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—— Abstract

We propose an extension of simply typed lambda-calculus to handle some properties of quantum
computing. The equiprobable quantum superposition is taken as a commutative pair and the
quantum measurement as a non-deterministic projection over it. Destructive interferences are
achieved by introducing an inverse symbol with respect to pairs. The no-cloning property is
ensured by using a combination of syntactic linearity with linear logic. Indeed, the syntactic
linearity is enough for unitary gates, while a function measuring its argument needs to enforce
that the argument is used only once.
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1 Introduction

In [7] we have proposed a quantum inspired A-calculus, where a superposition u 4+ v was
formalized as a pair (u,v). As the addition is commutative and associative, we considered
terms modulo equations

(u,v) = (v,u)  and (v, ), w) = (u, (v, w)) ,
and consequently types modulo the isomorphisms
ANB=BAA and (ANBYAC=AN(BAC).

The position based projections m; and w2 had to be replaced by type based projections
ma such that if u has type A and v has type B, the term m4(u,v) reduces to u. When A
and B are equal, the projection is non deterministic, like the quantum measurement.

If the basis vectors v and v have type A, the superposition u+ v has type A A A and not
A, thus types permit distinguishing basis vectors from superpositions.

In [7], we have considered all the isomorphisms of simply typed A-calculus, thus taking
distance from the original motivation of quantum computing. In this paper we keep the two
first isomorphisms (associativity and commutativity of conjunction), but we drop the two
others that do not really make sense in the context of quantum computing and we focus on
the two ideas mentioned before: superpositions and basis vectors can be distinguished by
their types, and the projection of a pair is the analogous to the quantum measurement.

* This work was partially supported by the STIC-AmSud program through project 16STIC04 FoQCoSS
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Since our aim is to understand the behaviour of quantum computing, we propose to deal
with the no cloning property of quantum computing by combining two approaches seen in
the literature: In [4] we proposed that all functions distribute over superpositions, such as
linear functions do, e.g. t(u,v) will not beta reduce but distribute as (tu,tv). This allows,
as the CNOT gate does, cloning basis vectors but not general vectors. The second approach
is to use a linear type system ensuring that a function will use its argument only once, and
so be linear. This way, we can allow functions taking a superposition, but only when the
type system ensures that the argument will be used linearly, e.g. Az (H(wax)), which
represents the quantum algorithm

v)

The general idea is that an operator on basis terms, that is, an operator acting on types
which are not conjunctions (so no superpositions), will distribute with respect to pairs,
while an operation on superpositions will just beta reduce when a superposition is given to
it. That is to say, we have a linear type system which allows weakening and contraction
only on conjunction-free types.

In order to mimic the destructive interference from quantum computing we need a sym-
metric term with respect to pairs. Indeed, given (u,v), which is the representation of the
superposition u+wv, we need a w such that ((u, v), w) = u, that is, a w such that u+v+w = w.
We will note such a w as —v.

Related work.

There are two main trends on the study of functional quantum programming languages: On
one hand, one well developed line follows the scheme of quantum-data/classical-control [13].
That is a model where the actual quantum computation runs in a quantum memory [IT] while
the program controlling which operations to apply and when, runs in a classical computer.
This scheme counts with a recent semantical study for higher-order quantum computation
[12], as well as several prototypes such as QML [I] or the more scalable and recent Quipper
[I0]. On the other hand, there is the scheme of quantum data and control. This model,
while less suitable to produce a scalable quantum programming language nowadays, may
give better insights on the quantum properties and the quantum operations. The present
paper is inscribed in this second line. Its origins can be tracked back to Lineal [4] and its
type systems such as [3].

QOutline of the paper.

In Section 2] we introduce the calculus where superpositions are represented as associative
and commutative pairs and projections, base of the measurement, become non-deterministic.
In addition, we introduce a minus operator, allowing for destructive interference. In Section[3]
we introduce the tensor operator for multiple-qubits systems. Such a tensor is a pair that is
neither commutative nor associative. In Section F] we present two examples in our calculus:
the Deutsch algorithm and the Teleportation algorithm. In Section [l we prove that the
resulting system has the Subject Reduction property.

2 No cloning, superpositions and measurement

Notice that it is not useful to distinguish between (A A A) and (A A A A A). Both are
superpositions, so they cannot be cloned. What we want to distinguish is when a term is a
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b:=x | x:At] [0) | |1) Basis terms (B)
vi=b|(v4+wv)|0| —v Values (V)
te=v|tt| (t+t) | mat| 7] —t Terms (A)
Ap:=Q| A=A Basis types (B)
A:= Ay | S(A) Types (T)

Figure 1 First grammar of terms and types

basis term from when it is a superposition. Hence, instead of conjunctions or conjunction-
free types, we mark as S(A) for a superposition of terms of type A. That is to say, we
identify (A A A) A A with AA A, but not A A A with A.

Notice that in linear logic we would mark with A the terms that cannot be duplicated
while 1A types the duplicable terms. In our language A are the terms that cannot be
superposed, while S(A) are the terms that can be superposed, and since the superposition
forbids duplication, A means that we can duplicate, while S(A) means that we cannot
duplicate. So the S is not the same as the bang (!), but the exact opposite. This can be
explained by the fact that linear logic is focussed on the possibility of duplication, while we
focus on the possibility of superposition, which implies the impossibility of duplication.

As mentioned in the introduction, in order to allow for destructive interferences we need
to introduce negatives. Therefore, we introduce an operator “—” on terms such that if ¢ has
type A, then —t has type S(A).

The first grammars of terms and types are given in Figure [l The set of free variables
of a term ¢ is defined as usual in A-calculus and denoted by FV(¢). Terms are split in
three categories. The set of basis terms, denoted by B, includes variables, abstractions and
two qubit constants (|0) and |1)). We also use B to denote the set of basis types. The
set of values, denoted by V), includes all the basis terms, pairs (noted by +), a constant
0 representing the null vector and negative values. We denote by V¢ to the set of closed
values and B¢ to the set of closed basis terms, that is, V¢ = {t € V | FV(t) = 0} and
B¢ ={teB| FV(t) =0}. Finally, the set of terms includes all the previous, the pairs on
arbitrary terms, and the eliminations: application, projection, an if-then-else construction
(7-), and negative general terms.

Types are distinguished between conjunction-free types (marked with a subscript 0) and
general types. The idea is to distinguish conjunction-free types, which will be used to type
basis terms, from general types, which will be used to type superpositions.

Conjunctive types are noted by S(A). We use (t—t) as a shorthand notation for (t+(—t)).
The term (¢ — t) has type S(A), and this term will reduce to 0, which is not a basis term.

The operational semantics is given in Figure[2l We use a weak reduction strategy, that
is, reduction cannot happen under A. The reason to use a weak strategy is explained at the
end of the section.

Rule (B) is call-by-closed-value. If the argument of the abstraction admits a superposition,
the type system will ensure that it is not cloned by imposing that it is used only once. If
the type is a basis type, then it can be cloned, and then we must reduce the argument first
to ensure that we are cloning a term that can be cloned, for example, a measure over a
superposition —which has a basis type but cannot be cloned until it is reduced. A function
expecting a basis term but applied to a superposition, is allowed, just that it will first
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If ¢t has type Ag = A, then t0 — 0 (lin0,
0t —0 (lin0y
Modulo associativity and commutativity of pairs:
(u+v) =ac (v+u) (comm)
(u+v)+w)=ac (u+ (v+w)) (assoc)

If u has type A and u € V¢, then (Az : A t)u — (u/x)t (8)
If ¢ has type Ag = A, then t(u 4 v) — (tu + tv) (liny)
(t 4 u)v — (tv + uv) (liny)

If ¢ has type A, then ma(t+u) — t (projn)

If ¢ has type A, then mat — t (proj1)

1) ?7uv — u (if1)

|0)?u-v — v (ifo)

If ¢ has type Ag = A then t(—u) — —tu (linegy)
(—t)u — —tu (linegy)

0+1t) —t (neutral)

(t—t)—0 (inverse)

—(—t) — ¢ (negneg)

—-0—0 (negzero)

(t+1t)—t (nosup)

)

)

Figure 2 First operational semantics

distribute using rule (lin;), and then do the S-reduction. This way, (Az : S(Q) z)(]0) +
[1)) reduces to (|0) + |1)) directly, while (Az : Q x?(—x)-z)(|0) + |1)) must first reduce to
(Az:Q a?(—x)x)]0) + (Az : Q 2?(—z)-x) 1)) and then to (]0)7(—]0))-]0) + [1)?(—[1))-]1))
and so to (|0) —|1)). Notice that in the later term, the argument expected by the abstraction
is not a superposition. The beta reduction cannot occur because of the side condition on
this rule, but the whole term is typable, as we will see next in Figure B (rule = gg). The
term (]0) + |1)) being a superposition is seen not only in the type but also in the shape of
the term, which allows the rule 8 to be effective. Rule (lin|) is the analogous to the sum of
functions: a pair represents a superposition, which is a sum. Therefore, if an argument is
given to a sum of functions, it needs to be given to each function in the sum. Notice that,
since we use a weak reduction strategy, the argument v on this rule is closed. Rules (proj,)
and (proj1) are the projection over associative pairs, that is, the projection over lists (and
hence the need of projecting also a single element). The projection, as mentioned in the
introduction, projects the term with respect to its type. When more than one term of the
expected type is present in the term, due to the commutativity of pairs, the projection (projy)
will act non-deterministically. Rules (if;) and (ifg) implement the if-then-else construction.
Rules (lineg,) and (lineg)) are the analogous to (lin,) and (lin)). Rules (neutral), (inverse),
(negneg), and (negzero) are self explanatory. Rule (nosup) eliminates fake superpositions
such as (]0) 4+ |0)). Rules (lin0,) and (lin0;) are analogous to (lin,) and (liny).

The first type system is presented in Figure Rules Ax and =-; are the standard
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S — _ —— A — A
x:AFx:AAX FO0:S(A) Axo F10):Q 10} F1): Q )
Lrt:A Lrt:5(5(4)) Lre:A
I'kt:S(A) I'-t:S(A) T'k—t:S(A)
I'x:AFt: B
If =1
F?2:0=Q0=0=0 I'tFXz:At: A= B
PHt:A=>B  Atu:A Prt:8A=58) Arfu:S(4)
I'NAFtu: B IAFtu:S(B)
T'kHt:S(A) APu:S(A)/\ FPt:S(A)/\
T,AF (t+u): S(A) ! Thaat:A 7
T'Ht: B W T,z:Ao,y: Aok t: B
T,z:Agk-t:B D,z: Aok (z/y)t: B

Figure 3 First type system

for linear type systems. Rule Axq types the null vector as a non-basis term. Rules Axg)
and Axj;y type the basis qubits with the basic type. Rule P says that a basis type can
be promoted to a general type. In particular, notice that ((|0) + |0)) — |0)) reduces to |0),
however it will have type S(Q). Hence, P allows typing |0) as S(Q). Rule S simplifies the
superposition of a superposition to a single superposition. Rule N states that a term with
a negative mark is not a basis term. Rule If types the if-then-else construction, where, in
this type system, (?-)rst is a notation for r?s-t. Rule =g is the standard elimination. Rule
=g is the elimination for superpositions, corresponding to both (lin,) and (lin;). Rules A;
and Ap are generalisations from conjunction rules: two superpositions superposed are still
a superposition, and a superposition projected is not anymore a superposition. Notice that
rule (proj;) implies that we need to be able to preserve the same type if the term is projected
with respect to its full type. This typing rule can be derived:

I'Ht: A p
T'Ht:S(4)
Fl—ﬂ'Aﬁ:A ¢

Finally, Rule W and C correspond to weakening and contraction on conjunction-free
types. The rationale is that conjunction-free types will type basis terms, so they can be
cloned.

Discussion on the weak strategy We consider a weak strategy to avoid cloning free vari-
ables. For example, we can derive

y:SQFX:Qmg(y): Q=Q

so this term is not a superposition, however it cannot be cloned until y is replaced by a
superposition and projected (measured).

3  Multi-qubit system: introducing tensor

A multi-qubit system is represented with the tensor product between single-qubit Hilbert
spaces. The tensor product can be seen as a non-commutative pair, hence we want to
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b:=x|Ax:At][0)|]1) |[b®Db Basis terms (B)
vi=b|(w4v)|0] —v]vaw Values (V)
te=v|tt]| (t+¢t) | mat | 7] —t|tR¢t | fstt ]| sndt Terms (A)
Ay:=Q | A=A | Ay ® A Basis types (B)
A=A, |SA) A A Types (T)

Figure 4 Grammar of terms and types of the full system

represent the tensor product as a conjunction-like operator. The grammar of terms and
types is given in Figure @

The full operational semantics is in Figure [l including all the rules from Figure 2] plus
the rules for ®. Again, the reduction is weak in the sense that no reduction occurs under a
A, and hence all the terms are cosidered closed.

Since ® are just pairs, we allow projecting the first or the second element (rules (fst) and
(snd)). The null vector, 0, is absorbing with respect ® (rules (abs,) and (abs))). Rules (linten,)
and (linten)) are the linearity functions on a pair. Notice that the critical pair (linten,) and
(linten)) is closed by (assoc).

The full type system is shown in Figure[6l It includes all the typing rules from figure B]
plus the rules for ®.

Rule ®1 introduces the tensor while ® g, and ®g; eliminate it. Rules P, and P, promote
a two-qubits system to the status of superposition when one of them is a superposition.
Rules S, and S; simplifies double superpositions marks.

4 Examples

In this section we show that our language is expressive enough to express the Deutsch
algorithm (Section [1]) and the teleportation algorithm (Section E.2)).

4.1 Deutsch algorithm

We can implement the Deutsch algorithm, which is given by the following circuit.

|0>U
f
1) —{H H

This algorithm tests whether the binary function f implemented by the oracle Uy is

constant or balanced. When the function is constant, the first qubit ends in |0), when it is
balanced, it ends in |1).

We need several auxiliary functions. First we define App; as the function taking a
function to be applied to one qubit and a two qubits system and applying the function to
the first.

Appr = Af: Q= S(Q) Az : Q®Q ((f (5t x)) ® (snd z))

Similarly, Apppotn receives two functions to apply the first to the first qubit and the
second to the second qubit.

Apppoth = Af Q= 85(Q) \g: Q= S(Q) \z:Q®Q ((f (5t z)) ® (g9 (snd x)))
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If w has type A and u € V¢, then (A\z: A t)u — (u/x)t (8)
If ¢ has type Ag = A, then t(u 4 v) — (tu + tv) (liny)
(t+ u)v — (tv + uv) (liny)
If ¢ has type A, then ma(t 4+ u) — ¢t (projn)
If t has type A, then mat — t (proj1)
|D)?7uv — u (if1)
|0)Y?u-v — v (ifo)
If ¢ has type Ay = A then t(—u) — —tu (linegy)
(—t)u — —tu (linegy)
0+t) —t (neutral)
(t—t)—0 (inverse)
—(—t) —t (negneg)
—-0—0 (negzero)
(t+1t)—t (nosup)
If ¢ has type Ag = A, then t0 — 0 (lin0,)
0t — 0 (Iin0y)
fst (t@u) —t (fst)
snd (t®@u) — u (snd)
t®0—0 (absy)
0t—20 (abs))
t((r+s)@u) — (trou)+t(s®@u)) (linten,)
tlu@(r+s) — (tHuxr)+t{lu®s)) (linteny)
Modulo associativity and commutativity of pairs:
(u4v) =ac (v+u) (comm)
((u+v)+w) =ac (u+ (v+w)) (assoc)

Figure 5 Full operational semantics

The Hadamard gate produces (|0) + [1)) when applied to |0) and (|0) + (—|[1))) when
applied to [1). Hence, it can be implemented with the if-then-else construction:

H = x5 Q (0) + (27(~ [1))-1)))
Similarly, for the not gate we implement it in the following way:
not = Az : Q (27]0)-[1))
The oracle Uy is defined by
Uslry) = |z,y ® f(2))
where @ is the addition modulo 2. Hence, it can be implemented in the following way:

U=XM:Q=0Q X :Q®Q ((fst ) @ ((snd z)?(not (f (fst x)))-(f (fst x))))
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- - — A — A
x:AFx:AAX FO0:S(A) Axo F10): Q o) FI1):Q M
Lre:A I'Ht:5(5(4)) _The:A
T'kHt:S(A) I'-t:S(A) T'k—t:S(A)
'x:AFt: B
If =1
F?2.:0=0Q0=0=0 I'FXz:At: A= B
T't:A—B AFu:A Ht:S(A= B) AFu:S(A) s
I''AFtu:B Ak tu:S(B)
T'kt:S(A) APu:S(A)/\ FPt:S(A)/\
T,AF (t+u): S(A) ! TFaat:A 7

I'tt:B
I'Nz:AoHt: B w
T'Ft: A AFr:B
NAFt®r: A®B

I'-t:A® B
THfstt: A

(205 KEr

F%tSUD@B})
'Ht:S(A®B) "

I'Ht:S(A®S(B))
FFt:S(A®B) "

T,z:Ao,y: Aok t: B
D,z: Aotk (z/y)t: B

I'HFt: A® B

IT-sndt: B OF

THt: A® S(B)
THt:S(A®B)
I'Ht:S5(S(A)® B)
THt:S(A® B)

1

Figure 6 Full type system

and Uf = Uf.

In order to measure the first qubit we will project the two-qubits system with respect to
Q ® S(Q). However, before projecting we need to factorize the first qubit. For example, if
we project with respect to Q® S(Q) the term ((|0) ® [0)) + (]0) ® |1))), we can obtain either
|0) ® |0) or |0) ® |1), which do not represent the measurement. Instead, if we factorize the
first qubit before projecting, we project over |0) ® (|0) 4 |1)), obtaining the same term, as
expected when measuring the first qubit.

The measurement will be defined as the projection over Fact; x. However, to ensure
Facty is not distributed linearly over z, we use the canon [r] notation for encapsulating a
term inside an abstraction:

[r] =Xz : Q= Qr whith z a fresh variable
and the co-canon {r} notation, to free the term from the encapsulation:
{r}t=rXx:Qu

This way we can stop the linear distribution by encapsulating the term and removing the
encapsulation after the term is consumed. In addition, we use the notation [A] for (Q =

Q)= A

Hence, the measurement is defined by:

Fo =Xz :Q®Q (fst )?70-(snd x)
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Fi=X:Q®Q (fst x)?(snd z)-0
Fact; = Az : [S(Q® Q)] ((|0) @ (Fo {«})) + (1) @ (F1 {z})))
Meas; = Av: S(Q® Q) mogs(q)(Facty [x])

Finally, the Deutsch algorithm combines all the previous definitions:

Deutsch = A\f : Q = Q
(Measy (Appy H (U f) (Appborn H H (|0) ® [1))))))

This term is typed by
F Deutsch: (Q = Q) = Q® S(Q)
The Deutsch algorithm applied to the identity function reduces, as expected, as follows:

Deutsch id —™* |1) ® (]0) — |1))

4.2 Teleportation algorithm

The previous example does not show the use of the measurement as a state-changing op-
erator. Indeed, the state to be measured is already a basis state. Therefore, we introduce
another example, the teleportation algorithm, where the measurement is used as an operator
changing the state.

Alice

Bob
The cnot gate will apply a not gate to the second qubit only when the first qubit is |1).
Hence, it can be implemented with an if-then-else construction as follows:

cnot = Az : Q@ Q ((fst z) ® ((fst x)?(not (snd x))-(snd x)))

We reuse H and not from the previous example. The application App; is not useful
anymore since we need to make a new application for a system with three qubits, App?. In
addition, we need to apply cnot to the two first qubits, so we define App3,.

Appi = \f: Q= S(Q)
Az (QeQ)®Q
(((f (fst fst z)) @ (snd fst x)) ® (snd z))
Apply = Af:Q®Q=Q®Q
Az Qe (QeQ)
(f (fst x ® fst snd x) @ snd snd x)
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Similar to what we did in the previous example, to define the measurement Meas3,, that
is, the function measuring the first two qubits, we need to factorize the first two qubits, and
then apply the projection:

Foo=Xz: (Q®Q)®Q (fst fst )?70-((snd fst x)?70-(snd x))
Fouo=Xr: (Q®Q)®Q (fst fst x)?0-((snd fst z) (snd z)-0)
Fio=Xr: (Q®Q)® Q (fst fst x)?((snd fst 2)?0-(snd x))-0
Fii=Xx: (Q®Q)®Q (fst fst )?((snd fst x)?(snd z)-0)-0

Factio =Xz : [S(Q® Q) ® Q)]
|

(((10) ®10)) @ (Foo{x})+
(10) ® 1)) @ (Foi{=}))+
((11) ®10)) ® (Fro{z})+
(1) ® 1)) @ (Fi1{z})))
Meast, = Xz : S(Q @ Q) ® Q) m(ge)es) (Factia[z])

The Z gate return |0) when it receives |0), and — |1) when it receives |1). Hence, it can
be implemented by:

Z =Xz :Q (z?]0)-(—1|1)))

The Bob side of the algorithm will apply Z and/or not according to the bits it receives
from Alice. Hence, for any - U : Q = S(Q) or - U : Q = Q, we define U® to be the function
which depending on the value of a basis qubit will apply a gate or not:

U'=Xb:Q Mz :Q (b?z-x)
Alice and Bob parts of the algorithm can be defined separately by:

Alice = Mz [S(Q® (Q® Q)] (Measiy(Appi H (Appiy cnot {x})))
Bob = \r - (@ ® @) ® @ (Z(fst fst x) not(snd fst x) (snd x))

The teleportation is applied to the state
Boo = (10) ®[0) + |1) @ [1))
and it is defined by:
Telportation = \q : S(Q) (Bob (Alice [q @ Boo)))
This term is typed, as expected, by:
F Teleportation : S(Q) = S(Q)

And applying the Teleportation to a superposition (|0) + |1)) will reduce in the following
way:

Teleportation (|0) + [1)) —"

Bob (m@ses@ (((10) @10)) @ (|0) + 1))+
(10) @ 1)) @ (11) + [0)))+
(1) @10)) @ (0) = 1))+
(D@ 1)@ (1) = [0))))
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At this point, there are four possible output of the projection:

(10) ®10)) @ (|0) + 1))
(I0) @ 1) @ (1) +10))
(1) @10)) @ (0) — [1))
(D @)@ (|1) - 10))

Assume the projection outputs (|1) ® [1)) ® (|]1) — |0)). Then, the teleportation reduces
to

Bob ((|1) @ [1)) @ (|1) — 10)))

— (Bob (([1) ® [1)) ® [1)) — Bob ((|1) ® [1)) ® |0)))
— (ZMnot'V 1) — (ZWnot!V) |0)))

—* (2 |0) = (Z21V (1))

—*(10) = (=1[1)))

— (10) +11))

The other projections are analogous.

5 Subject reduction

Theorem ensures that typing is preserved by weak-reduction. We need some auxiliary
lemmas and definitions before proving Subject Reduction.

» Definition 5.1 (Subtyping). The relation < is defined as the least congruence such that
m A=A

= A=<S(A4)

= S5(5(C)) =5(C)
= S(C)®D=<S5(C®D)

= C®S(D)=<5(C®D)

= S(C®S(D))=5(C®D)
= S(S(C)@ D) =25(C®D)

» Lemma 5.2. If A < B, then either B ¢ B or A = B.
Proof. Straightforward case by case analysis of Definition (.11 <
» Lemma 5.3. If A <X S(B = (), then A < S(B) = S(E).

Proof. The only possible unification is with A = S(...S(4; = Aj3)...) (possible with
no S). Hence, the relation happens at the congruence level: S(...S(A41)...) = B and
S(...5(A42)...) =2 C. <

» Lemma 5.4. [fA<BandT'Ft: A, thenT'Ft:B.
Proof. Direct consequence of rules P, S, P, P, S, and S;. |

Let |T'| be the set of types in I'. For example, |z : A,y : Bo| = {A, Bo}. Also, let B be
the set of basis types.

» Lemma 5.5 (Generation lemmas).

11



12

Quantum superpositions and projective measurement in the lambda calculus

m I[fTFax:A thena:BrFa: B, withe:Bel, |T|\{B}CB, and B < A.
IfTEXMe:At:B, thenT",x: Art:C, withTVCT, A= C < B and |T'\I"| C B.
m IfTFtu: A, then one of the following possibilities happens:

= 1Ft:B=Candl'sbFu: B, with C < A, or

= I1Ft:S5(B=C)andTaFu:S(B), with S(C) < A.

In both cases, T1 UTy CT and |T|\ |T1 UT2| C B.

m IfTF (t+u): A, thenTy Ft:S(B) andTy - w: S(B), withT'yUT'y C T, T\ (T UTy)| C
B and S(B) < A.

m IfTEnapt: A thenTVEt:S(B) withT! CT, T\TV|C B and B < A.

m IfTH|0): A, then Q = A and |T'| C B.

m IfTH|1): A then Q = A and |T'| C B.

m IfTE?:A thenQ=Q=Q=Q=<A and |T'| C B.

m IfTFO0: A, then exists B ¢ B such that B < A and |T'| C B.

w IfUF —t: A, then I Ft: B, with T’ CT, [D\T’| C B and S(B) < A.

- IfFl‘t(X)U:A, thenTi1Ht:Band ok wu:C, withl'y UT's C T, |F\(F1UF2)| CB
and B C < A.

m IfTEfstt: A thenTVHt: B C, withT CT, [T\IV| C B and B =< A.

m IfTEsndt: A thenTVHt: BRC, withT CT, [T\T’| C B and C < A.

Proof. First notice that if I' - ¢ : A is derivable, then A F ¢t : B is derivable, with I' C A
and |A\ T| C B (because of rule W) and A < B, (because of rules P, S, P., P, S, and
S1). Notice also that those are the only typing rules changing the sequent without changing
the term on the sequent. All the other rules — except for =g and =g, which anyway
are straightforward to check — are syntax directed: one rule for each term. Therefore, the
lemma is proven by a straightforward rule by rule analysis. |

» Lemma 5.6. IfT,z: AFt: B with A ¢ B, then © appears free exactly once in t.

Proof. The only way to have a variable in the context appearing more than once in a term
is by the contraction rule (C'), however, the variable need to have a basis type. The only
way to have a variable in the context not appearing in a term is by the weakening rule (W),
however, the variable also need to have a basis type. Therefore, a variable in the context
with a general type must appear exactly once in the term. |

» Lemma 5.7. IfT'Ht: A and FV(t) =0, then |I'| C B.

Proof. If FV(t) =0 then ¢ : A. If T # (), the only way to derive I' - ¢ : A is by using rule
W to form I, hence |I'| C B. <

The following lemma is standard in proofs of subject reduction and can be found for
example in [6] prop. 3.1.11]. Tt ensures that when substituting terms for term variables, in
an adequate manner, then the type derived remains valid.

» Lemma 5.8 (Substitution lemma). For any terms t and u, any types A and B and any
context I’ such that w € V, then if T',x : Abt: B and A+ u: A we have T, A F (u/x)t : B.

Proof. First, notice that due to LemmalB.7 |A| C B. Without lost of generality, we consider
A = (). We proceed by structural induction on t. We give here only one case, the full proof
is developed in Appendix [A]l

Let t = vw. By Lemma [55] there are two cases:
1. TWFov:C=DandI's; Fw:C, with D < B.
2. T Fv:S(C= D)and I's Fw : S(C), with S(D) < B.
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In any case, with (I'y UT3) CT U {x : A} and (T U{A4})\ [T’y UT3| C B. We consider the
two cases:

= A¢ Bandue Ve Then, by Lemma 56 = appears free exactly once in vw. Cases:
= Let x appear in v and not in w. Then x : A € I'; and so, by the induction hypothesis,
in case[ll Ty \ {z: A} F (u/z)v: C = D, in case T'1 \ {z : A} F (u/x)v: S(C = D).
Hence, one of the following derivations is valid:
M\{z: A} (u/z)v:C=D Tokw:C

L\ {z: A} To b (u/x)vw : D
'k (u/z)vw: D

=FE

M\ {z: A+ (u/z)v: S(C = D) Tykw:S(C)
i\ {z: A} Ty (u/x)vw : S(D)
'k (u/z)vw : S(D)

=ES

In any case, by Lemma B4 I' - (u/x)vw : B. Notice that (u/z)vw = (u/z)(vw).
= Let x appear in w and not in v. Then x : A € I's and so, by the induction hypothesis,
in casel To \ {z: A} F (u/z)w: C, in case Ty \ {z : A} F (u/z)w : S(C). Hence,
one of the following derivations is valid:
I'kFv:C=D To\{z:A}F (u/z)w:C
I, To\{z: A} Fo(u/x)w: D
I'o(u/z)w: D

=FE

I'kov:S(C=D) Ty\{x:A}+ (v/z)w: S(C)
I, To\{z: A} Fo(u/x)w: S(D)
I'Fo(u/z)w: S(D)

=ES

In any case, by Lemma B4 T' - v(u/x)w : B. Notice that v(u/x)w = (u/x)(vw).

m A€ B and u € B°. Then if z appears free exactly once in vw, this case is analogous
to the previous item. Let z € FV(v) N FV(w). Then, by the induction hypothesis, in
caseMl Ty \ {z : A} F (u/2)v : C = D and Ty \ {z : A} F (¢//2)w : C, in case [
Mi\{z: A} F (u/z)v: S(C = D)and T's \ {z: A} F (v//z)w : S(C). Therefore, one of
the following derivations are valid:

M\ {z: A}t (u/z)v:C=D To\{z:A}F (W /z2)w:C
i\ {z: A}, To\{z: A} F (u/x)v(u'/z)w : D
i\ {z: A}, To\{z: A} F (u/x)v(u/x)w : D
' (u/x)v(u/x)w: D W

=E

i\ {z: A} F (u/x)v: S(C = D) Ta\{x:A}F (v'/z)w:S(C)
T\ {z: A}, To\ {z: A} F (u/z)v(v//x)w : S(D)
Mo\ {x: A} To\{z: A} + (u/z)v(u/x)w : S(D)
'k (u/z)v(u/z)w : S(D)

=ES

In any case, by Lemma B4 T' b (u/z)v(u/z)w : B. Notice that (u/z)v(u/z)w =
(u/z)(vw). <



14

Quantum superpositions and projective measurement in the lambda calculus

Since the strategy is weak, subject reduction is proven for closed terms.

» Theorem 5.9 (Subject reduction on closed terms). For any closed terms t and u and type
A ift —uwandbt: A, thentu: A.

Proof. By induction on the rewrite relation. Developed in full details in Appendix[Al <

6 Conclusion

In this paper we have introduced an extension to simply typed lambda calculus to handle
some aspects of quantum computing, namely destructive superpositions, measurement and
no cloning. No cloning is treated, following Lineal [4], by ensuring linearity on the ap-
plications (particularly through rewrite rules (lin,) and (lineg,)). However, an application
implementing a measurement cannot be linear in this sense. Hence, in such a case, a type
system based on linear logic [9] is used to ensure that the function will use its arguments
just once. As stated in [8] the two meanings of linearity differ: No-cloning means that the
functions are linear on superpositions, in the sense of Lineal (f(u 4+ v) = (fu+ fv)), while
the linearity in the sense of linear logic means that the argument have to be used only once.
Indeed, not allowing using a basis term more than once in the body of an abstraction would
prevent defining cnot as we did:

cnot = Az : Q@ Q ((fst z) ® ((fst x)?not(snd x)-(snd x)))

Notice that cnot(|0) 4+ |1)) = (cnot |0) + cnot |1)). On the other hand, linear logic allows
us to prevent a superposition to be cloned by imposing that an abstraction receiving a
superposition cannot use it more than once. This allows us to define the measurement as:

meas = Az : S(Q) (mg(x))

In particular, meas (|0)+|1)) must reduce to mg(]0)+|1)) and not to (meas |0)+meas |1)),
which reduces to (mqg |0) + g |1)) and so to (|0) + |1)).

A well known problem in A-calculus with a linear logic type system including modalities
is the following example:

y:S@F Q= 50Q) (z®1)(Az:Qy):5(Q) ©5(Q)

If we allow (-reducing this term, we would obtain (Az : Q y) ® (Az : Q y) which is not
typable in context y : S(Q). One solution to this counter-example is by the so-called Dual
Intuitionistic Linear Logic [5], where the terms that can be cloned are distinguished by a
mark, and used in a et construction, while non-clonable terms are used in A\ abstractions. In
our case we remove the counter-example by requiring the argument to be closed. Notice that,
for example, both (Az: Q = S(Q) (z®@x))(Az: Q (|0) +1))) and (Az: Q (]0) +]1))) @ (A\z :
Q (]0) 4+ |1))) are typable (with empty context).

As future work we are willing to re-introduce scalars to the calculus following [2] [3].

Acknowledgements We would like to thank Eduardo Bonelli, Simona Ronchi della Rocca
and Luca Roversi for interesting comments and suggestions.
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A  Omitted proofs

Proof of Lemma (Substitution lemma). First, notice that due to Lemma[E1 |A] C B.

Without lost of generality, we consider A = (). We proceed by structural induction on ¢.

t = . By Lemma[5h A < B and |T'| C B. Since (u/x)x = u, we have b (u/x)x : A. Hence,
since A < B, by Lemma B4 + (u/z)x : B. Finally, since [I'| C B, by rule W, we have
'k (u/z)x: B.

t=y#x. By LemmaER y: Cry:C withy: CeTU{z: A}, (T|U{AHh\{C} C B
and C' < B. Since C' < B, by Lemma54 y : C + y : B. Since (T|U{A})\ {C} C B
andy:C eTU{x: A}, by rule W, T,z : AF y: B. Finally, since (u/x)y = y, we have
Iyz: AF (u/z)y : B.

t = Ay : C v. Without lost of generality, assume y is does not appear free in u. By
LemmaB A I,y : Ckov: D, withTV CTU{z: A}, C = D < Band (|T|U{A})\|I"| C B.
By the induction hypothesis, I,y : C' F (u/x)v : D. Hence, by rule =, IV b Ay :
C (u/x)v:C = D. Since C = D =< B, by Lemma B4 I F Ay : C (u/z)v : B. Hence,
since |T'|\ [TV| C B, by rule W, ' = Ay : C' (u/x)v : B. Since y is does not appear free in
u, Ay : C (u/x)v = (u/x)(Ay : C v). Therefore, I' F (u/x)(A\y : C v) : B.

t = vw. By Lemma [5.5] there are two cases:
1.TZWkFov:C=Dand 'y Fw: C, with D < B.

2.1 Fv:S(C=D)and I'; - w: S(C), with S(D) < B.
In any case, with (I'y UT2) CT U{x : A} and (|T|U{A})\ [Ty UT3| € B. We consider
the two cases:
= A¢ Bandue Ve Then, by Lemma [BE6] 2 appears free exactly once in vw. Cases:
= Let x appear in v and not in w. Then x : A € T'; and so, by the induction
hypothesis, in case[l T'y \ {z : A} F (u/z)v : C = D, in case @2 I'; \ {z : A} F
(u/x)v: S(C = D). Hence, one of the following derivations is valid:

i\ {z: A} F (u/x)v:C=D Totlw:C
Di\{z: A}, T2 F (u/x)vw : D
'k (u/x)vw: D

E

i\ {z: A} (u/x)v: S(C= D) Teykw:S(C)
i\ {z: A}, To k- (u/x)vw : S(D)
'k (u/z)vw : S(D)

=ES

In any case, by Lemma B4l T+ (u/z)vw : B. Notice that (u/x)vw = (u/x)(vw).
- Let x appear in w and not in v. Then z : A € I'5 and so, by the induction hypothesis,
in case[ll To\{z: A} F (u/x)w : C, in case@ T'y\ {x : A} F (u/z)w : S(C). Hence,
one of the following derivations is valid:
Mktv:C=D Ty\{z:A}+ (u/z)w:C
I, T\ {z: A} Fo(u/x)w : D
'to(u/z)w: D

=E

I'ikv:S(C=D) To\{z:A}F (u/x)w: S(C)
I, To\{z: A} Fo(u/x)w: S(D)
'k o(u/z)w: S(D)

=ES

In any case, by Lemma B4 T'F v(u/x)w : B. Notice that v(u/x)w = (u/x)(vw).
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= A€ Band u € B¢ Then if x appears free exactly once in vw, this case is analogous
to the previous item. Let € FV(v) N FV(w). Then, by the induction hypothesis,
incasel Ty \{z: A} F (u/z)v : C = D and T's \ {z : A} F (v//2)w : C, in case [
Ti\{z: A} F (u/z)v: S(C = D) and 'y \ {z : A} F (v//x)w : S(C). Therefore, one
of the following derivations are valid:

M\ {z: A+ (u/z)v:C =D To\{z:A}F (/2)w:C

M\ {x: A} To\{a: A} F (u/z)v(v'/x)w : D

Di\{z: A}, T2\ {z: A} F (u/z)v(u/z)w : D

It (u/z)v(u/x)w: D W

=FE

M\ {z: A+ (u/z)v: S(C = D) Ty\{x:A}+ (v/z)w:S(C)
Mo\ {x: AL To\{z: A} F (u/z)v(u/x)w : S(D)
Do\ {z: A}, Do\ {z: A} F (u/x)v(u/x)w : S(D)
'k (u/z)v(u/x)w : S(D)

=ES

In any case, by Lemma B4 T' F (u/z)v(u/x)w : B. Notice that (u/x)v(u/x)w =
(u/z)(vw).
t = (v+ w). By LemmaB3 I'y v :S(C) and o Fw: S(C) with T, UTy CTU{x: A},
(ITJU{A}) \|T1 UT2| € B and S(C) < B. We consider two cases:
= A ¢ B, then, by Lemma [5.6, 2 appears free exactly once in (v + w). Cases:
= Let x appear in v and not in w. Then z : A € T'; and so, by the induction
hypothesis, T'y \ {z : A} F (u/z)v : S(C). Hence,
Ti\{z: A} F (u/x)v: S(C) Tekw:S(C)
T\ {z: A}, Ta b ((u/z)v +w) : S(C)
I'F ((u/z)v+w): S(C)

I

Then, by LemmaBd T' F ((u/x)v+w) : B. Notice that ((u/x)v+w) = (u/z)(v4+w).
= Let x appear in w and not in v. Analogous to previous item.

- A € B, then if = appears free exactly once in (v + w), this case is analogous to
the previous item. Let z € FV(v) N FV(w). Then, by the induction hypothesis,
T\ {z: A} F (u/x)v: S(C) and Ty \ {x: A} F (v//2)w : S(C). Therefore,

M\ {z: A+ (u/z)v: S(C) Ta\{x: A} + (v/z)w:S(C)
M\ {x: A2\ {z: A} F ((u/2)v + (v /2)w) : S(C)
Ti\{z: A}, To\ {z: A} F ((u/2)v + (u/x)w) : S(C)

I'F ((u/z)v+ (u/x)w) : S(C)

Then, by Lemma 54 T' - ((u/x)v + (u/x)w) : B. Notice that ((u/z)v + (u/z)w) =
(u/x)(v + w).

t = wev. By Lemma BA T F v S(C) with IV C T U {x : A}, (ITJU{A}) \ |I'| € B and
C = B. Notice that if z € FV (v), then x : A € IV, but if ¢ FV (v), then A C B, hence
by rule W we can derive IV, x : AF v : S(C). Hence, without lost of generality, consider
x € FV(v). Then, by the induction hypothesis, I \ {z : A} F (u/x)v : S(C). Hence,

'\ {z: A} F (u/z)v: S(C)
"'\ {z: A} F me((u/x)v) : C
'k re((u/z)v) : C

1Ay

By Lemma B4 T+ we((u/x)v) : B. Notice that o ((u/x)v) = (u/z)(mcv).

17
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t = ]0). By Lemma[55 Q < B and |I',x : A] C B. Therefore,
— A

oy q O

I'H10):Q
Then, by Lemma 54 T'F |0) : B. Notice that |0) = (u/z) |0).

t = |1). Analogous to previous item.
t=7-. By LemmaEl Q= Q= Q= Q < B and |I',x : A|] C B. Therefore,

F?-:Q:Q:Q:QH
TF7.Q=Q=Q=0Q "

Then, by Lemma 54 T'F ?- : B. Notice that ?- = (u/x)(?").
t = 0. By Lemma 53 there exists C' ¢ B such that C < B, and |T', 2 : A| C B. Therefore,

FO:C’AV}[(/O
I'C0:C

Then, by Lemma 54 T'F 0 : B. Notice that 0 = (u/x)0.
t = —v. By LemmaB3 IV Fv: C, with TV C Tz : A, (TJU{A})\|IY| € Band S(C) = B.

Notice that if z € FV (v), then x : A € TV, but if z ¢ FV (v), then A C B, hence, by rule
W, we can derive IV, 2 : A+ v : C. Hence, without lost of generality, consider € FV (v).

Then, by the induction hypothesis, I \ {z : A} F (u/x)v : C. Hence,

"\{z: A}k (u/x)v: C
"'\ {z: A} F —(u/x)v : S(C)
't —(u/x)v: S(C)
The, by Lemma 54 I' - —(u/x)v : B. Notice that —(u/z)v = (u/x)(—v).
t=v@w. By LemmaBi I'h Fv:Cand e b w: D with Ty UTy C TU{z : A},
(ITJU{A}\ |1 Uyl € Band C ® D = B. We consider two cases:

= A ¢ B, then, by Lemma [5.6, 2 appears free exactly once in v ® w. Cases:
= Let x appear in v and not in w. Then x : A € T'; and so, by the induction

hypothesis, 'y \ {z : A} - (u/z)v : C. Hence,
i\ {z: A} (u/x)v:C TokFw:D
M\ {z: A} To k- (u/x)v@w:C®D VVI
' (u/z)vew:C®D
Then, by Lemma B4 T' F (u/x)v @ w : B. Notice that (u/z)v @ w = (u/z)(v @ w)

= Let x appear in w and not in v. Analogous to previous item.
= A € B, then if x appears free exactly once in v ® w, this case is analogous to the

previous item. Let x € FV(v) N FV (w). Then, by the induction hypothesis, T'; \ {x
A} F (u/z)v: Cand Ty \ {z : A} F (v//z)w : D. Therefore,

Ti\{z: A} F (u/x)v:C To\{z:A}F (v /x)w:D o1

M\ {x: A} To\{a: A} F (u/z)v® (u'/z)w: C @ D o

M\ {x: A} To\{a: A} F (u/2)v @ (u/2)w : C @ D -

'k (u/z2)v® (u/x)w: C & D

Then, by Lemma B4 T' F (u/x)v ® (u/x)w : B. Notice that (u/x)v @ (u/x)w
(u/2)(v @ w).
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t = fst v. By LemmaBA T Fv:C®D with IV CT U{z: A}, (TJU{A})\ [I| € B and
C = B. Notice that if z € FV (v), then x : A € IV, but if ¢ FV (v), then A C B, hence
by rule W we can derive IV, 2 : A+ v : C® D. Hence, without lost of generality, consider
x € FV(v). Then, by the induction hypothesis, I" \ {x : A} F (u/x)v : C ® D. Hence,

'\ {z: A} F (u/x)v:C® D -
'\ {z: A} st ((u/x)v): C "
'k fst ((u/z)v) : C

By Lemma 54 T F fst ((u/x)v) : B. Notice that fst ((u/x)v) = (u/x)(fst v).
t = snd v. Analogous to previous item. |

Proof of Theorem (Subject reduction on closed terms). We proceed by induction on

the rewrite relation.

(B) Let - (Ax : A t)u : B, with v € V°. Then by LemmaEh F Az : At : C = B and
Fwu:C. So, by Lemma B3 again, C = A and « : A+ t: B. Therefore, by Lemma [(£.8
F (u/x)t: B.

(lin,) Let - t(u+v) : A, with - ¢t : By = B. Then, by Lemma [ one of the following
cases happens:
1.Ft:C=DandF (u+wv):C, with D < A.
2.Ft:5(C = D)andF (u+wv):S(C), with S(D) < A.
Then, by Lemma [B3 again, F u : S(FE) and - v : S(E), with S(F) < C, in case[l] or
S(F) = S(C), in case2l However, by Lemma [B5.2], case [l is impossible and so only case
Rlremains. By Lemma B4 F u : S(C) and F v : S(C). Hence,

Ft:S(C=D) Fu:58C) Ft:5(C=D) Fov:SC)
Ftu: S(D) Fitv:S(D)
F (tu + tv) - S(D)

We conclude by Lemma [5.4]

(liny) Let F (¢t +u)v : A. Then by Lemma 5.5, one of the following cases happens:
1.E(t+u): B=CandFv: B, with C < A.
2.F(t+wu): S(B=C)and Fwv:S(B), with S(C) < A.
Then, by Lemma B0 again, - ¢ : S(D) and F u : S(D), with S(D) < B = C, in case[l]
or S(D) = S(B = (), in case @l However, by Lemma [5.2] case [Il is imposible and so
only case 2 remains. By Lemma B4 ¢ : S(B = C) and F u: S(B = C). Hence,

Ft:S(B=C) Fv:S8B) Fu:SB=C) tov:S(B)
Fitv:S(C) Fuv: S(C)
F (tv +uv) : S(C)

We conclude by Lemma [5.4]
(projn) Let - mp(t 4+ u) : A, where t has type B. Then t is closed, and so - ¢ : B. By
Lemma 55l B < A, so, by Lemma B4l F¢: A.
(proj1) Let - mpt : A, where t has type B. Then t is closed, and so - ¢ : B. By Lemma [5.5]
B < A, so by Lemmab4 Ft¢: A.
(if1) Let F|1)?u-v : A. Then, by Lemma B.5]
l.a. (F1)?u-: By = C and v : By)
with C < A, or
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b. (F|1)?u-: S(B=C)and Fv:S(B))
with S(C) < A.
2.a. (F|1)?-: Dy = F and - u: Dg) with
E <X By = C, in case[lal or
E < S(B = (), in case [ or
b. (F|1)?-:S(D = FE) and - v : S(D)) with
S(FE) < S(B = (), in case 1Dl
(Notice that case[Talwould imply S(F) < By = C, which is impossible by Lemma[5.2)).
3.a. (F?:Fy=Gandt |1): Fy) with
G =% Dy = FE, in case[2al or
G < S8(D = FE), in case[2D or
b. (F?:S(F = G)andF|1):S(F)) with
S(G) 2 S(D = E), in case20
(Notice that caseRalwould imply S(G) < Dy = E, which is impossible by Lemmal[5.2]).
4.3a. Q=2 Q=>0Q=0Q=Fy= G and Q X Fy, in caseBal or
b.Q=Q=Q=Q=S(F = G)and Q < S(F), in case3hl
There are 6 possible paths to follow. We analize only two paths, any other path is
analogous.

= Following the path Hal —Bal —2al - [Tal we have

Q=0Q0=Q=Q=2 k=G
=Fkh=Dy=F
<Fy=Dy= By=C
<Fy=Dy= By= A

Hence, Q < Dy and Q < A. So, by Lemma (.2 Q = Dy and so Dy < A. Therefore,
from case [2al and Lemma [5.4] we have - u : A.

= Following the path Hal - [Bal - BB - [H], we have

Q=0Q0=0Q0=Q=2Ih=G

= Iy= S(D=E)
(by Lemma[53) <X Fy = S(D) = S(E)
2= SD)=SB=C)
(by Lemma[53) < Fy = S(D) = S(B) = S(C)
= Fy=S(D)=SB)= A

Since S(C) < A, by Lemma 5.2 either A ¢ B, or A = S(C). In any case, A = S(Q),
same as S(D) = S(Q). Therefore, from case 2h we have - u : A.
(ifo) Analogous to case (ify).
(lineg,) Let F t(—u) : A, with ¢ : By = B. Then, by Lemma [5.5 one of the following
cases happens:
1.-t:C=DandF —u:C, with D < A.
2.F¢:8(C=D)andF —u:S(C), with S(D) < A.
Then, by Lemma[B5lagain, - u : E, with S(E) < C, in case[ll or S(E) < S(C) in case[2l
However, since - ¢ : By = B, by Lemma [(B2] case [Tl is impossible and so only case
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remains. Since E <X S(E) < S(C), by Lemma[4], F u : S(C). Hence,

Ft:S(C=D) Fu:8C)
Ftu: S(D)
F —tu: S(S(D))

We conclude by Lemma [5.4]

(lineg)) Let - (—t)u: A. Then, by Lemma [5.5] one of the following cases happens:
1. —t: B=C and Fu: B, with C < A.
2.k —t:S(B=C)and Fu:S(B), with S(C) < A.
Then, by Lemma[B.Slagain, F ¢ : D, with S(D) < B = C, in case[l] or S(D) < S(B = C)
in case 2l However by Lemma[5.2] case[Ilis impossible and so only case Blremains. Since
D =<S(D)=S(B=C), by LemmaE4 ¢ : S(B = C). Hence,

Ht:8(B = 0)
F—t:S(S(B=0C))
F—t:S(B=C) Fu:S8(B)
F(=t)u:S(C)

We conclude by Lemma [5.4]

(neutral) Let - (0 +t) : A. Then, by Lemma B3] - ¢ : S(B), with S(B) < A. Then, by
Lemma 54l -t : A.

(inverse) Let ¢ —t: A. Then, by Lemma[.0l ¢ : S(B) and - —t : S(B), with S(B) < A.
We conclude by rule Axy and Lemma (.41

(negneg) Let - —(—t) : A. Then, by Lemma EH F —¢ : B with S(B) < A. Then, by
Lemma B0 again, - ¢ : C, with S(C) < B. Then C < S(C) < B < 5(B) < A, hence we
conclude by Lemma (.41

(negzero) Let - —0 : A. Then, by Lemma B35 F 0 : B with S(B) < A. We conclude by
Lemma B4

(nosup) Let - (t+t) : A. Then, by Lemma [0l F ¢ : S(B), with S(B) < A. We conclude
by Lemma B4

(lin0,) Let - t0 : A, with ¢ : By = B. Then, by Lemma B3] one of the following cases
happens:
1.Ft:C=DandF0:C, with D<A, or
2.Ft:5(C = D)andt 0:5(C), with S(D) < A.
Case [MI by Lemma [£.5] implies there exists E ¢ B such that E < C, however since
Ft: Byp = B, it is impossible as shown by Lemma Hence, only case 2l remains. By
rule Axg, - 0:.S(D), hence we conclude by Lemma (.4

(lin0)) Let - 0t : A. Then, by Lemma 5.5, one of the following cases happens:
1.FO0:C=DandkFt:C,with D<A, or
2.-0:5(C = D)andFt:S(C), with S(D) < A.
Case[Il by Lemma [5.5] implies there exists E ¢ B such that E < C' = D, however it is
impossible as shown by Lemma 521 Hence, only case2remains. By rule Axp, - 0: S(D),
hence we conclude by Lemma 541

(fst) Let F fst(t @ u) : A. Hence, by Lemma B3l -t ®u : B® C, with B < A. Then, by
Lemma [BH again, ¢ : D and Fu: E, with D ® E < B® C. Hence, D < B, and so we
conclude by Lemma [5.4]

(snd) Analogous to case (fst).
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(abs,) Let Ft®0: A. Then, by LemmaEH F¢: Band F 0: C, with B® C < A. Then,
by Lemma [5.5 again, there exists D ¢ B such that D < C. Then, by LemmaB.2 C ¢ B,
and so B® C' ¢ B. We conclude by rule Axg and Lemma 5.4

(abs)) Analogous to case (abs,).

(linten,) Let - ¢((r + s) ® u) : A. Then, by Lemma [B.5] one of the following cases happens:

1.Et:B=Candt (r+s)®@u: B, with C < A, or
2.Ft:8(B=C)and F (r+s)®u:S(B), with S(C) < A.
Then, by Lemma [5.5] again, we have b (r+s) : D and - u : E, with D ® E < By, in case
[ or D® E < S(B) in case[2 Then, again using Lemma [5.5] we have - r : S(F) and
Fs:S(F), with S(F) < D. Hence, by Lemma 5.2l we discard case[ll So, by Lemma [5.4]
Fr: D, then

Fr:D Fu:FE
Freu:D®FE

So, by Lemma b4l Fr @ u : S(B), then

Ft:S(B=C) Frouw:S(B)
Fi(reu): S(C)

Analogously, - t(s @ u) : S(C), so

Ftlr@u): S(C) Fi(s@u):S(C)
Freu) +tseu): S(C))

We conclude with Lemma (41

(linten;) Analogous to case (linten,).

(comm) Let b+ (u+4wv): A. Then, by LemmaBA F u : S(B) and F v : S(B), with S(B) < A.
So,

Fo:S(B) Fu:S(B)
F(v+u):S(B)

We conclude with Lemma (41

(assoc) Lett ((u+v)+w): A. Then, by LemmaBA - (u+wv) : S(B) and - w : S(B), with
S(B) = A. Then, by Lemma B3 again, - u : S(C) and F v : S(C), with S(C) < S(B).
So, by Lemma [5.4] we have - u : S(B) and v : S(B). Hence,

Fv:S(B) Fw:S(B)
Fu:S(B) F(v+w):S(B)
Fu+ (v+w)):S(B)

We conclude with Lemma 541
Contextual rules Contextual cases are straightfoward, and hence omited. |
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