Synchronizing Words for
Probabllistic Automata

Laurent Doyen
LSV, ENS Cachan & CNRS

Thierry Massart, Mahsa Shirmohammadi
Université Libre de Bruxelles

5th Gasics meeting




Example [AV04]

Block factory

@uﬂ I_ll_l uﬂu@

conveyor belt storage




Example [AV04]

Block factory

High Low

: E
AN

n
@, . . @

conveyor belt storage




Example

Bloc: ::Ctori @ ]
“ .‘ m ' T ﬁ
@, . . .®

conveyor belt




Example

Block factory L
o

o 3 Th
@. . . ®

conveyor belt




Block factory

High Low
©

N\

@u L L u@ Deterministic finite
M M M automaton

conveyor belt §:QxA—Q




Block factory

m H,L
® NO SENSOor

{g,a,0,8) -



Example

Block factory
H,L
® NO Sensor m
e robust control: w € {H,L}" "
G
{0,400}




Example

Block factory
H,L
® NO Sensor m
e robust control: w € {H,L}" "
G
{0,400}

W € {H,L}* The word w is synchronizing:
v no matter the initial state, the

automaton ends up in a singleton
{j]} Reachability in subset construction
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Existence of a synchronising
word can be decided in PTIME synchronizing word

Cerny’64 6(Q,w)| =1



Applications

Robust control, reset from unknown state

e Discrete-event systems
e Planning

e Biocomputing

e Robotics

See [Vol08]
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What is a synchronizing word for probabilistic automata ?
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Probabilistic automata

What is a synchronizing word for probabilistic automata ?

An infinite word w € 3¢

o) =

w E N¥ l—e

: .
\0/ \ -
The probability mass tends to
accumulate in a single state.
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What is a synchronizing word for probabilistic automata ?

Outcome of a word:

1 0 0 D 0 0
(O\ (5\ (5\ (0\ (.25\ (.25\
0[5l 51510 =]0 15755 0 |5 0 [&].875]...

o/ o) o) \5) \o) \0) %)

) \o) \o) \w) \o)

is synchronizing if | lim || X, || =1

where || X;|| = max,eqX;(q)




Synchronizing words

Two variants: 0

strongly synchronizing ~ (®——(®)

lim inf|| X, || =1

limsup|| Xy || =1 | weakly synchronizing

n— 00
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Decision problems

e Emptiness

Does there exist a synchronizing word ?

e Universality

Are all words synchronizing ?

Note: we consider randomized words w € D(X)

Words w € X% are called pure words.



Synchronizing words for DFA

If we view DFA as special case of probabilistic automata:

there exists a synchronizing (finite) word for DFA A
iff

there exists a synchronizing (infinite) word for A with
uniform initial distribution
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Emptiness problem

Does there exist a synchronizing word ?

e Pure words are sufficient

e The emptiness problem is PSPACE-complete
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Emptiness problem

Does there exist a synchronizing word ?

e Pure words are sufficient

e The emptiness problem is PSPACE-complete

PSPACE upper bound: emptiness of a Blichi automaton
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Does there exist a synchronizing word ?

e Pure words are sufficient

e The emptiness problem is PSPACE-complete

PSPACE upper bound: emptiness of a Blichi automaton
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Universality problem

Are all words synchronizing ?

No, if there are two absorbing
components.

(from which there is a word to
stay inside).
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sufficient to check whether the uniformly randomized
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Universality problem

Are all words synchronizing ?

The universality problem is in PSPACE.
e existence of absorbing component, check in PSPACE

e whether unif. rand. word is synchronizing, check in PTIME

U
- Guess component U 0 Q q

- Guess state g O U and finite word w W

- Check that all runs from g on w stay in U



Universality problem

Are all words synchronizing ?

The universality problem is in PSPACE.
Towards PSPACE-hardness ?

There exists a state g and a word w such that all
runs of A/ from g on w avoid accepting states
iff A is not universal.




Universality problem

Are all words synchronizing ?

The universality problem is in PSPACE.
Towards PSPACE-hardness ? .o
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iff A is not universal.




Universality problem

Are all words synchronizing ?

The universality problem is in PSPACE.
Towards PSPACE-hardness ? .o )
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\ B 2
automatgp s> safy ga »\\

. U V O \‘Q)\A‘f IdaC =9 .

i 5 b
iff A is not¢ Gy

R\ M




Summary

e Infinite synchronizing words for PA
e Generalizes finite sync. words for DFA
e Emptiness is PSPACE-complete

e Universality is in PSPACE — lower bound ?

Outlook

e | abeled automata, MDPs
e Universality in pure words
e Optimal synchronization

e Stochastic games



Thank you !
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