dw. The claim then follows by standard
integration arguments (Fact 1 below).

The probability measure w on pure schedulers has an intuitive description,
too: we merely choose the transition o(w) at random with respect to probability
n(w), where 7 is our given randomized scheduler, for each finite path w, indepen-
dently. Now this is the source of typical measure-theoretic complications. First,
we must force our pure schedulers to be measurable. Otherwise, fg P,(€)dw,
and in fact already P,, makes no sense. Second, we need to make clear what
the intended o-algebra is on the space of all pure schedulers. If we don’t have
any, nothing of the above makes any sense either. Third, what does it mean to
draw o(w) for each w independently? The sheer fact that o is measurable must
enforce at least some moderate amount of non-independence.

Chatterjee, Doyen et al. did not need to address these issues: on finite state
and action spaces, all pure schedulers are measurable, and the problems above
disappear. Going to infinite spaces of states and actions requires extra effort.

While we were writing this paper, we soon realized that we would have
to choose between: (1) solving the full question, by applying all the required
measure-theoretic clout if necessary, possibly making it so complex that nobody
would understand it; or (2) solving a few restricted cases, showing a few elegant
proof tricks along the way. It should be clear that (2) was a better choice. We
hope that Prakash will appreciate the techniques, if not the results.

That is, we shall be content to solve the problem in the special case of IT
automata, namely, stochastic automata with a trivial action space, no option for
termination, and no random choice at all: randomness will be induced by the
randomized scheduler only. We shall deal with the general case in another paper.



The plan of the paper is as follows. We recapitulate some required basic mea-
sure theory in Section 2. In Section 3, we define a o-algebra on the set Sel(F) of
measurable selections of a given multifunction F'—these are just what we have
called pure schedulers, for the transition relation F' of a stochastic automaton
without probabilistic choice; and we show that any randomized scheduler g de-
fines a canonical probability measure w, on Sel(F') such that, for every z, draw-
ing a point at random with probability g(z) gives the same result as drawing a
measurable selection f with probability @y and computing f(z) (Proposition 1).
This is the most important construction of the paper. In Section 4, we extend
this result from random measurable selections to random measurable pure sched-
ulers of IT automata. Although the setting looks extremely similar, there is no
hope of reusing the previous result. Instead, we use similar proof techniques, but
with a more complex implementation. We conclude in Section 5.

2 Basics on Measure Theory

A o-algebra on a set X is a family of subsets that is closed under complement
and countable unions. We shall write A for the complement of A in X. A pair
X = (|X|, Xx) of aset | X| and a g-algebra X'x on | X| is a measurable space, and
the elements of X'y are called the measurable subsets of X. We shall sometimes
write X instead of | X| to avoid pedantry.

Given any family F of subsets of a set A, there is a smallest o-algebra that
contains the elements of F. This is called the o-algebra generated by F. We shall
sometimes refer to the elements of F as the basic measurable subsets of this
o-algebra, despite some ambiguity. One example is R with its Borel o-algebra,
generated by intervals. Another one is the product X; x X5 of two measurable
spaces is (| X1| x |X2|, Yx, ® Yx,), whose basic measurable subsets are the
rectangles E1 X Eo, E1 € Xx,, Es € Yx,. In general, the o-algebra on the
product of an arbitrary family of measurable spaces (X;),.; is the one generated
by the subsets 7; '(E) where E € Xx,, i € I, and m;: [Tic; [Xil — [ X4 is the
usual projection onto coordinate 1.

The coproduct X1+ X5 of two measurable spaces X7, X» is simpler: | Xy + Xo|
is the disjoint union of |X;| and |X3|, and Xx, 1 x, consists of unions Fy U E»
of a measurable subset E; of X; and of a measurable subset Ey of X5. This
construction generalizes to countable coproducts ) X, in the obvious way.

A measurable map f: X — Y is one such that f~1(F) € Xy for every
E € Yy. If F generates Yy, it is enough to check that f~1(E) € Yx for every
FE in F to establish the measurability of f.

A measure pon X is a map from Xy to RTU{+o0} that is countably additive
(11(9) =0, and (U, ey En) = > nen #(En) for every countable family of disjoint
measurable subsets E,,). A probability measure is one such that p(X) = 1. The
Dirac mass at x, 0, is the probability measure defined by §,(F) =1if z € E,
0 otherwise.

A measure p is concentrated on a measurable subset A of X if and only if
(X~ A) = 0. For example, if X is finite and X'x = P(|X|), then p = >y a;0,



is concentrated on {z € X | a, # 0}. Any subset A (even non-measurable) of
| X| gives rise to a measurable subspace, again written A, with X4 = {AN B |
B € Yx}. If A is measurable, one can define the restriction j4 of p to the
subspace A, by j4(B) = u(B) for every B € X4. If i is a probability measure
that is concentrated on A, then f 4 is also a probability measure.

There is a standard notion of integral of measurable maps h: X — Rt with
respect to a measure y on X, which we write [, _ - h(z)dp. Other notations found
in the literature are [, _ h(x)p(dx) or (h,u). We shall also use the notation
Juex dp h(z), especially when h(z) is a long formula, asin [, o dut [, o p dpo
h(x1,x2). Writing x g for the characteristic map of a measurable subset E of X,
Joex xE(x)dp equals the measure p(E) of E.

Given a map f: A — |X| (not necessarily measurable) where X is a measur-
able space and A is a set, the family (f’l(E))Eezx is a g-algebra on A, called
the o-algebra induced by f on A. When f is the inclusion map of a subset A of
| X |, we retrieve the subspace o-algebra X 4.

If p is concentrated on a measurable subset A of X, then fxEX g(x)dp =
erA g(z)dp)a, where A is considered as a subspace of X on the right-hand side.

We write P(X) for the space of all probability measures on X, with the weak
o-algebra, generated by the subsets [E > 7] = {p € |P(X)| | u(E£) > r}. One
can equate p € P(X) with a vector of real numbers (u(E)) e, » i-e., with an
element of the measurable space R . The weak o-algebra is nothing else than
the o-algebra induced by the inclusion of |P(X)| into the product R¥x .

Given a measurable map f: X — Y, and a measure p on X, the formula
FIl(E") = p(f~1(E")) defines a measure f[u] on Y, called the image measure
of u by f. For any measurable h: Y — RT, the following change of variables
formula holds [2, Theorem 16.13]:

[ ntwasl = | he e )
yey zeX
More trivially, the function ex: X — P(X) that sends z to the Dirac mass
0, is measurable. These facts assemble to define the so-called Giry monad [11,
Section 1], of which e is the unit. (More precisely, one of the two Giry monads.)
Prakash stressed the importance of this monad in [14]—probably the one paper
that popularized it.

Finally, we shall use the following well-known fact near the end of the paper.

Fact 1 For every integrable map h: X — R on a measurable space X, for every
a €R,if fIGX h(x)du = a for some probability measure p on X, then there are
points x~,x" € | X| such that h(z~) < a < h(z™).

Indeed, if ~ did not exist, say, then h(x) > a for every z € |X|. Let A4, =
h~'(a + 1/n,+o0) for every non-zero natural number n: so |X| = |J,,5; 4n.
Since h(z) > a for every z € |X| and h(z) > a + 1/n if additionally z € A,
a= [ cxhx)dp>a+1/np(Ay), so p(A,) = 0. A consequence of o-additivity
is that the measure of the union of a countable chain of measurable subsets is
the sup of their measures, so 1 = u(|X|) = sup,/> u(A,) = 0: contradiction.



Carathéodory’s measure extension theorem. The following measure extension
theorem, due to Carathéodory, was singled out as “a very useful type of theorem”
by Prakash [15, Theorem 18]; see also |2, Theorem 11.3].

A semiring A on a set 2 is a collection of subsets of {2 that contains the
empty set, is closed under binary intersections, and such that the difference AN\ B
of any two sets A, B € {2 can be written as a finite union of elements of A. A
map g is countably subadditive on A if and only if for every countable disjoint
family of elements A,, of A whose union A is in A, u(A) <>y u(An).

Theorem 1 (Carathéodory). Let {2 be a set, and A be a semiring on 2.
Every function p: A — [0, +00] such that u(@) = 0, that is finitely additive and
countably subadditive on A, extends to a measure on the o-algebra generated by
A. In particular, this is so if 1(0) =0 and p is countably additive on A.

A typical application is 2 = R, A is the semiring of all half-closed intervals
[a,b), and pla,b) = b — a, leading to Lebesgue measure.

The Ionescu-Tulcea Theorem. Let Q,, n € N, be countably many measurable
spaces, and assume countably many measurable maps g, : 1—[?:—01 Qi = P(Qn).
One can think of @,, as the space of all possible states of a probabilistic transition
system at (discrete) time n € N. Given that at time n we have gone through
states go € Qo, ¢1 € Q15 -5 qn-1 € Qn—1, gn(q0,q1," -+ ,qn—1) is a probability
distribution along which we draw the next state g,,. The following Ionescu-Tulcea
Theorem states that these data define a unique probability measure on infinite
paths 40,491, yqn—1,""""

Theorem 2 (Ionescu-Tulcea). Let Q,, n € N, be measurable spaces, and
g« = (gn: H?':_Ol Qi = P(Qn)),~, be measurable maps. For every qo € Qo, there
is a unique probability measure P, (qo) on H;Og Q; such that:

n

+oo
Py.(ao) ([T ¢ TT 101D = s ao) [ (a0) [dga(aom) - [ g (aom -+ 0.

i—0 i=n+1 q1€E, q2€E> n€En
(2)

Moreover, Py, defines a measurable map from Qo to P( :;Og Q).

We consider tuples (o, 41,92, - ,Gn—1) as words, and accordingly write them as
409192 - - - ¢n—1- The notation fqieEl du; h(g;) (where p; = gi(qoq1 - - - gi—1) above)
stands for flh‘EQi du; xe;(gi)h(g:), and the rightmost integral in Theorem 2 is
an integral of the constant 1, which is standardly omitted—i.e., the rightmost
integral is [, .o XB, (4n)d9n(q0q1d2 -~ Gn—-1) = 9n (00102 -+ Gn—1)(En)-

There are several small variations on the Ionescu-Tulcea Theorem. Our ver-
sion is Giry’s [11, Theorem 3], except for the fact that Giry considers more gen-
eral ordinal-indexed sequences of measurable spaces. We will not require that.

The following is needed in the proof of Lemma 2. Lemma 2 looks perfectly
obvious, yet requires some effort to prove. Measure theory is full of these.



Lemma 1. Under the assumptions of Theorem 2, for everyn € N, and for every
measurable map h: H?:o Q; — RT, for every q € Qo,

/ haots - n)dP,. (q) (3)
qoq1- €155 Qs

= [ dgi(q) | dg2(qq1)-- / dgn(991G2 - - Gn-1)P(90142 - - - Gn—1an)-
q1€Q1 q2€Q2 an€Qn

Proof. This is true for functions h of the form xr»_ g,, Ei € Xg,, as one can
check by using (2). Let S be the set of measurable subsets £ of ]!, Q; such that
(3) holds for h = x¢, i.e., such that Py (q)(€) = [, <, 491(a) [, cq, d92(qq1) -
f‘ZneQn dgn(qq1q2 -+ Gn-1)xc(qq1G2 * - - gn—1Gn). S contains all the rectangles, is
closed under complements (using xg = 1 — x¢), and under countable disjoint
unions. For the latter, consider countably disjoint elements &,,, m € N, of S, let
& = Umen Em, and realize that xg = sup,,cy Y p—q Xe,- The Monotone Con-
vergence Theorem [2, Theorem 16.2] states that integrals of non-negative real
functions commute with pointwise suprema of countable chains, so P,, (¢)(€) =
SUDmen Yoheo oy cn 491(0) [ c0, 492(a01) -+ [, co. d9n(a9162 - gn-1)xe, (a1
G2 Qn-1qn) = :f:oo P, (9)(En). Tt follows that S is a o-algebra containing
the rectangles, and therefore contains 2, Qi

It follows easily that (3) holds for step functions h, i.e., when h is of the
form Y ;" arxe,, m € N, a € RT, & measurable. Since every measurable

map h: H?:o Q; — RT is the pointwise supremum of a countable chain of step
m2™

functions (namely hy, = 372 k/2" Xp-1(k/2m 400y, M € N), (3) follows by the
Monotone Convergence Theorem. a

Consider now any family of measurable subsets &, of H:-L;Ol Qi X Qn,n>1,
and assume that for all qo, ¢1, ..., ¢n-1, 9n(qoG1 - * - gn—1) draws ¢, at random
so that qoqy - - ¢gn—1qn is in &,. It seems obvious that what we shall get in the
end is an infinite path qoqi - - - ¢, - - - such that every finite prefix ggq; - - - g5, 1S in
&n. This actually needs a bit of proof. Given a measurable subset E of a product
A x B, and a € |A], the vertical cut Ey, is the set {b € |B| | (a,b) € E}. This is
measurable as soon as E is [2, Theorem 18.1 (7)].

Lemma 2. Under the assumptions of Theorem 2, let &, be measurable subsets

of H?;l Q; X Qn, n > 1, and assume that for all qoq1 - Gn_1 € szol Q,

9n(qoq1 -+ - qn—1) s concentrated on (gn)lqoql---qna'

For every q € Qo, P,,(q) is concentrated on the set Pathg of infinite paths

whose finites prefizes qoq1 -+ qn are in E, for every n > 1. If additionally {q}
is measurable in Qq, then Py (q) is concentrated on the set Pathg(q) of those
infinite paths in Pathg such that gy = q.

Proof. First, Pathg is measurable, as a countable intersection of measurable sub-

sets &, X ;024_1 |Q;]. Since g, (qogq1 - - - gn—1) is concentrated on (&,)

l[q0q1--qn—1’

and the complement of the latter in |Qn | is (En)|goqu -gn_1+ fq €0n XED aoar- s
nCln n)lapar - an—1



dgn(q0q1 -+~ qn-1) = gn(qoq1 - - Q’fl—l)((a)lqoqr”lbzfl) = 0. By taking h = Xg, in
(3), and realizing that xg—(qoq1 -+ - ¢n—1qn) = Xz (¢n), we obtain that

wlagar-apn—1
fqoth"'enj':og 0, Xz (00a1 -+ ¢2)d Py, (g) = 0. In other words, the Py, (g)-measure

of the complement of &, x H;:on 41 1Qil is zero. As a consequence of o-additivity,

the union of these complements when n ranges over N has measure that is
bounded by the sum of their measures, namely 0. So the complement of Pathg
has Py, (¢)-measure 0.

For the second claim, if {¢} is measurable, then Py, (¢)((|Qo|~{g})xTT;=F |Q:])
is equal to 0 by (2). The measure of the complement of Pathg(q) = Pathg N
({g} x [1;=7 |Qs]) therefore also has Py, (q)-measure 0. O

3 Drawing Measurable Selections at Random

Before we go to the more complicated case of schedulers, we illustrate our basic
technique on random choice of measurable selections of a multifunction. We
believe this has independent interest.

A multifunction from a set A to a set B is a map F from A to P*(B), the
non-empty powerset of B. We say that F' is measurable if and only if its graph
GrF = {(z,y) | y € F(z)} is a measurable subset of X x Y. This is one of the
many possible notions of measurability for relations, see [12]. The set F(x) is
exactly the vertical cut (Gr F')|,, showing that for a measurable multifunction,
F(z) is a (non-empty) measurable subset of B (see comment before Lemma 2).

A selection for a multifunction F'is a map f: A — B such that f(z) € F(x)
for every x € A. Every multifunction has a selection: this is the Axiom of Choice.
In measure theory, we would like f to be measurable as well. Theorems guar-
anteeing the existence of measurable selections for certain multifunctions are
called measurable selection theorems. There are many of them (see Wagner [18§],
or Doberkat [8]), but one should remember that measurable multifunctions do
not have measurable selections in general: Blackwell showed that there is a mul-
tifunction from [0, 1] to Baire space NY whose graph is closed (hence measurable)
but has no measurable selection [3] (see also Example 5.1.7 of [17]).

Given two measurable spaces X and Y, let us write (X — Y) for the space
of all measurable maps from X to Y, with the weak o-algebra. The latter is by
definition the subspace o-algebra, induced by the inclusion of [(X — Y| into
the product space X!, In other words, this is the smallest o-algebra that makes
the maps ¢ € (X — Y) — ¢(z) measurable, for every = € | X|.

More generally, given a multifunction F': | X| — P*(]Y]), we also consider the
subspace Sel(F) of (X — Y) of all measurable selections of F', with the induced
o-algebra. (Beware that Sel(F') need not be a measurable subset of (X — Y).)
We again call the latter the weak o-algebra, on this subset. In each case, the
weak o-algebra is generated by subsets that we write [z — E], with z € |X|
and F € Yy, and defined as those measurable functions, resp. those measurable
selections of F', that map z into F.

Assume now a measurable map g: X — P(Y) such that, for every x € | X|,
g(x) is concentrated on F'(z). For each x € |X|, pick an element f(x) in F'(x) with



probability g(x). The function f is a selection of F', but will not be measurable
in general. Can we pick f at random so that f is measurable and f(x) is drawn
with probability g(z)? This is the question we answer in the affirmative here.

The problem looks similar to the construction of Wiener measure, a model of
Brownian motion, where we would like to draw a map from R to some topological
space at random, and this map should be continuous [2, Section 37]; or to the
construction of Skorokhod’s J1 topology, which allows one to make sense of
random cadlag functions. Our solution will be simpler, though: measurability is
easier to enforce than continuity or being cadlag.

One can explain the problem in terms of independence [2, Section 5|. Let
us remind the reader that independence is not pairwise independence. Consider
for example two independent random bits by and b,, and the random variable
bz = by ® by, where @ is exclusive-or. These random variables are pairwise inde-
pendent, meaning that any pair among them is formed of independent random
variables. However, they are not independent, since given the value of any two,
one obtains the third one in a deterministic way. In our case, if we are to draw
a measurable map f at random, then the random infinite tuple (f(x))xe‘x‘ can-
not be a collection of independent random variables. However, the results below
essentially say that we can choose f measurable at random, in such a way that
all countable sequences (f(2n)),cy are independent.

A general way to draw several values at random, independently, is to draw
them with respect to a product measure. The following says that product mea-
sures exists not only for finite products but also for countable products of prob-
ability measures. This is well-known, and can even be extended to uncountable
products: this is the Lomnick-Ulam Theorem [13, Corollary 5.18].

Lemma 3. Let p,, be probability measures on the measurable spaces X,,, n € N.
There is a unique probability measure ju, written &), cy Hn, o0 [ [, cny Xn such that
1(Nier i H(Bi)) = [Lics 1i(E;) for every finite subset I of N, and all measurable
subsets F; of X;, 1 € 1.

Proof. Apply Ionescu-Tulcea’s Theorem 2 to Qo = {*}, Qnt1 = Xn, let g, be
the constant map ¢,(qoq1 - Gn—1) = pn, and note that for every finite set I,
Micr ™ ' (E;) is just the product []I, E; x :_:OZH |Q;l, for some n large enough,
and where we extend the notation F; to denote |Q;| for ¢ & I. O

We shall use the following general technique to construct measurable maps.

Lemma 4 (Patching). Let X, Y be measurable spaces, (E;),.; be a countable
partition of | X| in measurable subsets (I CN), and (f;);c; be a matching family
of measurable maps from E; toY. The patch f: X — Y, defined as mapping
every x € E; to fi(x), is a measurable map.

Proof. Categorically, this follows from the fact that X is the coproduct ), E;.
Alternatively, f~1(E) = U;c;(fi '(E) N E;) is measurable as soon as E is. O

As an application, we show that a measurable multifunction F' that has a
measurable selection must have plenty of measurable selections. Precisely, we
can fix their values, arbitrarily, at countably many arguments:



Lemma 5. Let X, Y be measurable spaces, F: X — P*(Y) be a measurable
multifunction with a measurable selection f, (x;);c; be countably many points in
X (I CN), and y; be an element of F(x;) for everyi € I. Write' y for (Yi)icr-

There is a measurable selection fy of F' such that fy(x;) = y; for every
i € I. Moreover, we can choose fy in such a way that the mapping ¥ — fy is
itself a measurable map from [[,c; F(x;) to Sel(F).

Proof. Without loss of generality, assume that I is N, or an initial segment
{0,1,...,n — 1} of N. Similarly to vertical cuts, we may define horizontal cuts
of Gr(F') at y, namely {x € X | y € F(x)}, and they are measurable as well.
Write F~1(y) for such a vertical cut. Define E;, for each i € I, as F~1(y;)
Uj—o F~'(y;)- Together with Ew = [X|\ U,c; Ei, they form a partition of | X]|
in measurable subsets. Define f; as the constant map on FE; equal to y; for i € I,
and fo, as the restriction of f to E, then form their patch f3, using Lemma 4.
It is plain to see that fy is a selection of F, and fy is measurable.

To show that y — fy is itself measurable, we must show that the set A of
tuples y such that fy € [x — E] is measurable, for z € |X| and E € Xy . For
convenience, write F;(y) for the set we called E; above, and similarly with FE..
Let E; be the set of tuples y € [],.; F(z;) such that y; € F(x) and y; € F(x)
for every j, 0 < j <. E! is measurable since F(z) is measurable: E} is just the
rectangle H;;B(F(xj) N F(2) x (F(z) N F(2) x [Ler 5 F(x). Also, ¥ € E]
if and only if z € E;(¥). Write 7; for ith projection. Since fy(z) € E if and
only if there is an 7 € I such that x € E;(¥) and y; € E, or for every i € I,
x ¢ Ey(¥) and f(z) € E, it follows that A = ({J,.; EiNm; '(E)) if f(z) ¢ E, and
A= (Uer B Owjl(E)) U (ﬂielfz’) otherwise. In any case, A is measurable. O

Theorem 3 is the keystone of our construction, and allows us to provide
foundations to the notion of a random measurable selection.

Theorem 3. Let X, Y be two measurable spaces, and F: X — P*(Y) be a
measurable multifunction with a measurable selection. Let also g: X — P(Y') be
a measurable map such that, for every x € X, g(x) is concentrated on F(x).

There is a unique probability measure w, on the space Sel(F) of measurable
selections of F such that w,((iy[zi = Ei]) = [1i, 9(z:)(E;) for every finite
collection of pairwise distinct points (2;);;<, of X and of measurable subsets
(Ei)1§ign of Y.

Before we prove it, we note the following consequence. Proposition 1 can also
be seen as a partial implementation of the Chatterjee-Doyen-Gimbert-Henzinger
idea of the introduction in the Markovian case: given a (Markovian) randomized
scheduler g, draw (Markovian) pure schedulers f at random so that f(x) is drawn
with probability g(x).

Proposition 1. Under the assumptions of Theorem 8, let h: Y — Rt be a
measurable map, and x be a point of X, then:

/ h(f@)dwmy = [ h(y)dg().
fESel(F) yeyYy



Proof. Let a; be the measurable map f € Sel(F) — f(z). By the change of
variables formula ( ffeSel(F) h(f(z))dwy = [,y h(y)dag[wy]. Now note that

az[wg)(E) = wy(a; ' (E)) = @y([z — E]) = g(2)(E), so az[wy] = g(x). 0

Proof (of Theorem 8). We use Carathéodory’s measure extension Theorem 1. Let
A be the semiring of subsets of the form (", [#; — E;] given in the statement of
the Lemma. To check that this is a semiring, consider any two sets A and B of this
form. We must show that A\ B is a finite union of elements of .A. We may write
Aas (Vo[ — Ei], B as (\,2,[2}; — Ej]. Then A~ B is the finite union of the
sets Aj, 1 < j < m, defined by: if :c§ = zy, for some (unique) k, 1 < k < n, then
Aj = m;;:é [(El — El] n [.’Ek — E; E;], else Aj = n?zl[(bi — Ez] N [1’; — Q\E-;]

Note that A generates the weak o-algebra on Sel(F'), by definition. Assume
there is a map p: A — [0, +00] that satisfies the formula given in the statement of
the Lemma: p(N_,[z; — E;]) =[], 9(z;)(E;). For now, this is an assumption,
not a definition. For it to be a definition, we would need to check that this
is unambiguous: if (;_,[v; — Ei] = [z} — Ej], we should verify that
[T, 9(zi)(E:) = [Tj%, [« — E7]. This will be easier to prove later. Until then,
we concentrate on the more mteresting question of g-additivity.

Let Ay, = mz‘elk [k — FEki], k € N, be a countable family of disjoint elements
of A whose union is some element A of A again, where each index set I} is finite.
We must show that p(A) = 3720 u(Ax).

There is a simple trick to prove this: we exhibit a measure (s[us] below) that
coincides with p on A and each Ay, k € N. We shall call this the Lomnick-Ulam
trick, since this also subtends the classical proof of the Lomnick-Ulam theorem.

Observe that the set of points (zi)ycp ;eg, i countable. For each countable
set .J of points of X, let s;: [] ., F(x) — Sel(F) be the map ¥ +— fy given in
Lemma 5. Let p 5 be the product probability measure &), ; g(x) on [[ o, F (),
as given in Lemma 3.

By definition, s;[us](€) = ps(s;'(E)) for every measurable subset & of
Sel(F). In particular, if J contains all the points z1, ..., T, then s ;[ s]((i, [z
— Ei|) = piAY € [lhey Fz) | Vi, 1 <i < n-y,, € E;} (since s;(¥)(xi) =
f3(zi) = ya,, where we agree to write the tuple ¥ with indices in J, namely, as

Ya)pes) = wr(Niey o —1(E;)). By definition of 11, this is equal to [1—; 9(zi)(E;),
hence to p((ie, [z = E;]).

In other words, s;[us] coincides with p on all subsets of A of the form
Ni_;lxi — E;] where every z; is in J. It is certainly not the case in general that
sj[pns] and p coincide! The condition that every x; is in J is crucial. This condi-
tion is satisfied by A and every Ay, k € N, provided we take J = (Tx;)cn el
Since s;[pg] is o-additive, the equation p(A) = Zk o W(Ag) holds.

This construction also shows that p indeed exists, something we had de-
ferred the verification of. The problem was to show that if NI, [z; — E;] =
Njzy [ — Ef] then [T, g(x:)(Ei) = [[j2, [} — Ej]. Take J = {@1,--- ,2,} U
{zf, -+ ,2),}. The inverse image by s, of the set I_,[z; = E;] = ﬂJ 17—



Ef]is equal to (., 7. (Ei) = ﬂ;n:1 7r;,jl(E§-), and its pj-measure is [\, g(z;)
(Ei) =12, [} — Ej], by definition of the product probability measure.

The existence of w, follows directly from Carathéodory’s theorem. It is clear
that it is a probability measure. Uniqueness follows from the fact that probability
measures are uniquely determined by their values on any w-system that generates
the o-algebra [2, Theorem 3.3]. A w-system is a collection of sets that is closed

under binary intersections, and certainly A qualifies, as a semiring. O

4 IT Automata

Consider the following simple form of non-deterministic automaton, which we
call an IT automaton (for Ionescu-Tulcea automaton): a tuple (Z, A, F) where Z,
A are measurable spaces, and F: ZA* — P*(A) is a measurable multifunction
with a measurable selection. Z can be thought as a space of input values, A
as a space of states, and F' as a generalized transition relation, which given a
finite history zA; - - - A,, produces a non-empty set F'(zA; - - A,) of possible next
states. The idea is that the system starts with some input value z, goes to the
first state Ay € F(z), then to a second state Ay € F(2\1), ..., to an nth state
An € F(2A1---Ap—1), and so on. In other words, IT automata are just like
non-deterministic automata, except on possibly infinite state spaces and with a
history-dependent transition relation.

We use the notation A* for the space of all finite words on the alphabet A,
which we equate with the countable coproduct »_ A" We also write ZA*
instead of Z x A*, and will more generally drop the x symbol in cases where this
is not ambiguous. Accordingly, we write zA; - -+ A,, in word notation, instead of

as the tuple (2, A1,---, A,). We have already done so before.
Since an IT automaton starting from input value z will produce infinitely
many states \i, ..., \n, it is natural to study the space ZAN of infinite paths of

the automaton, where AY is the product of countably infinitely many copies of
A. (This is written A“ in language theory.) The o-algebra on ZAY is generated
by so-called cylinders, which are exactly the products XoA14s... A, AN with
XoeXyand A, € Y4, 1<i<n,and n €N.

A randomized scheduler for such an IT automaton is a measurable map
g: ZA* — P(A) such that g(zA;---\,) is concentrated on F(zA;---)\,) for
every zA1 -+ A, € ZA*.

Given a measurable subset £ of ZAN, and an input value z € |Z|, the proba-
bility that the induced infinite path lies in £, where A, is chosen at random with
probability g(zA1 - -+ A1) at each step, is given by Theorem 2, with Qo = ZA*,
Q; = Afor every i > 1, and letting g,, be the restriction of g to ZA"~!. Explicitly:

Proposition 2. Let Z, A be two measurable spaces, and g: ZA* — P(A) be a
measurable map. There is a unique map Py: ZA* — P(ZAY) such that Py(w)(Xo
NAg - Ay Ay n AY) s equal to:

X0 (204 () - x4, () / dg(w) A dg(whnir) - A g (Wit - Amsm1)

An+1€An4+1 S App2€An 42 ntm€Anim



for all measurable subsets Xo of Z, A; of A (1 <i<m,n<m), and elements
w =2\ Ay € ZA*. Moreover, Py is measurable.

A pure scheduler for the IT automaton (Z, A, F) is just a measurable selection
of F: given the history z\; - -+ A1, pick a next state A, from F(zA;--- \p—1).
Given a pure scheduler f, define f: ZA* — ZAN so that ]?(z)\l -+ Ap) is the
unique infinite path that we obtain by starting with the history zA; - -- A, and re-

peatedly computing next states, using f: f(zA1-+-A\p) = 2 1 Ap a1 Ak -+ -

where Ay ypr1 = f(2A1 - At Antk), for every k € N.

One might think of doing the following. Fix an IT automaton (Z, A, F),
and a randomized scheduler g for this automaton. Pick a pure scheduler f at
random, with respect to the probability measure w, given by Theorem 3, and

show that the probability that f(z) falls into any given measurable set & of
infinite paths is equal to the probability Py(z)(€) given in Proposition 2. We
did the computation, and checked that this indeed holds... except this is all
wrong! This does not make sense unless the map f — f(z) (for z € |Z]| fixed) is
measurable. We cannot dismiss the problem: this is the central question here.

To state it another way, the weak o-algebra on the space of pure schedulers
has to be replaced by a larger one: the weak o-algebra on the set |Sel(F)| of pure
schedulers is the smallest that makes every map f € |Sel(F)| — f(zA1---Ap)
measurable, for every zA; --- A\, € ZA*. We write ggl(F) for |Sel(F')| with the
weak o-algebra.

For w = 2\ -+ A\, € ZA*, and a measurable subset £ of AN, let us write w&
for {z} x {A1} x -+ x {\,} x E. The weak o-algebra is generated by the sets
[w =5 wé], defined as the set of pure schedulers f such that f(w) € wé.

We wish to define our probability measure w, on pure schedulers f by saying

that the probability that f(w) € w€ (for any fixed w, &) is exactly Py(w)(E),
where Py is given in Proposition 2: namely, wy([w = w€]) = Py(w)(£). That
cannot be enough to define &,, and we need to at least define wy(;_,[w; =
w;&;]) for all finite intersections of sets [w; = w;&;]. Now there is a big difference
with the case of random measurable selections (Section 3): the choices we make
for f(u}z) for different indices i cannot in general be independent. Indeed, imagine

we have chosen f(w;), for some 4, to be w41+ Aptm -+ : then we have no
choice for f(w;An+1), and also for f(w;Ant1An42), - .., which must all be equal
t0 WiAn+1 -+ Angm - - - This is the consistency condition mentioned in the proof

of Proposition 3 below: in general, if we have chosen f(w;) as w;w; for some
w; € AN and later we need to choose f(wj) where w; is a prefix of w;, and w;
is a prefix of w;w;, then we must choose it as ]?(wj) = W;w;.

We still proceed in a manner similar to Section 3. We now need an extra
assumption: say that measurable space X has measurable diagonal if and only if
the diagonal A = Gr(=) = {(x, ) | € | X|} is measurable in X x X. Dravecky
[9, Theorem 1] shows a number of equivalent conditions. One of these is that
X has measurable diagonal if and only if there is a countable family (E., ),y
of measurable subsets of X that separates points, that is, such that for any two



distinct points x, y, there is an F,, that contains one and not the other. This is
true for all Polish spaces, notably. Another one is that X has measurable diagonal
if and only if for every measurable function f from an arbitrary measurable space
Y to X, the obvious multifunction y € Y + {f(y)} is measurable. This apparent
tautology is wrong when X does not have measurable diagonal! The canonical
counter-example is Y = X, f = id x: the corresponding multifunction is precisely
the one whose graph is A. Finally, every one-element subset {z} of a space X
with measurable diagonal is measurable in X; indeed, {x} is the vertical cut 4A,.

Proposition 3. Let (Z, A, F) be an IT automaton, with a randomized scheduler
g: ZA* — P(A). Assume that Z and A both have measurable diagonals. Let
Py ZA* — P(ZAY) be the probabili/tg\/;on—paths map given in Proposition 2.
There is a probability measure W, on Sel(F') such that Wy([z = &]) = Py(2)(E)
forallze Z and € € Yy~

Proof. (Outline. The technical details are relegated to Appendix A.) As a nota-
tional help, we write w, possibly subscripted or primed, for finite words in ZA*,
and w, possibly subscripted or primed, for infinite words in AYN.

Let us write < for the prefix relation on finite and infinite words. Say that a
set of words A of ZA* is prefiz-closed if and only if for every w € ZA* that is a
prefix of some element of A, w is in A as well.

Let A be the semiring of all finite intersections of basic measurable subsets
Ny [w; = w;&]. By adding extra words if needed, we may assume that Z =
{wy,...,wy,} is prefix-closed.

It is hard to even attempt to describe explicitly the values of W, on elements
of A. In the proof of Theorem 3, we had eventually shown that the value of the
desired measure w, coincided with the image measure of some other measure
defined on a product space for sufficiently small parts of the semiring. We define
wg on A(Z) by a similar Lomnick-Ulam-like trick: through image measures of
some measures [yy under maps ayy, for countably infinite subsets W of ZA*.

Given a countably infinite set W = (w;),c; of words in ZA* (with J =
N~ {0}, say), let Cstyy be the subspace of [] ¢,y Pathp(w) consisting of those
tuples (ijj)jeJ that are consistent: for all 4,5 € J such that w; < w; < w;w;,
then w;w; = w;w;. In pictures, if the leftmost two zones are equal then the
rightmost zones are equal, too:

™
I
| |

T
|
w; : wj

Wi

Using Ionescu-Tulcea’s Theorem 2, we build a probability measure uyy on C'styy
(Proposition 5 in Appendix A). Intuitively, uyy picks wiw; at random using
probability measure Py(w1 ), then picks wows, ..., wjwj, ..., as follows. At step
J, if wy = w; X ww; for some previous i, 1 < ¢ < j, then we pick wjwj,
deterministically, as equal to w;w;, enforcing consistency; otherwise, we pick
wj;w; at random using probability measure P,(w;). All this makes sense provided



we sort W topologically, i.e., we choose the indexing scheme so that any w; that
is a prefix of w; occurs before w;, viz., ¢ < j (Lemma 6 in Appendix A).

Given w € W, say w = wj, let us write [w : &] for the set of consistent tuples
W& in Cstyy such that w; € €. One can show that, given any finite prefix-closed
set {wy, ..., w,} of words in ZA*, the value pw (i, [w; : &]) is the same for all
countably infinite subsets W that contain wy, ..., w, (Lemma 9 in Appendix A).
The formula we obtain simplifies when n = 1 and w; is a single letter z € Z:
pw([z : €]) = Py(2)(2€) (Lemma 10 in Appendix A).

We take the image measure of pyy under a measurable map ayy: wW €
Cstw — fwz € Sel(F) that retrieves a canonical pure scheduler from a con-
sistent set of tuples (Proposition 6 in Appendix A), defined in such a way that
fm(wj) = w;wj for every j € J. This is done by patching, similarly to Lemma 5.

Note that aw [pw](Nie,[wi = w;&;]) is independent of W, provided that
W contains the prefix-closed subset {w1, ..., w,}. Indeed, aw[pw](Nie; [wi =
w;&]) = pw(Niey[w; ¢ &), which we have shown independent of W. We can
therefore define @, as coinciding with ayy[uyy] on those elements (., [w; =
w;&;] of A with {wy,...,w,} C W. As such, it is o-additive on A: as in the
proof of Theorem 3, let Ay =, ¢z, [w = Ewil, k € N, be a countable family of
disjoint elements of A, where Z}, is finite and prefix-closed, and A =, c7[w =
Ew] be their union, assumed in A, with Z prefix-closed again. Then wy(A) =
> ken Wy (Ayg), since w, coincides with the measure ayy[uy] on A and every Ay,
for W = (J,,cy Zr U T (which is countable).

Finally, wq([z = 2&]) = pw([z : £]) = Py(2)(2€), for every measurable subset
& of AN. Since P,(z) is concentrated on Pathp(z), hence on zAN, for every
measurable subset £ of ZAY, Gy([z = €]) = Gy([z = 2E.]) = Py(2)(2€),) =
Py(2)(EN2zAN) = Py(2)(E). O

We can now integrate on infinite paths w with respect to P;(z), or on pure
schedulers, and this will give the same average value:

Proposition 4. Under the assumptions of Proposition 3, let h: ZAY — RT be
a measurable map, and z € Z, then:

[ G, = [ b)),
feSel(F) WEZ AN

Proof. Let a,: f +— f(z). This is a measurable map, since a;(€) = [z = &].
The left-hand side is ffe’éa(F) h(a.(f))dwg = [, ¢ 7 M(w)da.[@y] by the change
of variables formula (1). Proposition 3 states precisely that &, [Wy] = Py(z). O

We may think of h as a payoff function on infinite paths. The above shows that
the average payoff with respect to P,(z) is also the average of the individual
payoffs h(f(z)) one would get by drawing a pure scheduler f at random instead.

Fact 1 then implies that the value of the average payoff is bounded by the
payoff evaluated on two pure schedulers f~ and f7:



Corollary 1 (Randomness for Free). Under the assumptions of Proposi-
tion 8, let h: ZAY — Rt be a measurable map, and z € Z. There are two pure
schedulers f~ and f* in Sel(F) such that:

M [ )Ry (e) < ),

5 Conclusion

We have established a few “randomness for free” type theorems for measurable
multifunctions first, for I'T automata second. The results are pleasing, and our
assumptions are fairly minimal. Our proofs use fairly simple ideas, too: there
is the Chatterjee-Doyen-Gimbert-Henzinger idea of drawing measurable selec-
tions/pure schedulers at random first, and this makes sense because of a com-
bination of patching, of Carathéodory’s measure extension theorem, and of a
Lomnik-Ulam type trick.

Where should we go next? One may push the results on IT automata to par-
tially observable IT automata. Instead of a measurable transition multifunction
F: ZA* — P*(A), such automata have a measurable transition multifunction
F: ZA* — P*(Z), where 5 is an (additional) measurable space = of actual
states. Such states ¢ are mapped to observable states A € A by a measurable
map 7: ZA* x = — A; this may depend on the past history w € ZA*, viz.,
A = 7(w,q). We pick the next observable state A after history w by picking ¢
from F(w), then computing 7(w, q). Modifying the notion of consistent paths
as required, it seems feasible to prove an analogue of Proposition 3 for partially
observable IT automata. The o-algebra on Sel(F') needs to be changed again!
so that we cannot reuse Proposition 3 as is. Once this is done, we can proceed
to stochastic automata [4]. Given a stochastic automaton with state space Q
and action space L, take Z = Q, A = (L x Q) (writing X for X 4+ {L}), and
= = P(A). Taking g to be the second projection map 72, Theorem 3 allows us
to draw the observation maps 7: Q(L x Q)% X P((L x Q)1) — (L x Q)1 at
random, and this will simulate the probabilistic choice of ¢’ with respect to
described in the introduction. Combining this with the alluded “randomness for
free” result for partially observable IT automata, we hope that it would settle
the “randomness for free” question for general, stochastic automata.
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A Auxiliary Results Needed for Proposition 3

In the following, we fix an IT automaton (Z, A, F') with a randomized scheduler
g: ZA* — P(A). We also assume that Z and A both have measurable diagonals.
Let P,: ZA* — P(ZAN) be the probability-on-paths map given in Proposition 2.

In the rest of this section, we fix a countably infinite set WV of words in ZA*.

We let J ={1,2,---} = N~ {0}. This will serve as an index set.

Lemma 6. One can write W as a family (w;),c; in such a way that for all
i,j € J, if wy 2 wj then i < j.



In other words, one can sort the words topologically. Proving this involves show-
ing that the order type of VW under the prefix ordering is at most w.

Proof. There are only countably many elements of Z, resp. A, that can occur
in any word from W, so one can attribute each of them a unique natural num-
ber. Equate each element with the corresponding natural number. Each word
w = zA1 -+ Ay can now be encoded as pfp%l '-~p2117 where p1, P2, ..., Dny - -
enumerate the prime numbers. This way, if w; is a proper prefix of w;, then w;
will be encoded as a lower number than w;. Now enumerate the words w; in the
order of their encodings. O

In the rest of Section A, we assume such a topologically sorted indexing
scheme (w;);. ; for W.

Lemma 7. For every n € J, Py(wy) is concentrated on Pathp(wy,).

Proof. Since Z and A have measurable diagonals, so does ZA*. For each n € J,
{wy} is therefore measurable in ZA*, so we can apply Lemma 2 and conclude
that Py(w,) is concentrated on Pathp(wy). O

In particular, the restriction Py(wn)|pathy(w,) Mmakes sense. To reduce visual
clutter, we simply write P;(w,,) for the latter probability measure on Pathp(wy,).

We shall write w, AN for the set of words in ZAY that have w,, as a prefix.
As the product {w,} x AY, this is a measurable set. (Recall that one-element
sets are measurable, since Z and A have measurable diagonals.)

We wish to draw the values w;w; of f(wj), j € J,in a consistent way, namely,
if we have already mapped w; to the value w;w;, and w; < w; = w;w;, then we
have no choice and must choose to map w; to w;w; as well. We achieve this by
using Ionescu-Tulcea’s Theorem 2 on another probabilistic transition system,
defined as follows, and which we only use as a mathematical helper. This is
certainly no real-life, practical transition system, and is not meant to be.

We let Qo = {*}, g0 = *, Qn = Pathp(w,) for n € J, and g,: H?:_Ol Qi —
P(Qn) map (¥, wiwi, "+ , Wn_1Wn_1) to:

— the Dirac mass d.,.,, where ¢ is the least index in 1,--- ,n — 1 such that
w; = w, = ww;, if one such index exists; this implements consistency;
— otherwise, the probability measure P, (wy,).

Both are probability measures on @Q,, = Pathp(wy,): the second one by Lemma 7,
the first one because w;w; is a path in Pathp starting with w,,.

Lemma 8. For every n € J, g, is measurable.

Proof. For every i, 1 < i < n, such that w; =< w,, the set A; of infinite words
w;w; in Pathp(w;) that have w, as a prefix is Pathp(w;) N w,AY, hence is
measurable. By extension, when w; £ w,,, write A; for the empty set. Rephrasing
the definition, g, (*, wiw1, -+, wp_1wn 1) is defined as e paip o (w,,) (Wiw;) on By =
bl x Ay x oo x Ay X Ay X |Qisa| X - X |Qu1], 1 < i < n (recall that e



is the monad unit, which is a measurable map), and as P,(w,) on |J!—}' E; (a
constant map). So g,, is a patch of measurable maps, and is therefore measurable
by Lemma 4. 0

We can now apply lonescu-Tulcea’s Theorem, as promised, and obtain a
probability measure on {*} x [[;c; Pathr(w;) = ;—:OT Pathp(w;) that we de-
cide to call pyy. (This is the measure P,, (*) of Theorem 2, but we wish to avoid
any visual confusion with P,.)

Let Cstyy be the set of tuples of paths (w;w;), ; in [1;c; Pathr(w;) that are
consistent, i.e., such that for all 4, j € J such that w; < w; < wiw;, wjw; = ww;.
These are the only ones we can ever hope to produce from a pure scheduler f,
namely, that are of the form (f(w;)),;c -
Proposition 5. The probability measure pyy is concentrated on the set C'styy
of consistent tuples.

Proof. Let F, be the multifunction from H;:ll Pathp(w;) to Pathp(w,,) de-
fined, similarly to g,, by letting F,, (wiwy, -« , Wp_1wn—1) be:

— {wj;w;}, where i is the least index in 1,- -+ ,n — 1 such that w; < w, =< w;w;,
if one such index exists;
— otherwise, Pathg(wy,).

One checks easily that F,, is a measurable multifunction, and that g, (wiwq, -,
Wp—1Wn—1) 18 concentrated on F, (wiwi, -+ , Wp—1wn—1). We apply Lemma 2 to
&, = Gr F,, and obtain that pyy is supported on Pathe.

It remains to show that Pathe = C'styy. Given any inconsistent tuple (ijj)jEJ,
there must be two indices 7,j € J such that w; = w; < ww; but wjw; # wiw;.
Since W is topologically sorted, i < j. Take ¢ minimal. Then w;w; would be out-

side {wiw;} = Fj(wiwr, -, wj—1wj—1) = (&) |(wiwr, w;_10;_1)» Showing that
the tuple is not in Pathg. This establishes that Pathe C Cstyy. The converse
inclusion is obvious. a

The restriction pw)cyt,, therefore makes sense. Again, we simply write iy for
this restriction, and consider it as a probability measure on C'styy.

Given w € W, say w = wj, let us write [w : &] for the set of consistent tuples
wa in Cstyy such that w; € &.

A set A of words in ZA* is prefiz-closed if and only if, for every w € ZA*
and A € A, wA € Z implies w € 7.

Lemma 9. Let {w},...,w),} be a finite prefiz-closed set of words in ZA*. For
all measurable subsets €1, ..., E, of AV, the value of pw (N, [w} : &) is inde-

pendent of the countably infinite set W, provided it is a superset of {w],...,w}}.

Proof. Consider any countably infinite superset W of {w/,...,w’}. Write W as
y 1 n
w;) .., as usual. Let w} = w;,, ..., w, = w; . Up to permutation, we may
1/5ed 1 J1 n In

assume that j; < jo < -+ < j,. Then (N, [w] : &] is equal to the intersection

of Cstyy with H;;l Pathp(w;) X wj, & X H;i_hlﬂ Pathp(w;) X wj,€ X -+ X



i —1
;":jnilﬂ Pathp(w;) x w;, E, X H] it

This requires an abbreviation for all the integrals fij,- cz AN
wj_1wj_1) with j & {j1,j2,- -, jn}—which will turn to be useless: write [, ,dg

for the list of symbols

Pathp(w;). We now use formula (2).
dgj(*a wiwWy, -+,

/ dgr (x, wiwy, - - - 7wk—lwk—l)/ dgp41(x, wiwi, - -+, Wrwy)
w K

vpwr € Pathp (wy) Wk t1wk4+1E€Pathp (wi41)

/ dge(*, wiwy, -+, We_1We—1).
w

cweEPathp(wy)

We can now write:
Mw( // / dgj, (*, wiwr, - -+, wj, —1wWj, 1) (4)
i Lji—1wj wj) €wyy &1
// / dng(* C I R ,UJj2_1Wj2_1)"‘
Jit+1l--g2—1 wn“’Jzequ?

// dgj, (*, wiwt, -+, wj, —1Wj, ~1).
Jn—1+1-- Jn*l Wiy, Wiy, €EWjp, En

Since {w1,...,wy} is prefix-closed, for each i, 1 < ¢ < n, g;,(x,wiwi,- -,
wj,—1wj;—1) can be written as a function g} (wj,wy,,- -+ ,w;, ,wj, ,) of just those
words wrwy, with k € {j1,...,jn}, k < ji. Explicitly, g;(wj, wj,, -+, wj, wj, ;)

is 61,)“%@ where £ is the least index, 1 < ¢ < 4, such that w;, < w;, 2 wj,w;, if one
exists, and Py(wj,) otherwise. In (4), the final mtegralf e, 4gj, (x, w1,

nWin EWj,
3wjn_1wjn_1) = fwjnwjneqﬂjngn dgn(wjlw]17 e w]n—lw]n—l) is independent
of all the formal variables w;, ,y1wj, ,+1, ., Wj,—1wj,—1 that the integrals
—_—
fijePathp(wj) dg; (x, wiw, - - - 7wj,1wj,1) hidden in ffjn,ﬁrnjn—l dg intro-

duce. Since all these integrals are with respect to probability measures, they
merely contribute a factor of 1. We repeat the process, from right to left in (4),

erasing all the notations [f. ., . dg, and obtain:

n

pw ([} : &) =/ dg, () /dgé(wjlel)"'/dgil(wjleu“' s Wy Wi,y )-

i=1 j1 Wit EWjp E1J Wiy wjy EWwjy E2 Wiy Win €W En

It is now evident that (i, [w} : &]) is independent of W. O

Applying (5) to the case n =1, w;, = z € Z (which is automatically prefix-
closed), and noticing that g () = Py(w;,) = Py(z), we obtain:
Lemma 10. For every z € Z, for every countably infinite set W of words of
ZA* containing z, for every measurable subset & of AN, pw([z : E]) = Py(2)(2E).
Proposition 6. For every consistent tuple Wi = (ijj)jEJ in Cstyy, there is

a pure scheduler faz such that fm(w]) = wjw; for every j € J. Moreover, the
map ayw: Wi € Cstyy — fwz € Sel(F) is measurable.



Proof. If w € ZA* is a prefix of an infinite word in AN, then this infinite word
can be written in a unique way as wlw for some A € A and w € AN: let us call
A the letter after w in the infinite word.

Since (Z, A, F) is an IT automaton, F' has a measurable selection o. For each
consistent tuple Wi = (w;w;) in Cstyy, we define a pure scheduler fwz as
follows. For every w € ZA*,

jeJ

— either w; = w < w,w; for some j € J, and fgz(w) is the letter after w in
WwiWss
— or w; 2w X wjw; for no j € J, and faz(w) = o(w).

In the first case, it does not matter which j € J is picked, because of consistency.
Imagine indeed that w; = w < ww; and w; < w = wjw; for two indices ¢, 5 € J.
Since w; and w; are two prefixes of the same word w, one of them must be a
prefix of the other, say w; < w;. Then w; < w = w;w;, and consistency entails
that w;w; = w;wj, so the letter after w is the same in both infinite words.

For short, let us say that w is stored in W& if and only if w; < w < wjw; for
some j € J. In this case, it is easy to see that fm(w) = wj;w;. This implies our
first claim, namely that fm(wj) = w;wj for every j € J.

When w is not stored in wa, the situation is a bit more complicated. Let
go(w) = w, og1(w) = op(w)o(or(w)), be the ever longer sequence of finite
prefixes of &(w). If no &4 (w) is stored in W&, then fwg(w) = &(w). But there
may be a k € N such that 7 (w) is stored in w&. Taking the least such k,
it must be the case that fm(w) = wj;w; where j is any index of J such that
w; = op(w) < wjw;. These remarks being made, let us proceed.

We wish to show that the map ayy: W& € Cstyy — faz € Sel(F) is mea-
surable. For now, fix w € ZA*.

The set Sy of tuples w € C'st such that o (w) is stored in wdJ, is measurable.
Indeed, o (w) is stored in wa if and only if there is a j € J such that w; <
or(w) 2 wjwj, s0 S = jes W]fl(&k(w)/lN), where 7 : Cst = Pathp(w;)

w; 35k (w)
is projection onto the jth component. It follows that the set S—x = Si Uif:_ol Se
of tuples W& € Cst such that k is the least natural number such that &y (w) is
stored in W& is also measurable. Let So, be the (measurable) complement of
20 Sh. N

Let ¢ map each w&d € Sy, to faz(w), ie., to wjw; where j € J is such
that w; < Gj(w) < wjw;. For every measurable subset & of ZAN, ¢, '(€) =
U jes 0r(w)AY is measurable, so ¢, is measurable. Also, the function ¢

wj 25k (w) 5
that maps each W& € S to faz(w) = o(w) is measurable since constant. By
patching ¢x, k € N, and ¢, (Lemma 4), we obtain that the map a,,: W& €
Cst — faz(w) is measurable.

We now observe that, for all w € ZA* and £ € Xy, aj) ((w = wé]) =
(W& € Cstyy | faz(w) € wE} = ay'(w), which is measurable: so ayy is
measurable. ad



