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Abstract. We consider synchronizing properties of Markov decision
processes (MDP), viewed as generators of sequences of probability dis-
tributions over states. A probability distribution is p-synchronizing if the
probability mass is at least p in some state, and a sequence of probabil-
ity distributions is weakly p-synchronizing, or strongly p-synchronizing
if respectively infinitely many, or all but finitely many distributions in
the sequence are p-synchronizing.

For each synchronizing mode, an MDP can be (i) sure winning if there
is a strategy that produces a 1-synchronizing sequence; (i7) almost-sure
winning if there is a strategy that produces a sequence that is, for all
e > 0, a (1-e)-synchronizing sequence; (4it) limit-sure winning if for all
€ > 0, there is a strategy that produces a (1-¢)-synchronizing sequence.

For each synchronizing and winning mode, we consider the problem
of deciding whether an MDP is winning, and we establish matching up-
per and lower complexity bounds of the problems, as well as the optimal
memory requirement for winning strategies: (a) for all winning modes,
we show that the problems are PSPACE-complete for weak synchroniza-
tion, and PTIME-complete for strong synchronization; (b) we show that
for weak synchronization, exponential memory is sufficient and may be
necessary for sure winning, and infinite memory is necessary for almost-
sure winning; for strong synchronization, linear-size memory is sufficient
and may be necessary in all modes; (c) we show a robustness result that
the almost-sure and limit-sure winning modes coincide for both weak
and strong synchronization.

1 Introduction

Markov Decision Processes (MDPs) are studied in theoretical computer science
in many problems related to system design and verification [24[T5/10]. MDPs
are a model of reactive systems with both stochastic and nondeterministic be-
havior, used in the control problem for reactive systems: the nondeterminism
represents the possible choices of the controller, and the stochasticity represents
the uncertainties about the system response. The controller synthesis problem is
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to compute a control strategy that ensures correct behaviors of the system with
probability 1. Traditional well-studied specifications describe correct behaviors
as infinite sequences of states, such as reachability, Biichi, and co-Biichi, which
require the system to visit a target state once, infinitely often, and ultimately
always, respectively [312].

In contrast, we consider symbolic specifications of the behaviors of MDPs
as sequences of probability distributions X; : @ — [0, 1] over the finite state
space @ of the system, where X;(q) is the probability that the MDP is in state
q € @ after ¢ steps. The symbolic specification of stochastic systems is rele-
vant in applications such as system biology and robot planning [I8I6IT4], and
recently it has been used in several works on design and verification of reactive
systems [2TJ9IT]. While the verification of MDPs may yield undecidability, both
with traditional specifications [BI17], and symbolic specifications [21I13], decid-
ability results are obtained for eventually synchronizing conditions under general
control strategies that depend on the full history of the system execution [I4].
Intuitively, a sequence of probability distributions is eventually synchronizing if
the probability mass tends to accumulate in a given set of target states along
the sequence. This is an analogue, for sequences of probability distributions, of
the reachability condition.

In this paper, we consider an analogue of the Biichi and coBiichi conditions
for sequences of distributions [T1]: the probability mass should get synchronized
infinitely often, or ultimately at every step. More precisely, for 0 < p < 1 let a
probability distribution X : @ — [0, 1] be p-synchronized if it assigns probability
at least p to some state. A sequence X = XX, ... of probability distributions
is (a) eventually p-synchronizing if X; is p-synchronized for some i; (b) weakly
p-synchronizing if X; is p-synchronized for infinitely many i’s; (¢) strongly p-
synchronizing if X; is p-synchronized for all but finitely many i’s. It is easy
to see that strongly p-synchronizing implies weakly p-synchronizing, which im-
plies eventually p-synchronizing. The qualitative synchronizing properties, cor-
responding to the case where either p = 1, or p tends to 1, are analogous to the
traditional reachability, Biichi, and coBiichi conditions.

We consider the following qualitative (winning) modes, summarized in Ta-
ble[} (i) sure winning, if there is a strategy that generates a {eventually, weakly,
strongly} 1-synchronizing sequence; (ii) almost-sure winning, if there is a strat-
egy that generates a sequence that is, for all € > 0, {eventually, weakly, strongly}
(1 —¢&)-synchronizing; (i) limit-sure winning, if for all £ > 0, there is a strategy
that generates a {eventually, weakly, strongly} (1 — &)-synchronizing sequence.

For eventually synchronizing deciding if a given MDP is winning is PSPACE-
complete, and the three winning modes form a strict hierarchy [I4]. In particular,
there are limit-sure winning MDPs that are not almost-sure winning. An impor-
tant and difficult result in this paper is that the new synchronizing modes are
more robust: for weak and strong synchronization, we show that the almost-sure
and limit-sure modes coincide. Moreover we establish the complexity of deciding
if a given MDP is winning by providing tight (matching) upper and lower bounds:



Eventually Weakly Strongly

Sure Ja In MH(T)=1|3a YNIn>N My(T)=1| 3o INVR >N M;(T) =1
Almost-sure | 3o sup,, My (T) =1| 3o limsup,_,.  My(T) =1| 3o liminfpec My(T) =1
Limit-sure  |sup, sup,, My (T) = 1|sup, limsup,,_, ., Mn(T) = 1|sup, liminf, oo Mn(T) =1

Table 1. Winning modes and synchronizing objectives (where M (T") denotes the
probability that under strategy «, after n steps the MDP M is in a state of T').

for each winning mode we show that the problems are PSPACE-complete for
weak synchronization, and PTIME-complete for strong synchronization.

Thus the weakly and strongly synchronizing properties provide conserva-
tive approximations of eventually synchronizing, they are robust (limit-sure and
almost-sure coincide), and they are of the same (or even lower) complexity as
compared to eventually synchronizing.

We also provide optimal memory bounds for winning strategies: exponential
memory is sufficient and may be necessary for sure winning in weak synchroniza-
tion, infinite memory is necessary for almost-sure winning in weak synchroniza-
tion, and linear memory is sufficient for strong synchronization in all winning
modes. We present a variant of strong synchronization for which memoryless
strategies are sufficient.

Related Works and Applications. Synchronization problems were first considered
for deterministic finite automata (DFA) where a synchronizing word is a finite
sequence of control actions that can be executed from any state of an automaton
and leads to the same state (see [25] for a survey of results and applications).
While the existence of a synchronizing word can be decided in polynomial time
for DFA, extensive research efforts are devoted to establishing a tight bound
on the length of the shortest synchronizing word, which is conjectured to be
(n — 1)? for automata with n states [§]. Various extensions of the notion of
synchronizing word have been proposed for non-deterministic and probabilistic
automata [7IT920/12], leading to results of PSPACE-completeness [22], or even
undecidability [20/13].

For probabilistic systems, a natural extension of words is the notion of strat-
egy that reacts and chooses actions according to the sequence of states visited
along the system execution. In this context, an input word corresponds to the
special case of a blind strategy that chooses the control actions in advance.
In particular, almost-sure weak and strong synchronization with blind strate-
gies has been studied [I2] and the main result is the undecidability of deciding
the existence of a blind almost-sure winning strategy for weak synchronization,
and the PSPACE-completeness of the emptiness problem for strong synchro-
nization [ITI13]. In contrast, for general strategies (which also correspond to
input trees), we establish the PSPACE-completeness and PTIME-completeness
of deciding almost-sure weak and strong synchronization respectively.



A typical application scenario is the design of a control program for a group
of mobile robots running in a stochastic environment. The possible behaviors of
the robots and the stochastic response of the environment (such as obstacle en-
counters) are represented by an MDP, and a synchronizing strategy corresponds
to a control program that can be embedded in every robot to ensure that they
meet (or synchronize) eventually once, infinitely often, or eventually forever.

2 Markov Decision Processes and Synchronization

We closely follow the definitions of [I4]. A probability distribution over a finite
set S is a function d : S — [0,1] such that > _gd(s) = 1. The support of d
is the set Supp(d) = {s € S | d(s) > 0}. We denote by D(S) the set of all
probability distributions over S. Given a set T C S, let d(T) = > . d(s)
and ||d||r = mazserd(s). For T # 0, the uniform distribution on T assigns
probability ‘—%‘ to every state in 7. Given s € S, the Dirac distribution on s
assigns probability 1 to s, and by a slight abuse of notation, we denote it simply
by s.

A Markov decision process (MDP) is a tuple M = (Q, A, ) where Q is a finite
set of states, A is a finite set of actions, and J : Q x A — D(Q) is a probabilistic
transition function. A state ¢ is absorbing if §(g, a) is the Dirac distribution on
q for all actions a € A.

Given state ¢ € (Q and action a € A, the successor state of ¢ under action a
is ¢’ with probability d(¢,a)(q"). Denote by post(g,a) the set Supp(d(g,a)), and
given T'C Q let Pre(T) = {¢ € Q| Ja € A : post(q,a) C T} be the set of states
from which there is an action to ensure that the successor state is in T. For
k > 0, let Pre*(T) = Pre(Pre" ! (T")) with Pre®(T) =T.

A path in M is an infinite sequence m = qpapqiay ... such that ¢;41 €
post(g;, a;) for all i > 0. A finite prefix p = goapqias - .. ¢, of a path (or simply
a finite path) has length |p| = n and last state Last(p) = ¢,. We denote by
Play(M) and Pref(M) the set of all paths and finite paths in M respectively.

Strategies. A randomized strategy for M (or simply a strategy) is a function
a : Pref(M) — D(A) that, given a finite path p, returns a probability distribution
a(p) over the action set, used to select a successor state ¢’ of p with probability
S wenalp)(a) - 8(a,a)(q’) where g = Last(p).

A strategy « is pure if for all p € Pref(M), there exists an action a € A
such that a(p)(a) = 1; and memoryless if a(p) = a(p’) for all p, p’ such that
Last(p) = Last(p’). We view pure strategies as functions « : Pref(M) — A, and
memoryless strategies as functions a : Q — D(A).

Finally, a strategy « uses finite-memory if it can be represented by a finite-
state transducer T' = (Mem, mq, ay,, ot ) where Mem is a finite set of modes (the
memory of the strategy), mo € Mem is the initial mode, a,, : Mem x (A X Q) —
Mem is an update function, that given the current memory, last action and
state updates the memory, and «, : Mem x @ — D(A) is a next-move function
that selects the probability distribution «,(m,q) over actions when the current



Eventually Weakly Strongly

Sure PSPACE-C | PSPACE-C | PTIME-C
Almost-sure | PSPACE-C
Limit-sure PSPACE-C

PSPACE-C | PTIME-C

Table 2. Computational complexity of the membership problem (new results in bold-
face).

mode is m and the current state of M is ¢g. For pure strategies, we assume
that a, : Mem x @ — A. The memory size of the strategy is the number
[Mem| of modes. For a finite-memory strategy «, let M(a) be the Markov chain
obtained as the product of M with the transducer defining a. We assume general
knowledge of the reader about Markov chains, such as recurrent and transient
states, periodicity, and stationary distributions [23].

Outcomes and winning modes. Given an initial distribution dy € D(Q) and a
strategy a in an MDP M, a path-outcome is a path m = qoapqia; ... in M such
that go € Supp(do) and a; € Supp(a(goao - - . ¢g;)) for all i > 0. The probability of
a finite prefix p = qoapqia; - ..qn, of 7 is

n—1

do(go0) - ] elgoao - - - 45)(a;) - 6(g5, a5)(a41)-
=0

We denote by Outcomes(dy, a) the set of all path-outcomes from dy under strat-
egy a. An event 2 C Play(M) is a measurable set of paths, and given an initial
distribution dy and a strategy «, the probability Pr*(2) of 2 is uniquely de-
fined [24]. We consider the following classical winning modes. Given an initial
distribution dy and an event {2, we say that M is: sure winning if there exists a
strategy « such that Outcomes(do, ) C §2; almost-sure winning if there exists
a strategy « such that Pr*(2) = 1;

For example, given a set T' C @ of target states, and k € N, we denote by
OT = {qgoaoq1 --- € Play(M) | Vi : ¢; € T} the safety event of always staying
in T, by OT = {qoaoq1 - - - € Play(M) | Ji : ¢; € T} the event of reaching T', and
by OFT = {qoaoq: - - - € Play(M) | gx € T} the event of reaching T after exactly
k steps. Let OSFT = U<k &I T. Hence, if Pr®(OT) = 1 then almost-surely a
state in T is reached under strategy a.

We consider a symbolic outcome of MDPs viewed as generators of sequences
of probability distributions over states [21I]. Given an initial distribution dy €
D(Q) and a strategy a in M, the symbolic outcome of M from dy is the sequence
(M) nen of probability distributions defined by M@ (q) = Pro(OF {q}) for all
k > 0 and g € Q. Hence, M7 is the probability distribution over states after
k steps under strategy «. Note that M§ = dy and the symbolic outcome is
a deterministic sequence of distributions: each distribution M¢ has a unique
(determinisitic) successor.



Informally, synchronizing objectives require that the probability of some
state (or some group of states) tends to 1 in the sequence (M)pen, either
once, infinitely often, or always after some point. Given a set T' C @, consider
the functions sumyz : D(Q) — [0,1] and mazr : D(Q) — [0,1] that compute
sumr(X) =37, cp X(q) and mazr(X) = maxqer X(q). For f € {sumr, mazr}
and p € [0,1], we say that a probability distribution X is p-synchronized ac-
cording to f if f(X) > p, and that a sequence X = XyX;... of probability
distributions is [11114]:

(a) event (or eventually) p-synchronizing if X; is p-synchronized for some i > 0;
(b) weakly p-synchronizing if X; is p-synchronized for infinitely many i’s;
(¢) strongly p-synchronizing if X; is p-synchronized for all but finitely many ’s.

For p = 1, these definitions are analogous to the traditional reachability,
Biichi, and coBiichi conditions [2], and the following winning modes can be con-
sidered [I4]: given an initial distribution dg and a function f € {sumyp, mazr}, we
say that for the objective of {eventually, weak, strong} synchronization from dy,

M is:

— sure winning if there exists a strategy « such that the symbolic outcome of
a from dy is {eventually, weakly, strongly} 1-synchronizing according to f;

— almost-sure winning if there exists a strategy a such that for all € > 0 the
symbolic outcome of « from dy is {eventually, weakly, strongly} (1 — €)-
synchronizing according to f;

— limit-sure winning if for all € > 0, there exists a strategy a such that the
symbolic outcome of « from dy is {eventually, weakly, strongly} (1 — ¢)-
synchronizing according to f;

Note that the winning modes for synchronization objectives differ from the
classical winning modes in MDPs: they can be viewed as a specification of the set
of sequences of distributions that are winning in a non-stochastic system (since
the symbolic outcome is deterministic), while the traditional almost-sure and
limit-sure winning modes for path-outcomes consider a probability measure over
paths and specify the probability of a specific event (i.e., a set of paths). Thus for
instance a strategy is almost-sure synchronizing if the (single) symbolic outcome
it produces belongs to the corresponding winning set, whereas traditional almost-
sure winning requires a certain event to occur with probability 1.

We often write || X || instead of mazr(X) (and we omit the subscript when
T = Q) and X(7T) instead of sump(X), as in Table [l where the definitions
of the various winning modes and synchronizing objectives for f = sumqp are
summarized.

Decision problems. For f € {sumrp, mazr} and A € {event, weakly, strongly},
the winning region ((1)?2,,.(f) is the set of initial distributions such that M

sure
is sure winning for A-synchronizing (we assume that M is clear from the con-

text). We define analogously the sets (1) (f) and (1), ., (f). For a sin-

almost limit
gleton T' = {q} we have sump = mazp, and we simply write ((1»2((]) (where



St 1
Eventually Weakly rongy
sumr maxr
Sure exponential | exponential | memoryless linear
Almost-sure infinite . . .
infinite memoryless linear
Limit-sure unbounded

Table 3. Memory requirement (new results in boldface).
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a

Fig. 1. An MDP M such that {(1)2u(q) # (1) Nmes: (@) for X € {weakly, strongly}.

u € {sure, almost, limit}). It follows from the definitions that <<1>>itm"9[y(f) -
Kl t ot

(L) ee=v(f) € (1) (f) and thus strong and weak synchronization are con-

servative approximations of eventually synchronization. It is easy to see that

(N 2ure (F) SN Nmost (F) € AN, (f), and for X = event the inclusions are

strict [14]. In contrast, weak and strong synchronization are more robust as we

show in this paper that the almost-sure and limit-sure winning modes coincide.

Lemma 1. There exists an MDP M and state q such that {1)2,.(q) <
{(an (q) for A € {weakly, strongly}.

almost

Proof. Consider the MDP M with initial state g, and action set {a} as shown
in Fig.[Il On action a in gj;t, the successor is gini: or ¢ with probability %, and ¢
is an absorbing state.

We show that ginie € (1)57°"%% (q) and ginie & (1)57979% (g). Since M has
only a single action, so it is a Markov chain with a unique possible strategy o:
always playing a. The outcome under « is such that the probability to be in ¢
after k stepsis 1 — zlk for all k, showing that M is almost-sure winning for the
strongly synchronizing objective in {¢} (from g¢nit). On the other hand, ginix &
{(1))strongly (1) because under o, the probability in gi,; remains always positive,
and thus in ¢ we have M%(q) < 1 for all n > 0, showing that M is not sure
winning for the strongly synchronizing objective in {¢} (from gini:). The same

argument holds for weakly synchronizing objective. a

The membership problem is to decide, given an initial probability distribution
do, whether do € ((1))5(f). It is sufficient to consider Dirac initial distributions
(i.e., assuming that MDPs have a single initial state) because the answer to the
general membership problem for an MDP M with initial distribution dy can be
obtained by solving the membership problem for a copy of M with a new initial
state from which the successor distribution on all actions is dg.



For eventually synchronizing, the membership problem is PSPACE-complete
for all winning modes [I4]. In this paper, we show that the complexity of the
membership problem is PSPACE-complete for weak synchronization, and even
PTIME-complete for strong synchronization. The complexity results are summa-
rized in Table[2] and we present the memory requirement for winning strategies
in Table [3

3 Weak Synchronization

We establish the complexity and memory requirement for weakly synchronizing
objectives. We show that the membership problem is PSPACE-complete for sure
and almost-sure winning, that exponential memory is necessary and sufficient
for sure winning while infinite memory is necessary for almost-sure winning, and
we show that limit-sure and almost-sure winning coincide.

3.1 Sure weak synchronization

The PSPACE upper bound of the membership problem for sure weak synchro-
nization is obtained by the following characterization.

Lemma 2. Let M be an MDP and T be a target set. For all states gy, we
have i € (1)“e%*W (sumr) if and only if there exists a set S C T such that

sure

Ginit € Pre™(S) for some m >0 and S C Pre™(S) for somen > 1.

Proof. First, if ginie € (1)2%W (sumr), then let a be a sure winning weakly
synchronizing strategy. Then there are infinitely many positions n such that
ME(T) = 1, and since the state space is finite, there is a set S of states such
that for infinitely many positions n we have Supp(M2) = S and M(T) = 1,
and thus S C T. By the result of [I4, Lemma 4], it follows that g, € Pre™(S)
for some m > 0, and by considering two positions n; < ny where Supp(MS ) =
Supp(M ) = S, it follows that S C Pre™(S) for n =ng —ng > 1.

The reverse direction is straightforward by considering a strategy « that
ensures M, (S) = 1 for some m > 0, and then ensures that the probability mass
from all states in S remains in S after every multiple of n steps where n > 0 is
such that S C Pre™(S5), showing that « is a sure winning weakly synchronizing
strategy in S (and thus in 7) from ginit, thus gnix € (1) 2% (sumr). 0

The PSPACE upper bound follows from the characterization in Lemma Pl A
(N)PSPACE algorithm is to guess the set S C T, and the numbers m,n (with
m,n < 2|9 since the sequence Pre™(S) of predecessors is ultimately periodic),
and check that g € Pre™(S) and S C Pre™(S). The PSPACE lower bound
follows from the PSPACE-completeness of the membership problem for sure
eventually synchronization [14], Theorem 2].

Lemma 3. The membership problem for {1)“**W(sumr) is PSPACE-hard
even if T is a singleton.
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Fig. 2. The reduction sketch to show PSPACE-hardness of the emptiness problem for
sure weak synchronization in MDPs.

Proof. The proof is by a reduction from the membership problem for
(1) cvent (suymy) with a singleton T, which is PSPACE-complete [14, Theo-
rem 2]. From an MDP M = (Q, A, ) with initial state gnix and target state g,
we construct another MDP N = (Q',A’;¢') and a target state p such that
e € (L)E22() in M if and only if g € (1) 22250 (5) in A"

The MDP N is a copy of M with two new states p and sink that are reachable
only by a new action § (see Fig.[2). Formally, Q" = QU{p, sink} and A’ = AU{}.
The transition function ¢’ is defined as follows: §'(q,a) = d(g,a) for all states
g€ Qanda €A, d(qt)(sink) =1 for all ¢ € @ \ {G} and 6(¢,1)(p) = 1. The
state sink is absorbing and from state p all other transitions lead to the initial
state, i.e. d(sink, a)(sink) = 1 and §(p, a)(ginit) = 1 for all a € A.

We establish the correctness of the reduction as follows. First, if gnx €
{1)event(g) in M, then let a be a sure winning strategy in M for eventually
synchronization in {G}. A sure winning strategy in A/ for weak synchronization
in {p} is to play according to « until the whole probability mass is in §, then
play # followed by some a € A to visit p and get back to the initial state gnit,
and then repeat the same strategy from giir. Hence ginie € (1)“%%*% (p) in N.

Second, if ginie € (1)“%W(p) in N, then consider a strategy a such that
N2(p) = 1 for some n > 0. By construction of NV, it follows that N ,(4) = 1,
that is all path-outcomes of a of length n — 1 reach ¢, and « plays f in the next
step. If @ never plays t before position n — 1, then « is a valid strategy in M
up to step n — 1 and it shows that gine € (1) (g) is sure winning in M
for eventually synchronization in {§}. Otherwise let m be the largest number
such that there is a finite path-outcome p of « of length m < n — 1 such that
f € Supp(a(p)). Note that the action f can be played by « only in the state g,
and thus the initial state is reached again after one more step. It follows that in
some path-outcome p’ of « of length m + 2, we have Last(p’) = ginit, and by the
choice of m, the action f is not played by « until position n — 1 where all the
probability mass is in §. Hence the strategy that plays like a from p’ in NV is a

valid strategy from ginix in M, and is a witness that ginix € (1)) €6 (4). O

sure



Fig. 3. The MDP M.

The proof of Lemma [2] suggests an exponential-memory strategy for sure
weakly synchronization that in ¢ € Pre™(S) plays an action a such that
post(g,a) C Pre" *(S), which can be realized with exponential memory since
n < 2I%1. Tt can be shown that exponential memory is necessary in general. The
argument is very similar to the proof of exponential memory lower bound for
sure eventually synchronization [T4] Section 4.1]. For the sake of completeness,
we present a family of MDPs M,, (n € N) over alphabet {a,b} that are sure
winning for weak synchronization, and where the sure winning strategies require
exponential memory. The MDP M, is shown in Fig. Bl The structure of M,, is
an initial uniform probabilistic transition to n components Hy, ..., H, where H;
is a cycle of length p; the i-th prime number. On action a, the next state in the
cycle is reached, and on action b the target state qr is reached, only from the
last state in the cycles. From other states, the action b leads to an absorbing sink
state (transitions not depicted). A sure winning strategy from g for weak syn-
chronization in {gr} is to play a in the first p7* = [];_, p; steps, and then play
bb to reach ginix again, through gz. This requires memory of size p? > 2" while
the size of M,, is in O(n?logn) [4]. It can be proved that all winning strategies
for weak synchronization need to be, from ginit, sure eventually synchronizing in
{qr} (consider the last occurrence of g along a play before all the probability
mass is in g7 ) and this requires memory of size at least p? by standard pumping
arguments as in [14].

Theorem 1. For sure weak synchronization in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.

10



2. (Memory). Exponential memory is necessary and sufficient for both pure and
randomized strategies, and pure strategies are sufficient.

3.2 Almost-sure weak synchronization

We present a characterization of almost-sure weak synchronization that gives a
PSPACE upper bound for the membership problem. Our characterization uses
the limit-sure eventually synchronizing objectives with exact support [14]. This
objective requires that the probability mass tends to 1 in a target set 7', and
moreover that after the same number of steps the support of the probability
distribution is contained in a given set U. Formally, given an MDP M, let
() erent(sumyp,U) for T C U be the set of all initial distributions such that for
all € > 0 there exists a strategy o and n € N such that M(T) > 1 — ¢ and
ME(U) =1.

We show that an MDP is almost-sure weakly synchronizing in target 7' if
(and only if), for some set U, there is a sure eventually synchronizing strategy in
target U, and from the probability distributions with support U there is a limit-
sure winning strategy for eventually synchronizing in Pre(T") with support in
Pre(U). This ensures that from the initial state we can have the whole probability
mass in U, and from U have probability 1 — ¢ in Pre(T") (and in 7" in the next
step), while the whole probability mass is back in Pre(U) (and in U in the next
step), allowing to repeat the strategy for e — 0, thus ensuring infinitely often
probability at least 1 — e in T (for all € > 0).

Lemma 4. Let M be an MDP and T be a target set. For all states ginit, we have
Ginit € (AN ™ (sumq) if and only if there exists a set U such that

almost

= Gint € (1) 50re’ (sumy), and
—dy € (1)5rert(sumpre(ry, Pre(U)) where dy is the uniform distribution
over U.

Proof. First, if ginir € (1)“C**™ (sumr), then there exists a strategy o such that
for all @ > 0 there exists n; € N such that M (T') > 1 — 27", and moreover
niy1 > n; for all i > 0. Let s; = Supp(My.) be the support of My . Since
the state space is finite, there is a set U that occurs infinitely often in the
sequence Ssi . .., thus for all k& > 0 there exists my € N such that Mg, (T') >
1—-27%and M, (U) = 1. Tt follows that « is sure eventually synchronizing in U
from @init, i.e. ginit € (1)) €2 (sumy ). Moreover, we can assume that mg1 > my
for all £ > 0 and thus M is also limit-sure eventually synchronizing in Pre(T)
with exact support in Pre(U) from the initial distribution dy = Mg, . Since
Supp(dy) = U = Supp(dy) and since only the support of the initial probability
distributions is relevant for the limit-sure eventually synchronizing objective [14]
Corollary 1], it follows that dy € (1)) {27 (sumpye(r), Pre(U)).

To establish the converse, note that since dy € (1)) 2<% (sumpre(ry, Pre(U)),
it follows from [I4] Corollary 1] that from all initial distributions with sup-
port in U, for all € > 0 there exists a strategy a. and a position n. such that
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M= (T) > 1—e and My=(U) = 1. We construct an almost-sure weakly synchro-
nizing strategy a as follows. Since ginie € (1)) 2% (sumy ), play according to a
sure eventually synchronizing strategy from gjnix until all the probability mass is
inU.Then fori =1,2,... and g; = 277, repeat the following procedure: given the
current probability distribution, select the corresponding strategy a., and play
according to a, for n., steps, ensuring probability mass at least 1 —27% in Pre(T")
and support of the probability mass in Pre(U). Then from states in Pre(T"), play
an action to ensure reaching 7' in the next step, and from states in Pre(U) en-
sure reaching U. Continue playing according to a., , for n., , steps, etc. Since
ne, +1 > 0 for all ¢ > 0, this strategy ensures that limsup,,_, .. M%(T) = 1 from

Ginit, hence ginix € <<1>>g}ﬁ]§st(5“mT)-

O

Since the membership problems for sure eventually synchronizing and for
limit-sure eventually synchronizing with exact support are PSPACE-complete
([I4, Theorem 2 and 4]), the membership problem for almost-sure weak syn-
chronization is in PSPACE by guessing the set U, and checking that gnit €
(1)vert(sumy), and that dy € (1)< (sumpyre(r), Pre(U)). We establish a

sure limsit

matching PSPACE lower bound.

Lemma 5. The membership problem for <<1>>Z’;Z];g(sumT) is PSPACE-hard
even if T is a singleton.

Proof. The problem of deciding, given an MDP M and a singleton 7', whether
Prel\((T") # 0 for all n > 0 is PSPACE-complete [I4] Lemma 3]. We present
a reduction of this problem to the membership problem for almost-sure weak
synchronization, very similar to the proof of PSPACE-hardness for limit-sure
eventually synchronizing [14] Lemma 11].

The reduction is as follows (see also Fig. M. Given an MDP M = (Q, A, d)
and a singleton T' C @, we construct an MDP AN = (Q’, A, ') with state space
Q' = QW {ginit} such that Prey(T') # 0 for all n > 0 if and only if gt is
almost-sure weakly synchronizing in 7. The MDP A is essentially a copy of M
with alphabet A W {#} and the transition function on action f is the uniform
distribution on @ from gnt, and the Dirac distribution on gjniy from the other
states ¢ € Q). There are self-loops on g, for all other actions a € A. Formally,
the transition function ¢’ is defined as follows, for all ¢ € Q:

— 0’'(q,a) = d(q,a) for all a € A (copy of M), and & (¢, £)(Ginit) = 1;
— 8 (Ginit, @) (ginit) = 1 for all a € A, and &' (ginit, 1) (q) = \Tlg\

We establish the correctness of the reduction as follows. For the first direction,
assume that Pre’y(T') # 0 for all n > 0. It follows that there exist numbers
ko, < 219l such that Prej“&”(T) = Preko (T) # 0.

By Lemma H] with U = @, we need to show that (i) ginit € (1)) (sumg),
and (i) dg € (1)) 520 (sumpre(ry, Pre(Q)) where dg is the uniform distribution
over . To show (i), we can play # from gi,ix to get the probability mass syn-
chronized in Q. To show (i7), since playing f from dg ensures to reach ginit, it
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Fig. 4. Sketch of reduction to show PSPACE-hardness of the membership problem for
almost-sure weak synchronization.

suffices to prove that ginit € (1)) 52" (sumr, Q), and it is sufficient to prove this
in M since N embeds a copy of M (note that the requirement that the exact
support is in @ becomes trivial then). Using [14], Lemma 8] with & = k¢ and
R = Prej“& (T) (and U = Z = @ 1is the trivial support), it is sufficient to prove
that ginie € (1) 52 (sump) to get ginie € (1) 52 (sumy). We show the stronger
statement that ¢, is actually almost-sure eventually synchronizing in R with
the pure strategy « defined as follows, for all play prefixes p (let m = |p| mod r):

— if Last(p) = Ginit, then a(p) = t;
— if Last(p) = ¢ € Q, then
o if ¢ € Prely[""(R) for 0 < m < r, then a(p) = a such that post(q,a) C
Pre’o" '(R);
e otherwise, a(p) = 4.

Note that if ¢ € R, then ¢ € Pre'y[""(R) for m = 0 since Pre((R) = R. The
strategy « ensures that the probability mass that is not (yet) in the sequence
of predecessors Pre’y(R) goes to ginit, where by playing # at least a fraction ‘T;l?‘
of it would reach the sequence of predecessors (at a synchronized position). It
follows that after 2i steps, the probability mass in gt is at most (1 — ‘Tlg‘)l and
the probability mass in the sequence of predecessors is at least 1 — (1 — ﬁ)l
For i — oo, the probability in the sequence of predecessors tends to 1 and since
Pre’y,(R) = R for all positions n that are a multiple of r, we get sup,, M%(R) =1
and ginie € (1) 51500 (sumg).

For the converse direction, assume that gy is almost-sure weakly synchro-
nizing in T, then ¢ is also limit-sure eventually synchronizing in 7. By [14]
Lemma 8], either (1) ginie is limit-sure eventually synchronizing in Prej,(T") for
all n > 0, and then it follows that Prej(T) # 0 for all n > 0, or (2) ginit is sure
eventually synchronizing in 7', and then since only the action f leaves the state
Ginit (and post(ginit, ) = Q), and since ginix € (1) €7 (sum7) if and only if there

sure
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Fig. 5. An MDP where infinite memory is necessary for almost-sure weakly synchro-
nizing strategies.

exists k > 0 such that g € Pref (T) [14, Lemma 4], we have Q C Pref (7).
Moreover, since @ C Prex(Q) and Prens(-) is a monotone operator, it follows
that @ C Prej,(T) for all n > k — 1 and thus Pre},(T") # 0 for all n > 0.
We conclude the proof by noting that Prey,(T") = Prej,(T) N Q and therefore
Preli (T) # 0 for all n > 0. O

Simple examples show that winning strategies require infinite memory for
almost-sure weak synchronization.

Theorem 2. For almost-sure weak synchronization in MDPs:

1. (Complexity). The membership problem is PSPACE-complete.
2. (Memory). Infinite memory is necessary in general for both pure and ran-
domized strategies, and pure strategies are sufficient.

Proof. The result on memory requirement is established by following example.
The example and argument are analogous to the proof that infinite memory is
necessary for almost-sure eventually synchronizing [I4] Section 4.2]. Consider the
MDP M shown in Fig. Bl with three states ginit, ¢1, g2 and two actions a,b. The
only probabilistic transition is in gi,; on action a that has successors ginir and ¢;
with probability % The other transitions are deterministic. Let gini be the initial
state. We construct a strategy that is almost-sure weakly synchronizing in {g2},
showing that ginie € (1)"“<**% (¢5). First, observe that for all & > 0 we can have
probability at least 1 —¢ in g9 after finitely many steps from ginit: playing n times
a and then b leads to probability 1 — 2% in go. Note that after that, the current
probability distribution has support {¢init, g2} and that from such a distribution,
we can as well ensure probability at least 1 — & in go. Thus for a fixed &, the
MDP is (1 — €)-synchronizing in {g2} (after finitely many steps), and by taking
a smaller value of €, we can continue to play a strategy to have probability at
least 1 — € in g2, and repeat this for ¢ — 0. This strategy ensures almost-sure
weak synchronization in {¢z}. Below, we show that infinite memory is necessary
for almost-sure winning in this MDP.

Assume towards contradiction that there exists a finite-memory strategy «
that is almost-sure weakly synchronizing in {g2}. Consider the Markov chain
M(a) (the product of the MDP M with the finite-state transducer defining
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a). A state (¢,m) in M(«) is called a g-state. Since « is almost-sure weakly
synchronizing in {g2}, there is a go-state in the recurrent states of M(«). Since
on all actions gjnit is a successor of gs, and ginit is a successor of itself, it follows that
there is a recurrent ginir-state in M(«), and that all periodic classes of recurrent
states in M(«) contain a gnir-state. Hence, in each stationary distribution there
is a gnit-state with a positive probability, and therefore the probability mass in
Ginit 1s bounded away from zero. It follows that the probability mass in g9 is
bounded away from 1 thus « is not almost-sure weakly synchronizing in {¢2}, a
contradiction. a

3.3 Limit-sure weak synchronization

We show that the winning regions for almost-sure and limit-sure weak synchro-
nization coincide. The result is not intuitively obvious (recall that it does not
hold for eventually synchronizing) and requires a careful analysis of the structure
of limit-sure winning strategies to show that they always induce the existence
of an almost-sure winning strategy. The construction of an almost-sure winning
strategy from a family of limit-sure winning strategies is illustrated in the fol-
lowing example.

Consider the MDP M in Fig. Bl with initial state g,y and target set T = {q4}.
Note that there is a relevant strategic choice only in g3, and that gyt is limit-sure
winning for eventually synchronization in {g4} since we can inject a probability
mass arbitrarily close to 1 in g3 (by always playing a in ¢3), and then switching
to playing b in g3 gets probability 1 — e in T (for arbitrarily small €). Moreover,
the same holds from state q4. These two facts are sufficient to show that gt
is limit-sure winning for weak synchronization in {q4}: given € > 0, play from
init @ strategy to ensure probability at least py = 1 — 5 in g4 (in finitely many
steps), and then play according to a strategy that ensures from g4 probability
p2 = p1— 5 in g4 (in finitely many, and at least one step), and repeat this process
using strategies that ensure, if the probability mass in g4 is at least p;, that the
probability in g4 is at least pi;1 = p; — zi5r (in at least one step). It follows that
pi=1l—-5—-5—— 57 > 1—¢foralli > 1, and thus limsup, ,, . p; > 1—¢
showing that gni; is limit-sure weakly synchronizing in target {q4}.

It follows from the result that we establish in this section (Theorem B]) that
Ginit 1s actually almost-sure weakly synchronizing in target {q4}. To see this,
consider the sequence Pre’(T) for i > 0: {q4}, {g3}, {g2}, {gs}, ... is ultimately
periodic with period 7 = 2 and R = {g3} = Pre(T) is such that R = Pre?(R).
The period corresponds to the loop ¢2q3 in the MDP. It turns out that limit-sure
eventually synchronizing in T implies almost-sure eventually synchronizing in R
(by the proof of [T4, Lemma 9]), thus from g, a single strategy ensures that
the probability mass in R is 1, either in the limit or after finitely many steps.
Note that in both cases since R = Pre"(R) this even implies almost-sure weakly
synchronizing in R. The same holds from state g4.

Moreover, note that all distributions produced by an almost-sure weakly syn-
chronizing strategy are themselves almost-sure weakly synchronizing. An almost-
sure winning strategy for weak synchronization in {g4} consists in playing from
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Fig. 6. An example to show ginit € (1)) Zf:j;ly (ga) implies ginit € (1)) ;”;Zﬁiyt (qa).

Ginit an almost-sure eventually synchronizing strategy in target R = {q¢3}, and
considering a decreasing sequence ¢; such that lim; ., ¢; = 0, when the prob-
ability mass in R is at least 1 — ¢;, inject it in T" = {q4}. Then the remaining
probability mass defines a distribution (with support {q1,¢2} in the example)
that is still almost-sure eventually synchronizing in R, as well as the states in 7.
Note that in the example, (almost all) the probability mass in T' = {q4} can move
to ¢3 in an even number of steps, while from {¢1,¢2} an odd number of steps is
required, resulting in a shift of the probability mass. However, by repeating the
strategy two times from ¢4 (injecting large probability mass in g3, moving to gy,
and injecting in g3 again), we can make up for the shift and reach g3 from g4
in an even number of steps, thus in synchronization with the probability mass
from {q1,¢2}. This idea is formalized in the rest of this section, and we prove
that we can always make up for the shifts, which requires a carefully analysis of
the allowed amounts of shifting.

The result is easier to prove when the target T is a singleton, as in the
example. For an arbitrary target set T, we need to get rid of the states in T
that do not contribute a significant (i.e., bounded away from 0) probability
mass in the limit, that we call the ‘vanishing’ states. We show that they can
be removed from 7" without changing the winning region for limit-sure winning.
When the target set has no vanishing state, we can construct an almost-sure
winning strategy as in the case of a singleton target set.

Given an MDP M with initial state ginie € (1)2°% (sumq) that is limit-
sure winning for the weakly synchronizing objective in target set T, let (;)ien
be a family of limit-sure winning strategies such that limsup,,_, . M3 (T) >
1 — ¢; where lim; ,e; = 0. Hence by definition of limsup, for all ¢ > 0
there exists a strictly increasing sequence k;o < k;1 < --- of positions such
that MZ‘J (T) > 1 —2¢; for all j > 0. A state ¢ € T is wvanishing if
liminf; o liminf; o ./\/lg] (¢) = 0 for some family of limit-sure weakly syn-
chronizing strategies (a;);en. Intuitively, the contribution of a vanishing state ¢
to the probability in T" tends to 0 and therefore M is also limit-sure winning for

the weakly synchronizing objective in target set T\ {q}.
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Lemma 6. If an MDP M is limit-sure weakly synchronizing in target set T,
then there exists a set T' C T such that M is limit-sure weakly synchronizing
in T" without vanishing states.

Proof. If there is no vanishing state for («;);en, then take 77 = T and the proof
is complete. Otherwise, let (;);en be a family of limit-sure winning strategies
such that limsup,,_, . M (T) > 1 — ¢; where lim; ,oce; = 0 and let g be
a vanishing state for (a;);en. We show that (a;);en is limit-sure weakly syn-
chronizing in T\ {q}. For every ¢ > 0 let k0 < ki1 < --- be a strictly in-
creasing sequence such that (a) My’ (T) > 1 — 2¢; for all 4,j > 0, and (b)
lim inf; o0 lim inf; 0o M3 (q) =0.

It follows from (b) that for all £ > 0 and all 2 > 0 there exists i > z such
that for all y > 0 there exists j > y such that M’ (¢) <e¢, and thus

M (T\{g}) =1 -2 —¢

by (a). Since this holds for infinitely many i’s, we can choose i such that ¢; < &
and we have
limsup M3’ (T'\ {q}) > 1 -3¢
Jj—oo 7
and thus
limsup MSH(T'\ {q}) > 1 -3¢
n—oo

since the sequence (k; ;)jen is strictly increasing. This shows that (o;)ien is
limit-sure weakly synchronizing in T\ {¢}.

By repeating this argument as long as there is a vanishing state (thus at
most |T'| — 1 times), we can construct the desired set 77 C T" without vanishing
state. O

For a limit-sure weakly synchronizing MDP in target set T' (without van-
ishing states), we show that from a probability distribution with support T, a
probability mass arbitrarily close to 1 can be injected synchronously back in T°
(in at least one step), that is dr € (1)) {257 (sumpre(r)). The same holds from the

limsit
initial state ginix of the MDP. This property is the key to construct an almost-sure
weakly synchronizing strategy.

Lemma 7. If an MDP M with initial state ginit is limit-sure weakly synchroniz-

ing in a target set T without vanishing states, then gnix € <<1>>ﬁ;§?tt(sumpre(T))

and dp € (1) 52 (sumpye(ry) where dp is the uniform distribution over T'.

Proof. Since ginie € (1)1 (sumr) and (1)1 (sumz) C (1) 52ert (sumr),
we have gnie € (1) (sumrp) and thus it suffices to prove that dr €
(1) srent (sumpye(ry). This is because then from ginie, probability arbitrarily close
to 1 can be injected in Pre(T) through a distribution with support in T' (since
by [14, Corollary 1] only the support of the initial probability distribution is

important for limit-sure eventually synchronizing).
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Let (oy)ieny be a family of limit-sure winning strategies such that
limsup,,_,.o MY (T) > 1 — g; where lim; ,&; = 0, and such that there is
no vanishing state. For every ¢ > 0 let k; o < ki1 < --- be a strictly in-
creasing sequence such that Mz‘J (T) > 1 — 2¢; for all 4,j > 0, and let
B = minger liminf; o liminf; , MZ‘J (q). Note that B > 0 since there is
no vanishing state. It follows that there exists z > 0 such that for all i > x there
exists y; > 0 such that for all j > y; and all ¢ € T we have Mz‘” (9> 2.

Given v > 0, let ¢ > z such that ¢; < %, and for j > y;, consider the

positions n; = k; ; and ny = k; jy1. We have ny < ng and My (T) > 1 — 2¢;
and M2 (T) > 1 — 2¢;, and M2i(q) > & for all ¢ € T. Consider the strategy
[ that plays like a; plays from position n; and thus transforms the distribution
M into M{i. For all states ¢ € T, from the Dirac distribution on ¢ under
strategy [, the probability to reach @ \ T in ne — n; steps is thus at most
Mai (Q\T) _ 2,
Mii(e) — B/2
Therefore, from an arbitrary probability distribution with support 7" we have
Mﬁrn (T) > 1 — v, showing that dr is limit-sure eventually synchronizing in
T and thus in Pre(T') since ny —ny > 0 (it is easy to show that if the mass of
probability in T is at least 1 — v, then the mass of probability in Pre(T") one step

before is at least 1 — % where 7 is the smallest positive probability in M). O

< V.

To show that limit-sure and almost-sure winning coincide for weakly synchro-
nizing objectives, from a family of limit-sure winning strategies we construct an
almost-sure winning strategy that uses the eventually synchronizing strategies of
Lemma [l The construction consists in using successively strategies that ensure
probability mass 1 — ¢; in the target T, for a decreasing sequence ¢; — 0. Such
strategies exist by Lemmal[7 both from the initial state and from the set T'. How-
ever, the mass of probability that can be guaranteed to be synchronized in T' by
the successive strategies is always smaller than 1, and therefore we need to argue
that the remaining masses of probability (of size ;) can also get synchronized
in T, and despite their possible shift with the main mass of probability.

Two main key arguments are needed to establish the correctness of the con-
struction: (1) eventually synchronizing implies that a finite number of steps is
sufficient to obtain a probability mass of 1 — ¢; in 7', and thus the construction
of the strategy is well defined, and (2) by the finiteness of the period r (such
that R = Pre”(R) where R = Pre®(T) for some k) we can ensure to eventually
make up for the shifts, and every piece of the probability mass can contribute
(synchronously) to the target infinitely often.

Theorem 3. <<1>>Zx];ly(sumT) = <<1>>Z’;Z§l§(sumT) for all MDPs and target
sets T'.

Proof. Since (1)“** (sumqp) C (1)“““* (sumr) holds by the definition, it is

almost limat

sufficient to prove that (1)““*% (sumz) C (1)““™ (sumr) and by Lemma [
weakly

it is sufficient to prove that if ginie € (1))rns ~ (sumy) is limit-sure weakly syn-
chronizing in T without vanishing state, then ¢,i; is almost-sure weakly syn-
chronizing in T'. If T has vanishing states, then consider 7" C T as in Lemma
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and it will follows that g is almost-sure weakly synchronizing in 77 and thus
also in T. We proceed with the proof that g € (1)2°" (sums) implies
it € (1) aimour (sume). |

For i = 1,2,... consider the sequence of predecessors Pre’(7T'), which is ul-
timately periodic: let 1 < k,r < 29 such that Pre®(T) = Pre"™"(T), and let
R = Pre®(T)). Thus R = Pre"™"(T") = Pre"(R).

Claim 1. We have ginir € (1)< (sump) and dp € (1) (sump).
Proof of Claim 1. By Lemma [, since there is no vanishing state in 7' we have
Ginit € ((1>>§%ﬁt(sumpre(;p)) and dr € <<1>>Z%Zt(sumpre(;p)), and it follows from

the characterization of [I4] Lemma 8] and the proof of [14, Lemma 9] that:
either (1) ginit € (1) 050 (sumpre(r)) OF (2) Ginit € (1) Chert, (sumpg), and

almost

either (a) dp € (1) Suet* (sumpre(ry) or (b) dr € (1)cpent, (sump).

almost

Note that (a) implies (b) (and thus (b) holds) since (a) implies T' C Pre’(T')
for some i > 1 (by [14, Lemma 4]) and thus T C Pre™*(T) for all n > 0 by
monotonicity of Pre’(-), which entails for n -i > k that T C Pre™(R) where
m = (n-i—k) mod r and thus dr is sure (and almost-sure) winning for the
eventually synchronizing objective in target R.

Note also that (1) implies (2) since by (1) we can play a sure-winning strategy
from ginjr to ensure in finitely many steps probability 1 in Pre(T) and in the next
step probability 1 in T, and by (b) play an almost-sure winning strategy for
eventually synchronizing in R. Hence gz € (1)€< (sump) and thus (2b)
holds, which concludes the proof of Claim 1.

We now show that there exists an almost-sure winning strategy for the weakly
synchronizing objective in target 7.

Recall that Pre"(R) = R and thus once some probability mass p is in R,
it is possible to ensure that the probability mass in R after r steps is at least
p, and thus that (with period r) the probability in R does not decrease. By
the result of [I4, Lemma 9], almost-sure winning for eventually synchronizing
in R implies that there exists a strategy « such that the probability in R tends
to 1 at periodic positions: for some 0 < h < r the strategy « is almost-sure
eventually synchronizing in R with shift h, that isVe >0-dN -Yn> N:n=h
mod r = M (R) > 1—e. We also say that the initial distribution dy = M
is almost-sure eventually synchronizing in R with shift h.

Claim 2.

(x) If Mg is almost-sure eventually synchronizing in R with some shift h, then
M is almost-sure eventually synchronizing in R with shift h —¢ mod r.
(xx) Let t such that dr is almost-sure eventually synchronizing in R with shift
t. If a distribution is almost-sure eventually synchronizing in R with some
shift h, then it is also almost-sure eventually synchronizing in R with shift
h+k+t modr (where we chose k such that R = Pre™(T)).
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Proof of Claim 2. The result (x) immediately follows from the definition of shift,
and we prove (x%) as follows. We show that almost-sure eventually synchronizing
in R with shift h implies almost-sure eventually synchronizing in R with shift
h + k +t mod r. Intuitively, the probability mass that is in R with shift A
can be injected in T in k steps, and then from T we can play an almost-sure
eventually synchronizing strategy in target R with shift ¢, thus a total shift of
h + k 4+t mod r. Precisely, an almost-sure winning strategy o« is constructed
as follows: given a finite prefix of play p, if there is no state ¢ € R that occurs
in p at a position n = h mod r, then play in p according to the almost-sure
winning strategy «y, for eventually synchronizing in R with shift A. Otherwise,
if there is no g € T that occurs in p at a position n = h + k mod r, then we
play according to a sure winning strategy asure for eventually synchronizing in
T, and otherwise we play according to an almost-sure winning strategy «; from
T for eventually synchronizing in R with shift ¢. To show that « is almost-sure
eventually synchronizing in R with shift A + k + ¢, note that «j ensures with
probability 1 that R is reached at positions n = h mod r, and thus T is reached
at positions h + &k mod r by asyre, and from the states in T the strategy o«
ensures with probability 1 that R is reached at positions A+ k+t¢ mod r. This
concludes the proof of Claim 2.

Construction of an almost-sure winning strategy. We construct strategies a. for
€ > 0 that ensure, from a distribution that is almost-sure eventually synchroniz-
ing in R (with some shift h), that after finitely many steps, a distribution d’ is
reached such that d'(T) > 1 — e and d’ is almost-sure eventually synchronizing
in R (with some shift A’). Since gnit is almost-sure eventually synchronizing in R
(with some shift h), it follows that the strategy s that plays successively the
strategies (each for finitely many steps) « 1,01, QL. 08 almost-sure winning
from ginit for the weakly synchronizing objective in target 7T'.

We define the strategies a. as follows. Given an initial distribution that is
almost-sure eventually synchronizing in R with a shift A and given € > 0, let ac
be the strategy that plays according to the almost-sure winning strategy «, for
eventually synchronizing in R with shift A for a number of steps n = h mod r
until a distribution d is reached such that d(R) > 1 —¢, and then from d it plays
according to a sure winning strategy ag,e for eventually synchronizing in 7' from
the states in R (for k steps), and keeps playing according to oy, from the states
in @\ R (for k steps). The distribution d’ reached from d after k steps is such
that d'(T') > 1 — e and we claim that it is almost-sure eventually synchronizing
in R with shift ¢. This holds by definition from the states in Supp(d’) N T, and
by (x) the states in Supp(d’) \ T are almost-sure eventually synchronizing in R
with shift A — (h+ k) mod r, and by (xx) with shift h — (h+ k) + k + ¢ =t¢.

It follows that the strategy a5 is well-defined and ensures, for all € > 0, that
the probability mass in 7' is infinitely often at least 1 — e, thus is almost-sure
weakly synchronizing in T'. This concludes the proof of Theorem [3l ad

The complexity results of Theorem[Iand Theorem[2 hold for the membership
problem with function mazr by the following lemma.
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Fig. 7. State duplication ensures that the probability mass can never be accumulated
in a single state except in ¢ (we omit action a for readability).

Lemma 8. For weak synchronization and each winning mode, the membership
problems with functions max and maxT are polynomial-time equivalent to the
membership problem with function sump with a singleton T".

Proof. First, for u € {sure,almost,limit}, we have <<1>>}fe“kly(ma:L’T) =
Uq€T<<1>>}fe“kly(q), showing that the membership problems for maz are
polynomial-time reducible to the corresponding membership problem for sumy
with singleton T'. The reverse reduction is as follows. Given an MDP M, a state
g and an initial distribution dg, we can construct an MDP M’ and initial dis-
tribution dfy, such that dy € (1)»°**(q) iff dfy € (1)¥***(mazq ) where Q'
is the state space of M’ (thus maz¢ is simply the function max). The idea is
to construct M’ and dj, as a copy of M and dy where all states except ¢ are
duplicated, and the initial and transition probabilities are equally distributed
between the copies (see Fig. [[). Therefore if the probability tends to 1 in some

state, it has to be in q.
O

4 Strong Synchronization

In this section, we show that the membership problem for strongly synchronizing
objectives can be solved in polynomial time, for all winning modes, and both with
function max and function sumy. We show that linear-size memory is necessary
in general for mazr, and memoryless strategies are sufficient for sumq. It follows
from our results that the limit-sure and almost-sure winning modes coincide for
strong synchronization.
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4.1 Strong synchronization with function maz

First, note that for strong synchronization the membership problem with func-
tion maz7 reduces to the membership problem with function mazg where Q is
the entire state space, by a construction similar to the proof of Lemmal[§ states
in @\ T are duplicated, ensuring that only states in T" are used to accumulate
probability.

The strongly synchronizing objective with function max requires that from
some point on, almost all the probability mass is at every step in a single state.
The sequence of states that contain almost all the probability corresponds to a
sequence of deterministic transitions in the MDP, and thus eventually to a cycle
of deterministic transitions.

The graph of deterministic transitions of an MDP M = (Q,A,d) is the
directed graph G = (Q, E) where E = {{(q1,q2) | Ja € A : §(q1,a)(g2) = 1}. For
¢ > 1, a deterministic cycle in M of length ¢ is a finite path GeGe—1---Go in G
(that is, (i, gi—1) € E for all 1 < i < ¢) such that o = ge. The cycle is simple if

We show that sure (resp., almost-sure and limit-sure) strong synchronization
is equivalent to sure (resp., almost-sure and limit-sure) reachability to a state in
such a cycle, with the requirement that it can be reached in a synchronized way,
that is by finite paths whose lengths are congruent modulo the length ¢ of the
cycle. To check this, we keep track of a modulo-¢ counter along the play.

Define the MDP M x [¢{] = (Q', A, ") where Q' = Q x {0,1,---,£— 1} and
0'({g,7),a)({q’,i — 1)) = §(q,a)(¢’) (where i —1is £ — 1 for i = 0) for all states
q,q € Q, actionsa € A, and 0 <7 < ¢—1.

Lemma 9. Let n be the smallest positive probability in the transitions of M,
and let ﬁ < p < 1. There exists a strategy o such that iminf, || M%| >
p from an initial state qinix if and only if there exists a simple deterministic
cycle GoGo—1 - - - Go in M and a strategy 8 in M x[{] such that Pr®(O{(Go,0)}) > p
from {gnit, 0).

Proof. First, assume that there exists a simple deterministic cycle Gege—1 - - - Go
with length ¢ and a strategy § in M x [¢] that ensures the target set &{(go, 0)} is
reached with probability at least p from the state (ginit, 0). Since randomization
is not necessary for reachability objectives, we can assume that g is a pure
strategy. We show that there exists a strategy a such that liminf, ,||M%| > p
from ginit. From B, we construct a pure strategy « in M. Given a finite path
P = Q0a0q1a1 ... qn in M (with o = ginit), there is a corresponding path p’ =
(qo, koYao{q1, k1)a1 . .. {Gn, kn) in M x[€] where k; = —i mod £. Since the sequence
koky ... is uniquely determined from p, there is a clear bijection between the
paths in M and the paths in M X [¢] that we often omit to apply and mention.
For p, we define « as follows: if ¢, = §k,, then there exists an action a such
that post(Gk,,a) = {Gr,..} = {Gns+1} and we define a(p) = a, otherwise let
a(p) = B(p'). Thus o mimics B unless a state g is reached at step n such that
q = Gy, where k = —n mod /¢, and then « switches to always playing actions that
keeps M in the simple deterministic cycle GeGe—1 - - - Go. Below, we prove that
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given € > 0 there exists k such that for all n > k&, we have || M2|| > p—e. It follows
that liminf, .|| M2|| > p from ginit. Since Pr®(O{(Go, 0)}) > p, there exists k
such that Pr’(0=F{(Go,0)}) > p — e. We assume w.l.o.g. that k mod ¢ = 0. For
i=0,1,....,0—1,let Ri = {{Gi,i)}. Then trivially Pr’(O=F ') R)) > p—¢
and since « agrees with § on all finite paths that do not (yet) visit Uf:é R;,

given a path p that visits Uf:é R; (for the first time), only actions that keep
M in the simple cycle GeGe—1 - - - Go are played by a and thus all continuations
of p in the outcome of o will visit §o after k steps (in total). It follows that
Pr? (OF{(Go,0)}) > p — &, that is M{(Go) > p — &. Thus, | M| > p — e.
Since next, a will always play actions that keeps M looping through the cycle
GeGe—1 - - - Go, we have [|[M2]| > p—¢ for all n > k.

Second, assume that there exists a strategy a such that liminf, o || M%]| > p
from ginit. Thus, for all € > 0 there exists & € N such that for all n > k we have
[M%|>p—e Fixe<p-— ﬁ Let k be such that for all n > k, there exists a
unique state p,, such that M%(p,) > p — e. Below, we prove that for all n > k,
there exists some action a € A such that post(pn,a) = {Pn+1}. Assume towards
contradiction that there exists j > k such that for all a there exists ¢ # p;i1
such that {q,pj+1} C post(p;, a). Therefore, M$,,(q) > M$(p;)-n > (p—¢)-n.
Hence,

MG (Bjp) S1T=MF(q) <1—(p—¢)-n.

Thus, p—e < [[M$ || <1~ (p—¢)-n that givese > p — ﬁ, a contradiction.
This argument proves that for all n > k, there exists an action a € A such
that post(pn,a) = {Pnt1}. The finiteness of the state space @ entails that in
the sequence pyxpr+1---, some state and thus some simple deterministic cycle
occur infinitely often. Let ¢ege—1 - - - Go be a cycle that occurs infinitely often in
the sequence Prpr+1--- (in the right order). For all j, let i; be the position
of gp in all occurrences of the cycle GeGe—1---Go in the sequence prpry1---;
and let t; = i; mod £. In the sequence tgt; - -, there exists 0 < ¢t < £ that
appears infinitely often. Let the cycle ryry_1 - - 79 be such that r( ) moa ¢ = Gi-
Then, the cycle ryry_q - - - 79 happens infinitely often in the sequence pypr41 - -
such that the positions of 7y are infinitely often 0 (modulo ¢). Therefore, the
probability of M to be in rg in positions (modulo ¢) equals to 0, is infinitely
often equal or greater than p. Hence, for a strategy S in M x [¢] that copies all
the plays of the strategy a, we have Pr®(G{(rg,0)}) > p from (ginit, 0). O

It follows directly from Lemma [9] with p = 1 that almost-sure strong syn-
chronization is equivalent to almost-sure reachability to a deterministic cycle
in M x [f]. The same equivalence holds for the sure and limit-sure winning
modes.

Lemma 10. A state ginit is sure (resp., almost-sure or limit-sure) winning for
the strongly synchronizing objective (according to mazg) if and only if there
exists a simple deterministic cycle GeGoe—1 -+ Go such that (g, 0) is sure (resp.,
almost-sure or limit-sure) winning for the reachability objective G{(go,0)} in

M x [f].

23



Proof. The proof is organized in three sections:

(1) sure winning mode: First, assume that there exists a simple determin-
istic cycle Gege—1 -+ - Go with length ¢ such that (gnit,0) is sure winning for the
reachability objective & {{(Go,0)}. Thus, there exists a pure memoryless strategy
B such that Outcomes({(gnit,0), ) € <{{go,0)}. Since S is memoryless, there
must be k < |Q| x £ such that Outcomes((ginit,0),3) € O=F{{gy,0)} meaning
that all infinite paths starting in (ginit, 0) and following 8 reach (go,0) within k
steps. From 3, we construct a pure finite-memory strategy « in M that is repre-
sented by T' = (Mem, i, vy, ) where Mem = {0, --- ;£ — 1} is the set of modes.
The idea is that « simulates what 8 plays in the state (g, ), in the state ¢ of M
and mode ¢ of T (there is only one exception). Thus, the initial mode is 0. The
update function only decreases modes by 1 (ay(i,a,q) = (i — 1) mod ¢ for all
states ¢ and actions a) since by taking any transition the mode is decreased by 1.
The next-move function ay,(4,q) is defined as follows: ., (i, q) = B({q,)) for all
states ¢ and modes 0 < i < ¢, except when ¢ = ¢;, in this case let a,(i,q) = a
where post(d;,a) = {g;_1}. Thus B mimics « unless a state ¢ is reached at step
n such that ¢ = ¢_n mod ¢, and then « switches to always playing actions that
keeps M in the simple deterministic cycle ¢¢ge—1 - - - Go. Now we prove that ginit
is sure winning for the strongly synchronizing objective according to mazg. Let
j > k be such that j mod £ = 0. Let R = {(¢;,3) | 0 < i < ¢}. Thus obvi-
ously Outcomes({ginit,0), 8) C OR. and since « agrees with 8 on all finite paths
that do not (yet) visit R, given a path p that visits R (for the first time), only
actions that keep M in the simple cycle GeGe—1 - - - o are played by a and thus
all continuations of p in the outcome of o will visit ¢y after j steps. It follows
that Pr’(07{(do,0)}) = 1, that is M%(go) = 1. Thus, [IM%|| = L. Since next,
«a will always play actions that keeps M looping through the cycle geGe—1 - - - Go,
we have |[M%|| =1 for all n > j.

Second, assume that there exists a strategy a and k such that for all n > k
we have ||M%] = 1 from the initial state ginit. For all n > k, let p,, be a state
such that M%(p,) = 1. The finiteness of the state space @ entails that in the
sequence PrPi+1 - - -, some state and thus some simple deterministic cycle occur
infinitely often. Let gege—1---go be a cycle that occurs infinitely often in the
sequence prPr+1 - - - (in the right order). For all j, let i; be the position of gy in
all occurrences of the cycle GeGe—1 - - - §o in the sequence prpr41---; and let t; =
i; mod £. In the sequence tgt; - - -, there exists 0 <t < £ that appears infinitely
often. Let the cycle ryrg_1---ro be such that 7(;1s) mod ¢ = ¢i- Then, the cycle
rere—1 - - - To happens infinitely often in the sequence pppi41--- such that the
positions of 7 are infinitely often 0 (modulo ¢). Hence, for a strategy 8 in M x [{]
that copies all the plays of the strategy «, we have Outcomes({ginit,0),5) C
O{(ro,0)} from the initial state {(ginit, 0).

(2) almost-sure winning mode: This case is an immediate result from
Lemma[@ by taking p = 1.

(3) limit-sure winning mode: First, assume that there exists a sim-
ple deterministic cycle Gede—1---Go with length ¢ such that (Ginit,0) is limit-
sure (and thus almost-sure) winning for the reachability objective &{(Go, 0)}).
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Since {(Ginit,0) is almost-sure for reachability objective, then g is almost-
sure (and thus limit-sure) for strongly synchronizing objective. Second, assume
that gnit is limit-sure winning for the strongly synchronizing objective (accord-
ing to mazg). It means that for all ¢ there exists a strategy «; such that
liminf,, . |M%i]| > 1 —27% Let k be such that 1 — 2% > ﬁ By Lemma [3
for all ¢« > k there exists a simple deterministic cycle ¢; = Py, pe,—1 - - Po with
length ¢; and a strategy §; in M x [¢;] such that Pr’ (G{(g,0)}) > 1 — 27
from {Ginit, 0). Since the number of simple deterministic cycle is finite, there exists
some simple cycle ¢ that occurs infinitely often in the sequence cgcpyici42---.
We see that for the cycle ¢ = §eGo—1 - - - do, the states (Ginit,0) is limit-sure win-
ning for the reachability objective &{{go,0)}). O

Since the winning regions of almost-sure and limit-sure winning coincide for
reachability objectives in MDPs [3], the next corollary follows from Lemma [0
Corollary 1. (1):7m9% (mazp) = (1Y% (maz ) for all target sets T

limat almost

If there exists a cycle ¢ satisfying the condition in Lemma[I0, then all cycles
reachable from c in the graph G of deterministic transitions also satisfies the
condition. Hence it is sufficient to check the condition for an arbitrary simple
cycle in each strongly connected component (SCC) of G. It follows that strong
synchronization can be decided in polynomial time (SCC decomposition can
be computed in polynomial time, as well as sure, limit-sure, and almost-sure
reachability in MDPs). The length of the cycle gives a linear bound on the
memory needed to win, and the bound is tight.

Theorem 4. For the three winning modes of strong synchronization according
to maxr wn MDPs:

1. (Complexity). The membership problem is PTIME-complete.
2. (Memory). Linear memory is necessary and sufficient for both pure and ran-
domized strategies, and pure strategies are sufficient.

Proof. First, we prove the PTIME upper bound. Given an MDP M = (Q, A, §)
and a state ginit, we say a simple deterministic cycle ¢ = Gege—1 - qo is sure
winning (resp., almost-sure and limit-sure) for strong synchronization from ginit
if {ginit, 0) is sure winning (resp., almost-sure and limit-sure) for the reachability
objective ¢{(go,0)} in M x [¢]. We show that if ¢ is sure winning (resp., almost-
sure and limit-sure) for strong synchronization from g, then so are all simple
cycles ¢ = pppe_1 -+ Po reachable from ¢ in the deterministic digraph induced
by M.

(1) sure winning: Since ¢ is sure winning for strong synchronization
from gjnit, M is 1-synchronized in ¢p. Since there is a path via deterministic
transitions from o to pop, M is 1-synchronized in py too. So the cycle ¢’ is sure
wining for strong synchronization from g,;;, too.

(2) limit-sure winning: Assume that ¢ is limit-sure winning for strong
synchronization from g,i;. By definition, for all ¢ € N, there exists n such that
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for all j > n we have M is 1 — 2777 in §o. It implies that for all i there exists n
such that M is 1—2~2"-synchronized in gy. Since there is a path via deterministic
transitions from gy to po, then M is 1 — 2~ 2"-synchronized in py for all i. So the
cycle ¢’ is limit-sure wining for strong synchronization from gz, too.

(3) almost-sure winning: By corollary [I] since a cycle is almost-sure win-
ning for strong synchronization from g, if and only if it is limit-sure winning,
the results follows.

The above arguments prove that if a simple deterministic cycle ¢ is sure
winning (resp., almost-sure and limit-sure) for strongly synchronizing objective
from gjnit, then all simple cycles reachable from ¢ in the graph of deterministic
transitions G induced by M, are sure winning (resp., almost-sure and limit-
sure). In particular, it holds for all simple cycles in the bottoms SCCs reachable
from c in G. Therefore, to decide membership problem for strongly synchronizing
objective, it suffices to only check whether one cycle in each bottom SCC of G is
sure winning (resp., almost-sure and limit-sure). Since the SCC decomposition
for a digraph is in PTIME, and since the number of bottom SCCs in a connected
digraph is at most the size of the digraph (the number of states |Q|), the PTIME
upper bound follows.

For the PTIME-hardness, for all u € {sure,almost,limit} the proof is by
a reduction from monotone Boolean circuit problem (MBC). Given an MBC
with an underlying binary tree, the value of leaves are either 0 or 1 (called 0
or 1-leaves), and the value of other vertices, labeled with A or V, are computed
inductively. It is known that deciding whether the value of the root is 1 for a
given MBC, is PTIME-complete [16]. From an MBC, we construct an MDP M
where the states are the vertices of the tree with three new absorbing states sync,
q1 and go, and two actions L, R. On both actions L and R, the next successor of
the 1-leaves is only sync, and the next successor of the 0-leaves is g1 or go with
probability % The next successor of a A-state is each of their children with equal
probability, on all actions. The next successor of a V-state is its left (resp., right)
child by action L (resp., action R). We can see that M can be synchronized only
in sync.

We call a subtree complete if (1) root is in subtree, (2) at least one child
of all V-vertices is in the subtree, (3) both children of all A-vertices are in the
subtree. There is a bijection between a complete subtree and a strategy in M.
The value of root is 1 if and only if there is a complete subtree such that it
has no 0-leaves (all leaves are 1-leaves). For such subtrees, all plays under the
corresponding strategy reach some 1-leave and thus are synchronized in sync. It
means that root € ((1»;"0"919 (sync) if and only if the value of root is 1.

Finally, the result on memory requirement is established as follows. Since
memoryless strategies are sufficient for reachability objectives in MDPs, it fol-
lows from the proof of Lemma [0l and Lemma [I0] that the (memoryless) winning
strategies in M X [£] can be transferred to winning strategies with memory
{0,1,---,¢ — 1} in M. Since ¢ < |Q|, linear-size memory is sufficient to win
strongly synchronizing objectives. We present a family of MDPs M,, (n € N)
that are sure winning for strongly synchronization (according to maxg), and

26



target set T'

Fig. 8. An MDP that all strategies to win sure strongly synchronizing with function
MaL {4,,q5} Tequire memory.

where the sure winning strategies require linear memory. The MDP M, is shown
in Fig. Bl and the MDP M,, is obtained by replacing the cycle g2g3 of deter-
ministic transitions by a simple cycle of length n. Note that only in ¢; there
is a real strategic choice. Since ¢; and ¢o contain probability, we need to wait
in ¢; (by playing b) until we play a when the probability in ¢a comes back in
q2 through the cycle. We need to play n — 1 times b, and then a, thus linear
memory is sufficient and it is easy to show that it is necessary to ensure strongly
synchronization. a

4.2 Strong synchronization with function sum

The strongly synchronizing objective with function sumqp requires that eventu-
ally all the probability mass remains in 7. We show that this is equivalent to a
traditional reachability objective with target defined by the set of sure winning
initial distributions for the safety objective OT'.

It follows that almost-sure (and limit-sure) winning for strong synchroniza-
tion is equivalent to almost-sure (or equivalently limit-sure) winning for the
coBiichi objective OOT = {qoaoq1--- € Play(M) | 35 -Vi > j : ¢, € T}.
However, sure strong synchronization is not equivalent to sure winning for the
coBiichi objective: the MDP in Fig. [ is sure winning for the coBiichi objec-
tive OO{Ginit, g2} from ginit, but not sure winning for the reachability objective
&S where S = {g2} is the winning region for the safety objective O{ginit, g2}
(and thus not sure strongly synchronizing). Note that this MDP is almost-sure
strongly synchronizing in target T = {init, g2} from ginit, and almost-sure win-
ning for the coBiichi objective ©OT, as well as almost-sure winning for the
reachability objective <S.

Lemma 11. Given a target set T', an MDP M is sure (resp., almost-sure or
limit-sure) winning for the strongly synchronizing objective according to sumy if
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)

Fig. 9. An MDP such that ginit is sure-winning for coBiichi objective in T' = {ginit, g2}
but not for strong synchronization according to sumr.

and only if M is sure (resp., almost-sure or limit-sure) winning for the reachabil-
ity objective &S where S is the sure winning region for the safety objective OT.

Proof. First, assume that a state ginix of M is sure (resp., almost-sure or limit-
sure) winning for the strongly synchronizing objective according to sumy, and
show that ginit is sure (resp., almost-sure or limit-sure) winning for the reacha-
bility objective ©S.

(1) Limit-sure winning. For alle > 0, let &’ = f@ -nl@l where 7 is the smallest
positive probability in the transitions of M. By the assumption, from g, there
exists a strategy a and N € N such that for all n > N, we have M3(T) > 1—¢'.
We claim that at step N, all non-safe states have probability at most ﬁ, that is
M3 (q) < g forallq € Q\S. Towards contradiction, assume that M% (¢q) > a1
for some non-safe state ¢ € Q\ S. Since ¢ ¢ S is not safe, there is a path of length
¢ <|Q| from q to a state in Q \ T, thus with probability at least nl@l. Tt follows
that after N + £ steps we have MY ,(Q\T) > & 7@ = ¢, in contradiction
with the fact M%(T) > 1 — ¢’ for all n > N. Now, since all non-safe states have
probability at most ﬁ at step IV, it follows that M (Q\ S) < I%I -|Q| = ¢ and
thus Pr*(©S) > 1 — e. Therefore M is limit-sure winning for the reachability
objective ©S from gjnjt.

(ii) Almost-sure winning. Since almost-sure strongly synchronizing implies
limit-sure strongly synchronizing, it follows from (¢) that M is limit-sure (and
thus also almost-sure) winning for the reachability objective S, as limit-sure
and almost-sure reachability coincide for MDPs [3].

(#it) Sure winning. From @i, there exists a strategy o and N € N such that
for all n > N, we have M%(T) = 1. Hence « is sure winning for the reachability
objective OSupp(M$;), and from all states in Supp(M$;) the strategy « ensures
that only states in T are visited. It follows that Supp(M$Q;) C S is sure winning
for the safety objective OT', and thus « is sure winning for the reachability
objective &S from ginit-

For the converse direction of the lemma, assume that a state g is sure
(resp., almost-sure or limit-sure) winning for the reachability objective &S. We
construct a winning strategy for strong synchronization in T as follows: play
according to a sure (resp., almost-sure or limit-sure) winning strategy for the
reachability objective .S, and whenever a state of S is reached along the play,
then switch to a winning strategy for the safety objective OT'. The constructed
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strategy is sure (resp., almost-sure or limit-sure) winning for strong synchroniza-
tion according to sump because for sure winning, after finitely many steps all
paths from @i end up in S C T and stay in S forever, and for almost-sure (or
equivalently limit-sure) winning, for all € > 0, after sufficiently many steps, the
set S is reached with probability at least 1 — e, showing that the outcome is
strongly (1 — &)-synchronizing in S C T, thus the strategy is almost-sure (and
also limit-sure) strongly synchronizing. O
Corollary 2. (1)57m9% (symp) = (1)57°"9% (sumy) for all target sets T.

limit almost

The following result follows from Lemma [[T] and the fact that the winning
region for sure safety, sure reachability, and almost-sure reachability can be com-
puted in polynomial time for MDPs [3]. Moreover, memoryless strategies are
sufficient for these objectives.

Theorem 5. For the three winning modes of strong synchronization according
to sump tn MDPs:

1. (Complexity). The membership problem is PTIME-complete.
2. (Memory). Pure memoryless strategies are sufficient.
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