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Abstract Timed automata are governed by an idealized semantics that assumes a
perfectly precise behavior of the clocks. The traditional semantics is not robust because
the slightest perturbation in the timing of actions may lead to completely different
behaviors of the automaton. Following several recent works, we consider a relaxation
of this semantics, in which guards on transitions are widened by A > 0 and clock can
drift by € > 0. The relaxed semantics encompasses the imprecisions that are inevitably
present in an implementation of a timed automaton, due to the finite precision of digital
clocks.

We solve the safety verification problem for this new semantics: given a timed
automaton and a set of bad states, our algorithm decides if there exists positive values
for the parameters A and € such that the timed automaton never enters the bad states
under the relaxed semantics.

1 Introduction
Timed automata. Timed and hybrid automata are important formal models for the

specification and analysis of real-time systems [AD94, Hen96]. Such formalisms are cen-
tral in the so-called model-based development methodology for embedded systems, which
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can be summarized as follows: (i) construct a (timed/hybrid automaton) model Env
of the environment in which the controller will be embedded; (4) make clear what
is the control objective: for example, “prevent the environment to enter a set of Bad
states”; (i) design a (timed automaton) model Cont of the control strategy; (iv) ver-
ify the correctness of Cont, i.e., check that Reach([Env || Cont]) N Bad = & (where
Reach([Env || Cont]) denotes the set of states reachable in the parallel composition
of Env and Cont). When Cont has been proven correct, it would be valuable to ensure
that an implementation Impl of that model can be obtained in a systematic way in or-
der to ensure the conservation of correctness, i.e., that Reach([Env || Impl]) N Bad = @
holds by construction.

Unfortunately, this is often not possible for several fundamental and/or technical
reasons. First, the notion of time used in the traditional semantics of timed automata
is continuous, defining perfect clocks with infinite precision, while implementations can
only access time through digital and finitely precise clocks. Second, timed automata
react instantaneously to events and timeouts while implementations can only react
within a given, usually small but non-zero, reaction delay. Third, timed automata may
describe control strategies that are wunrealistic, such as Zeno-strategies or strategies
that require the controller to act faster and faster [CHRO02]. For those reasons, a model
of a digital controller that has been proven correct in the traditional semantics may
not be implementable (at all) or it may not be possible to turn it systematically into
an implementation that is still correct.

Implementability of timed automata. To overcome those problems, [DDRO5] proposed
an alternative semantics for timed automata, which takes into account the digital and
imprecise aspects of the hardware in which the automaton is being executed. The
hardware is assumed to repeatedly execute the following procedure: it first reads the
value of the global clock, then evaluates the guard of each transition, and executes
one of the enabled transitions. This procedure is assumed to run in at most Ay, time
units. Moreover, the global (digital) clock is updated at least every Ap time units,
and its value may drift by some value ¢ (i.e., the delay u between two updates of the
clock is at most Ap, and the clock is incremented by some value ¢ between u(1l — €)
and u(1 + €)). The resulting set of executions is denoted by [[A}]PA? Ap, and called
the program semantics. The automaton A is said to be implementable w.r.t. a given
property P iff there exists positive values for the parameters Ay, Ap and € for which
all executions of [A] PAri Ap e Satisfy P.

In [DDRO5], a different semantics is also introduced for the purpose of verification.
This new semantics is called the Almost-ASAP semantics and is obtained by enlarging
the guards of A by a parameter A. The set of executions of A under this semantics

is denoted by [[.A]]'ZAsap. We say that A robustly satisfies a property P if there exists

positive values for the parameter A such that all executions of [.A] /ZAsap satisfy P. It is

shown in [DDRO5] that the Almost-ASAP semantics [[A}]ZASBP over-approximates the
program semantics [A] Z§7AP,E if A>3AL+4Ap when e = 0,' and therefore a timed
automaton is implementable w.r.t. a property P if it robustly satisfies P. In the rest
of this paper, we denote by [A]% the semantics of A enlarged (or perturbed) by A
and €, i.e. whose guards are enlarged by A and whose clocks may drift by at most .

L For ¢ > 0, a general constraint of the form A > f(Ar,Ap,e) is also established
in [DDRO5], where f is a simple function such that f(Ar, Ap,e) — 0 when Ap, Ap,e — 0.
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Robust verification of timed automata. In this paper, we consider the robust safety
verification problem which asks, given a timed automaton A and a set of Bad states to
avoid (i.e. a safety property) if there exist A,e € Qs such that Reach([A]) NBad =
&. The main result of this paper is to show that the robust safety verification problem
is decidable.? To show this, we make a strong link with the robust semantics defined
in [Pur98] where Puri presents an algorithm to compute the set Ne>oReach([A]§). This
is the set of states that can be reached when the clocks drift by an infinitesimal amount.
We show that Puri’s algorithm can be used to compute the following sets (that are
therefore equal):

m Reach([A]5) = m Reach([4]%) = m m Reach([A]%)

e>0 A>0 A>0e>0

The proof of this result follows the general ideas of Puri’s proof and it is based on the
structure of limit cycles of timed automata (a fundamental notion introduced by Puri)
but we need new techniques to handle both the imprecisions on guards and the clock
drifts. To establish the decidability of the robust safety verification problem, we show
that

m m Reach([A]4) NBad = o if  3A >0, e > 0. Reach([A]4) NBad = @.
A>0e>0

Hence, to solve the robust safety verification problem, it suffices to compute the set
NasoNeso Reach([A]%) and check if it has an empty intersection with Bad. We
give a detailed proof of all intermediate results, some of which are useful by them-
selves to develop the robust verification of timed automata for LTL and a fragment
of MTL [BMRO06,BMRO8]. This paper is an extended and revised version of [DDMRO04].

Related works. One of the first attempts to make mathematical models of timed sys-
tems implementable was done by Dierks for Programmable Logic Controllers [Die99,
Die01].

Other notions of robustness for timed systems have also been addressed in several
works for timed automata [GHJ97, ALMO05] and hybrid automata [Fra99, AB01, AT04],
but none of these works make a link between robustness and implementatbility.

In [HKSPO03], Henzinger et al. introduce a programming model for real-time em-
bedded controllers called GIOTTO. GIOTTO is an embedded software model that can
be used to specify a solution to a given control problem independently of an execu-
tion platform but which is closer to executable code than a mathematical model. So,
GIOTTO can be seen an intermediary step between mathematical models like hybrid
automata and real execution platforms.

In [AIK"’()3]7 Alur et al. consider the more general problem of generating code
from hybrid automata, but they only sketch a solution and state interesting research
questions. In [AFM+02,AFP+03], Yi et al. present a tool called TIMES that generates
executable code from timed automaton models. However, they make the synchrony
hypothesis and so they assume that the hardware on which the code is executed is
infinitely fast and precise.

In [ATO05], Altisen and Tripakis tackle the problem of implementability by directly
studying an “implementability” semantics for rich models of hardware platforms. They

2 This holds under some assumption that is discussed in Section 2.
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end up with a very fine description of the execution platform, but they do not provide
decidability results.

Finally, note that the algorithm presented in this paper to solve the robust safety
verification problem is not usable in practice as it relies on the construction of the
region automaton. Recent works have investigated the development of practical algo-
rithms [DK06,SFO07] but, to the best of our knowledge, no efficient implementation has
been released yet.

2 Timed models

This section is devoted to the definitions of timed automata and their perturbed se-
mantics, and of several other important notions that will be used in this paper.

In the sequel, Rxq is the set of nonnegative reals, and N is the set of nonnegative
integers.

Definition 1 A timed transition system (TTS for short) T is a tuple (S,t, X, —)
where S is a (possibly infinite) set of states, v € S is the initial state, X is a finite
set of labels, and — C S x (¥ UR>q) x S is the transition relation. We write q g
if (¢,0,q") € —.

A trajectory of a TTS T = (S,¢,X,—) is a finite sequence m = (sg,to) &,
(s1,t1) - .. Ik, (sk,tr) such that for all 0 < ¢ < k, we have (s;,t;) € S X Ry, and for
all 0 < i < k, we have s; Zi, 8i+1, and either o; € X and t;41 = t;, or 0y € Ry( and
ti+1 =t; +o0;.

Let m = (so,t0) = (s1,t1) ... = (sg,t;) be a trajectory. The i + 1-st state in
m, written state;(w), is the state s;. We denote by first(mw) = stateg(w) and last(w) =
statey () the initial and final states of 7. We say that 7 is a trajectory from sg to s, and
we sometimes write m more briefly as sg AN LN si. The length of 7, written |7|,
is k, and its duration Duration(m) is t — to. The sequence of states spsi ... s is
called a path in 7, and the trace of 7 is the sequence trace(r) = A1 ...\, where for
all 1 <i <k, N\ =0;if 0; € X, and A; = time if o; € Ry (time is a special symbol
not in X).

A trajectory is stutter-free iff its trace contains alternately a symbol in X' and the
symbol time, i.e., it does not contain two consecutive symbols in X' or two consecu-
tive time’s.

A state s’ of T is reachable from a state s if there exists a trajectory 7 of 7 such
that first(7) = s and last(r) = s’. Given a set of states Q C S, we write Reach(7, Q) for
the set of states that are reachable from some state in Q. We abusively write Reach(7")
for Reach(7,{t}), the set of states that are reachable from the initial state of 7.

Given a set Var = {z1,...,xn} of clocks, a clock valuation is a function v: Var —
R>0. In the sequel, we often identify a clock valuation with a point in ]Rgo. Given
two valuations v and v/ and two nonnegative reals ¢ and X, we write v 4+ v’ for the
valuation z — v(z) +v'(z), v+t for the valuation z — v(z) +t and Av for z — v (z).
If R C Var, then v[R := 0] denotes the valuation v’ such that v'(z) = 0 for all = € R,
and v'(z) = v(z) for all z & R.

A closed rectangular guard g over Var is a set of inequalities of the form a; < z; < b;,
one for each z;, where a;,b; € Q>0 U {400} and a; < b;. We write Rectc(Var) for the
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set of closed rectangular guards over Var. For A > 0, we define [g] 5 = {(z1,...,2zn) |
ai— A<z <bi+ A} CRY,. When A =0, we write [g] instead of [g].

We now define timed automata. Our definition is a slightly modified version of the
classical timed automata proposed by [AD94]. In particular, all clocks are assumed to
be bounded by some constant M, and guards on edges are rectangular and closed. The
first requirement is not restrictive (except w.r.t. the conciseness of the models [BC05]),
the second one is discussed below.

Definition 2 A (closed) timed automaton is a tuple A = (Loc, Var, qo, Lab, Edg) where

— Loc is a finite set of locations representing the discrete states of A.

— Var={z1,...,zn} is a finite set of real-valued variables.

— qo = (lo,vo), where lg € Loc, is the initial location and vy is the initial clock
valuation such that for any x € Var, vo(z) € NAvg(z) < M.

— Lab is a finite alphabet of labels.

— Edg C Loc x Rectc(Var) x Lab x 2¥%" x Loc is the set of transitions. A transition
(l,9,0,R, l/) represents a jump from location 1 to location ' with guard g, event o
and a subset R C Var of variables to be reset.

We now define a family of semantics for timed automata which is parameterized
by € € Ry (drift on clocks) and A € Ry (imprecision on guards).

Definition 3 Given ¢, A € Ry, the perturbed semantics of a timed automaton A =
(Loc, Var, qo, Lab, Edg) is the TTS [A]% = (S,¢, X', —) where:

1. S={(,v) |l € LocAv: Var— [0, M]};
2. 1 =qo;
8. X = Lab;
4. The transition relation — is defined by
(a) For the discrete transitions: ((1,v), o, (I',v")) € — whenever there exists an edge
(1,9,0,R,l") € Edg such that v € [g] o and v = v[R :=0];
(b) For the continuous (or timed) transitions: ((1,v),t,(I",v")) € — whenever | =1’
and ' (z;) — v(z;) € [(1 —e)t, (1 +¢e)t] fori=1...n.

The traditional semantics of A is [.A]9. When ¢ > 0 or A > 0, we call [A]%, the
perturbed semantics of A. In the sequel, we often write [A], [A] o, and [A]° instead
of respectively [A]S, [.A]%, and [A]5.

Remark 1 Our definition of timed automata does not allow strict inequalities; This is
not restrictive in the presence of guard enlargement. Indeed, consider a timed automa-
ton A with (possibly open) rectangular guards and the closure automaton A resulting
from A by replacing all strict inequalities by non-strict ones. It appears obviously that

Reach([[.,zl\]]%) C Reach([A]%) and Reach([[A]%) C Reach([A]%),

and hence the robust safety verification problem for A and Bad (“Do there exist
A,e € Ry such that Reach([A]%) N Bad = @?”) is equivalent to the the robust
safety verification problem for A and Bad. Note that this only holds thanks to guard
enlargement, and the situation is different when only clock drifts are allowed [Dim07].
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Remark 2 Let us notice that guard enlargement and clock drifts are monotone, in the
sense that for any A < A’ and e < ¢/, we have Reach([A]5,) C Reach([A]%/). Thanks
to this observation, we can define the following sets:

RS o= [ Reach([A]%) RS0 = () Reach([A]%)
A>0 e>0

These sets are central in the sequel: we prove that, under some minor restriction,
the sets R4y and R§™" are equal, and they also coincide with Naso R0 and
Neso RA_g- It follows from [Pur98] that those sets are computable; we will reprove
this result in the sequel.

Since guards are closed, the successors of a closed region by a discrete transition or
by the passage of time is a union of closed regions. The following lemma easily follows:

Lemma 4 Let A be a (closed) timed automaton. The set Reach([A]) is a closed set.

We now recall some additional classical notions related to timed automata. In the
sequel, |x| denotes the integer part of = (the greatest integer k < z), and (z) denotes
its fractional part.

Definition 5 A clock region is an equivalence class of the relation ~ defined over the
clock valuations in Var — [0, M]. We have v ~ w iff the following three conditions hold:

— Vz € Var. |v(z)] = |w(x)
— Vz € Var. (v(z)) =0 iff (
= Va,y € Var. (v(z)) < (v(y)) iff (w(z)) < (w(y));

We denote by (v) the clock region containing v, and by [r] the topological closure
of a region r, which is then abusively called a closed clock region. The clock region (v)
contains the valuations that agree with v on the integer part of the variables, and on
the ordering of their fractional part and zero.

A clock region 1’ is a time-successor of a clock region r if ' # r and for some v € 7
and t € Ry, we have v +t € 7.

Definition 6 Given the TTS [A] = (S, so, X, —4) of a timed automaton A, we define
the corresponding region graph G = (R4, —¢q) of A:

— Ra={(,r)|3(,v)eS:r=(v)} is the set of regions;

— —g C Rax (ZU{time}) x R4 where ((I,7),time, (I',7)) € —¢q if and only if I =1
and 1 is a time-successor of r, and ((I,7),0,(l',r)) € =g for o € X if and only if
(1,v) S 4 (I',0") for some v € r and v’ € 7.

Notice that R 4 is finite (the total number W = |R 4| of regions is exponential in
the size of A) and a region (I’,r') is reachable in G from a region (I,r) if and only if
(I',v") is reachable in [A] from a state (I,v) for some v € r,v" € v’ [AD94].

Given a path p = pgp1 --- py in the region graph of a timed automaton A, and
a trajectory 7 of [A], we say that m follows p if for all i, 0 < i < N, state;(7) € [pi].
Note that, since we consider closed regions, a trajectory could follow several paths of
the region graph.
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Definition 7 A zone Z C ]Rgo 18 a closed set defined by inequalities of the form
T —xj <SMmij, o ST S G

where 1 < 4,5 < n and myj,0;,8; € Z. A set of states is called a zone-set if it is a
finite union of sets of the form {l} x Z where | is a location and Z is a zone.

Definition 8 A progress cycle in the region graph of a timed automaton is a cycle in
which each clock of the automaton is reset at least once.

The correctness of our algorithm (Theorem 11 below) heavily relies on the fact
that timed automata should not have weird behaviors, like cycles that do not let time
elapse. However, apart from Theorems 11, 39 and 47, all our intermediate results hold
in the general case. We thus formulate the following assumption, but we will always
explicitly refer to it when it is needed.

Assumption 9 We only consider timed automata whose cycles in the region graph
are all progress cycles.

This assumption was made by Puri in [Pur98]. It is weaker than the classical non-
Zeno assumptions in the literature. For example in [AMPS98], the authors impose that
“in every cycle in the transition graph of the automaton, there is at least one transition
which resets a clock variable x; to zero, and at least one transition which can be taken
only if ; > 1”. Other natural hypotheses would be to ask that every cycle in the region
graph has a timed transition (labeled by time), or that every cycle in the region graph
contains a time-elapsing region, that is, a region r such that Jv € r-3t >0: v+t e r.
Again, Assumption 9 is weaker.

Ezample Consider the timed automaton A of Fig. 1(a) where a € {2,3}. The au-
tomaton has two clocks x and y. There is one initial location ¢; with initial clock
values x = 1 and y = 0. For locations ¢; and {2, the sets of reachable states in the
classical semantics [Aq] with e = A = 0 are depicted in Fig. 1(b). The final states
(or bad states) correspond to the location err with any clock valuation. For both a = 2
and a = 3, the timed automaton A, does not reach the bad states.

Consider the perturbed semantics [.Aa]% for ¢ = 0 and A > 0. In this semantics,
guards are enlarged by A. The edge from £ to £ has the guard z < 24+ A and the edge
from f5 to ¢; has the guard y > 2 — A. From the initial state ({1, = 1,y = 0),
the transition to f2 can be taken after A time units, reaching the states (£2,z = 0,y <
14 A). Similarly, the transition from ¢2 back to ¢; is enabled A time units earlier than
before and the states (¢1,2 > 1—2A,y = 0) are reachable. It is easy to show that after
having taken k times the transitions of the cycle, the states ({1, > 1 — 2kA,y = 0)
(provided = > 0) and (f2,2z = 0,y < 1+ (2k — 1)A) (provided y < 2) are reachable.
Hence, for all A > 0 the states (¢1,27 > 0,y = 0) and (¢2,z = 0,y < 2) are reachable
in [Aa]% and were not reachable in the classical semantics [.Az2]). Those states are
represented in Fig. 1(c). The same situation occurs in the perturbed semantics [Aa]j
for A=0and ¢ > 0, that is, R5"" = R%_,, # Reach([Aa]).

This example shows that the classical semantics is not robust with respect to small
perturbations in either the timing constraints or the clock rate. The effect of such per-
turbations, no matter how small they are, may lead to dramatically different behaviours
of the system. In this case, the location err is reachable in the perturbed semantics
[A2]% for any A > 0, but not in the classical semantics [A2]3. We say that the safety
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y:=0

(a) A timed automaton Aq.

(c) The set (] Reach([Ax]%) for timed automaton Aq.
A>0

Fig. 1 Differences between standard and perturbed semantics.

property (to avoid the location err) is not robustly satisfied by .A2. Such non-robust
systems cannot have a correct implementation because their correctness relies on the
mathematical idealization of the traditional semantics.

On the other hand, for & = 3 the safety property still holds in the limit of the
perturbed semantics. As we will show, this implies that there exists a strictly positive
value of A for which the perturbed semantics [[.Aa]]OA is safe. In fact, any A < % fits in
our example.
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3 The robust safety verification problem is decidable

Definition 10 The robust safety verification problem asks, given a timed automa-
ton A and a zone-set Bad, if there exist A,e € Q¢ such that Reach([A]4) N Bad = &.

The main result of this paper is the following:
Theorem 11 Under assumption 9, the robust safety verification problem is decidable.

The rest of the paper is devoted to the proof of this result. It proceeds in the
following steps:

1. in Section 4, we recall classical results about regions and zones for timed automata,
2. in Section 5, we show that the robust safety verification problem reduces to the
computation of the set R 570 = NasoNeso Reach([A]%) (Theorem 15);

3. in Section 6, we show that Algorithm 1 computes Rj:g = ROAHO = R0

(a) in Section 6.1, we study the structure of the cycles of timed automata and
of their region graph. This is important because cycles allow perturbations to
accumulate (see the example of Section 2);

(b) in Section 6.2, we show that Algorithm 1 is sound, i.e. the set J* it computes
is contained in Ry, and in R§~Y (Theorem 39);

(c) in Section 6.3, (x)ive show that Algorithm 1 is complete, i.e. the set J* it computes

e

contains R 5y (Theorem 46);
4. in Section 7, we show that the safety verification problem is PSPACE-complete.

Several results in this paper are deeply technical, and all proofs are given in details.
To help the reader, we give summarizations of the main technical developments in the
beginning of Sections 6, 6.2 and 6.3.

4 Properties of Regions and Zones

We review the important properties of the clock regions and zones of timed automata,
for a heavy use in the sequel.

Clock regions. According to Definition 5, a clock region of a timed automaton contains
a set of valuations that agree on the integral part of the clocks and on the ordering
of their fractional parts. We make this characterization of clock regions more concrete
with the following representation [Pur98].

Definition 12 Given a timed automaton A with n clocks (Var = {x1,...,2n}) and
largest constant M, we represent a clock region of A by:

1. a tuple of (a1,...,an) of elements of {0,1,..., M, L};

2. and a tuple (Xo,X1,...,Xk) of k+1 (0 < k < n) sets of clocks that form a
partition of the clocks that have a value less than M. Those sets are required to be
non-empty, except Xg. Formally, let VarsM — {z; € Var| a; # L}. We require
that VarsM = XoU---UXy, XiNX; =@ ifi#j and X; # 2 for all 1 <i < k.

The clock region characterized by a tuple (a;)1<icn and (X;)ogigk is the set of all
valuations v : Var — Ry such that:
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1. For all z; € Var: v(z;) > M iff a; = L, and if a; # L then |v(z;)] = a;;
2. for all z,y € Vars™: (v(x)) < (v(y)) iff for some i < j, z € X; and y € X;;
3. and for all x € VarsM : (v(z)) = 0 iff z € Xo.

A more classical way to represent clock regions is by the set of constraints it satisfies.
Our representation of a clock region r is easily translated to a set of constraints that
are satisfied by (and only by) valuations of r. A valuation v belongs to the clock
region represented by (a;)1<ign and (X;)ogigk if and only if v satisfies the following
constraints [AD94]:

— x; > M for each x; such that a; = L;

— x; = a; for each z; € Xp;

— a; < x; < a; + 1 for each z; € X; for some [ > 0;

— x;—a; < xj—a; for each z;, x; such that z; € Xj and x; € X, for some 0 <1 < m;
— x; — a; = xj — a; for each x;,z; € X; for some [ > 0.

Ezample. In a timed automaton with 5 clocks and largest constant M = 8, a re-
gion r represented by (1,3,5,1,2) and ({z1,z3}, {z2}, {z5}) satisfies the following
constraints:

O=z1—1=23—-5<x2—-3<25—2<1A 24 >8.

The closure [r] of r then satisfies:

O=z1—1=23—-5<22—-3<25—2<1A x4 >8.

Vertices of a region. For a set S C R", let Conv(S) be the convex hull of S, i.e.,
the smallest convex set containing S. Since our regions are bounded, they are convex
polytopes, and can also be defined as the convex hull of a finite set of points:

Definition 13 Let r be a region of a timed automaton. The set of vertices of r is the
smallest set of points S(r) such that [r] = Conv(S(r)).

Lemma 14 shows that the set S(r) is unique and the number of vertices is at
most n + 1, where n is the number of clocks of the automaton.

Lemma 14 The vertices of a region r are the integer vectors of its closure: S(r) =
[r] N N™.

Proof. Let v € [r]. Let the representation of r be given as (a;)1<i<n and (X;)oi<k-
Then, for all valuations w € [r] we have:

VO < i<k o Vo,y € X, (w(2)) = (w(y)),
VO << )<k Ve Xiy y € X (@) < (Wi,
Vz € Xo. (w(z)) =0,

Let vy be the valuation such that vg(x;) = a; for each 0 < ¢ < k. We have vg € [r]
and for all 0 < j < k, the valuation v; defined by

vi(x) =vo(x) ifreX; withi<y
vj(x) =vo(x)+1 ifxe X; withi>j
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belongs to [r].

We now prove that those valuations generate the whole closed region [r]: let w be
a valuation in [r]. We define

w' = (1= (w(zg))) -vo + ((w(z1)) = (w(@o))) - v1 + - + ((wlzp)) — (wlzp—1))) - v

where each z; is a clock in the corresponding X; for 1 < ¢ < k, and w(xzg) = 0 by
convention. We claim that w’ = w. To show this, let y be a clock in some X j- Then

w'(y) = (1= (w(xg))) - vo(y) + ((w(@1)) — (w(@o))) - va(y) +- -+
(w(zp)) — (w(zk-1))) - vk (y)
= (1= (w(zg))) - vo(y) + ((w(z1)) — (w(z0))) - (vo(y) +1) +---+
(w(zj)) = (w(@j-1))) - (voly) + 1)+
(w(@jt1)) = (w(z))) - (voly)) +--- +
(w(zk)) — (w(zk-1))) - (vo(y))
= vo(y) + (w(z;)) = w(y)

since y € X;. Therefore [r] = Conv({vg, ..., v;}). On the other hand, {vo, ..., vy} is the
smallest set generating [r], since there is no valuation v; that is a convex combination
of the others. ]

Lemma 14 entails that if a region r is a sub-region of a region r’, then its set of
vertices S(r) is the intersection of [r] and the set S(r') of vertices of 7.

Zones and DBMs. Related to the algorithmic analysis of timed automata, an efficient
data structure has been introduced to represent zones: the difference bound matri-
ces (DBM) [BM83,Dil90]. We briefly introduce DBMs and show how the basic opera-
tions that are useful for reachability analysis are computed?.

Let x1,...,zn be the clocks of a timed automaton. The idea of DBMs is to represent
all constraints uniformly, by constraints of the form z; — z; < a with a € Z U {400}
and 0 < 4,7 < n where xg is the constant 0. For bounded zones, the range of a can be
reduced to Z N [—M, M] where M is the largest constant of the timed automaton.

ADBMisa (n+1) X (n+1) matrix M = (miaj)ogz‘,jgn where each m; ; is of the
form (a; j, < ;) where <; ; € {<,<} and a; ; € Z is called a bound. In the sequel, we
only consider DBMs that represent closed sets, that is, DBMs where <; ; is always <.
The set of valuations represented by the DBM M = (mixﬂ')ogi,jgn is:
M] = {(z1,...,2n) ER”|V0<i,j<n:xi—wj <mij A xg = 0}.

A DBM is associated with a complete directed graph with nodes 0,1,...,n and
edges (i,7) labeled by m;;. In this graph, the length of a path is the sum of the labels
of the edges in the path. It is easy to see that the length of a path from node i to node j
is an upper bound of the difference x; — x;. The length of the shortest paths between
nodes gives the tightest bounds on the variables and difference of variables. This allows
to define a normal form for DBMs that corresponds to the shortest path closure of the
associated directed graph. If the graph contains a cycle of negative length, the shortest

3 In Section 6.3, we study in more details a parametric extension of DBMs, which we use
for proving completeness of our algorithm.
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path closure does not exist and the DBM represents the empty set as a constraint of
the form z; — x; < m with m < 0 is unsatisfiable. Hence, for nonempty DBMs in
normal form, we have m; ; = 0 for all 0 <14 < n.

Operations on sets represented by DBMs are executed by syntactic transformations
on the DBM. Some of those operations require the normal form. We present the opera-
tions that will be useful in the sequel. Other operations like the difference of two DBMs
and the inclusion test are definable (see e.g. [ACD 92, Yov96, CGP99] for details).

— Intersection: given two DBMs M = (m; ;) ,, j<n and M’ = (m] ;)< j<n let M

be the DBM such that m; ; = min{m; j, m; ;}. Then, we have [M"] = [M]N[M'].
It is not required that M and M’ are in normal form. In any case the result is not
necessarily in normal form.

— Time passing: given a DBM in normal form M = (mm)
DBM (m;:,j)ogi,jgn ;J

§ # 0. This removes the upper bound on all the clocks. We have [M /] = {v +1t |

ve [M]AtERs} and M/ is in normal form.

— Reset: given a DBM in normal form M = (mt j)

i
be the DBM (mi,j)ogi,jgn

o<ij<n: et M/ be the

such that mLO = oo and m; ; = m; ; for all 0 < 4,5 < n with

0<i j<n and a clock z, let M[z := 0]
such that for all 0 < 4,5 < n with i # j:

mo,j if x = Ty
li .
mi;=<{mio ifz=ux;

m; ;  otherwise
i,j

We have removed all the bounds involving z and set = to zero. We have [M[z :=
0]] = {v[z := 0] | v € [M]}. We define similarly M[R := 0] for R C {z1,...,zn}.
The result is in normal form.

— Emptiness test: given a DBM M = (mixﬂ')ogi,jgn’ we have [M] = @ if and only
if there is a cycle in the directed graph associated to M whose length is negative.
The emptiness test is realized by the shortest path algorithm used to put DBMs in
normal form.

5 Removing existential quantification

This first part of the proof of Theorem 11 consists in removing the existential quantifica-
tion on A and . Given a timed automaton A, we let R 5§70 = Naso MNeso Reach([A]%).
We then have the following result:

Theorem 15 For any timed automaton A, any zone-set Bad, the following equivalence
holds:

RiZONBad=@  iff 3A>0, > 0. Reach([A]%) N Bad = @.

The proof of Theorem 15 is based on the several intermediate lemmas. Lemma 16
corrects a wrong claim of Puri about a lower bound on the distance between two zones
with empty intersection. This bound is claimed to be % in [Pur98, Lemma 6.4]. We show
that % is the tightest bound, where n is the number of clocks.

We introduce the following classical distances over R™:

doo(2,y) = Iz = ylloo = max (|lz; —wil) di(w,y) =z =yl = D (lzi —vil).
SUE 1<i<n
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Lemma 16 Let Z1,Zy C R™ be two zones such that Z1 N Zy = &. For all x € Z1 and
Yy € Za, we have deo(x,y) > % This bound is tight.

Proof. First, we show that % is a lower bound. Clearly, for all v € R", |jv|j1 <

n - ||v||oo. We prove that ||z — y||1 > 1, which entails the result.
We consider two zones given by two DBMs in normal form: 7; = [[(mi’j)]] and
Zy = [(m] ;)] Since Z1 N Z = @, there must exist a “negative cycle”:

m m e

7/1;712 12,3 13,24 7fp;711

where each term m§3 of the sum can be taken either in the matrix of Z; or in the
matrix of Z2. We may assume that at least one m§2 comes from Z; and one from Zs
since otherwise Z7 (or Z3) would be empty and the result would hold vacuously.
Since for DBMs in normal form, we have m,, ; + my, . = ma,c for all indices a, b, c,
we can merge any two consecutive m; ; into one while keeping the inequality. The

i, and we can thus assume that m; ; and m . - alternate in the

same holds for m/, J

i’.g
sum above (starting with my;, ;,, say).
Pick ¢ € Z; and y € Z3. Then
(xiz - xil) + (yi3 - yiz) + (1’7;4 - J:7;3) +oee (yi1 - ylp) < -L
Terms can be rearranged in this sum, yielding

(yil _wil) - (yiz _33712) + (yis _371'3) - (yip _xip) <-L

If i, = 0 for some k, then x;, — y;, = 0. Thus, we assume that 1 < i, < n. We
take the absolute value, and apply the triangle inequality:

1< [(yiy — @iy) — Wiy — Tig) + Wiy — Tig) — -+ — (yi, — @5,
< |(y71 x71)|+|(y72 xi2)|+|(yi3_aji3)|+...+|(yip_a7ip)|
< lz —ylh-

Now, let us show that this bound is tight. Consider the zones Z1, Zo C R™ defined
by the following equations:

— If n is odd x3
A
r1 =1
zlz{ A
Toj — w241 =0 1<i< 5=
T2
y
Lo — T2 =0 1<i< L
Zy =
xn:o » I
— If n is even A
r1 =1
Zlf 1,'27;—1,'27;+1:0 1<i<%—1
zn =0

N\
VA
|3

Zy={wgi_1—22i=0 1
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We have Z1 N Zs = @; indeed combining the equations of Z; and Z5 yields z; = x;
for all 0 < ¢, j < n, which leads to a contradiction since 1 = 1 and =, = 0. On the other
hand, let p = (17 nT—LQ7 nT—LQ7 nT—L47 nT—L47. . ) and q = (n;l7 n;l7 n;S7 n—37 n;f}7 . )

Zo, while

n
(take the first n coordinates). It is easy to check that p € Z; and ¢ €
dm(p,q):max(%,...,%)—%. [ |

In order to prove Lemma 16 in presence of both kinds of perturbation, we have to
extend the previous lemma to sequences of sets as follows:

Lemma 17 Let As be a collection of sets such that A5, C As, if 61 < 62. Assume
that Z = (5> As s a zone-set. Also assume the existence of a zone-set Z' such
that 369 > 0. V0 < § < §y. As N Z' = &. Then there exists 61 > 0 such that for all
0 < 6§ <81, we have doo(As, Z') > %

Proof. We pick dg > 0 such that V0 < § < &g. AN Z' = @, and & > 0 such that

Vo € Ay 3z € Z. doo(x,z)<2i. (1)

n

Such a &, exists by definition of Z. Assume the lemma is wrong:

1
V6, >0.30 <0< 61. Fx € Ay, y € Z'. doo(z,y) < TR

Applying this result with 6; = min(dg, 6)), we pick a §f > 0, and two points = € Aéi
and y € Z’ such that deo(z, y) < % From (1), and since Ag; C Ag;, there exists z € Z
such that deo(z, 2) < % Thus doo(y, 2) < %, and with Lemma 16, Z N Z’ # @. Then

any Ag intersects Z’, since it contain Z. This contradicts our hypotheses. |
In the sequel, when a distance d or a norm ||| is used, we always refer to doo
and |- floo-

The following two lemmas rely on the theory of real numbers and the basics of
topology.

Lemma 18 Given two sets A and B with d(A, B) > 0, then ANB = @.
Lemma 19 Given two sets A and B with A C B, then d(A,C) > d(B,C) for any C.

Our main tool for proving Theorem 15 can then be stated as follows:

Lemma 20 Let Ap(A € Rsg) be a collection of closed sets such that Ax, € Aa,
if A1 < As. Assume that A = (as9Aa is nonempty. Let B be a bounded set.
If d(A, B) > 0, then there exists A > 0 such that AxNB=0.

Define Noo(X,n) = {x € R" | 32’ € X : doo(z,2') < n} and let Noo(z,n) =
Noo({z},m).

Proof. For a contradiction, assume that for all A > 0, we have Ax N B # &. Let
0; = % (for each ¢ > 1). Then, we have:

Vi> 1. 3z; € A5, N B.

Since B is bounded, so is the set {x; | i > 1}. By Bolzano-Weierstrass Theorem, there
exists a point x such that:

Ve >0.Vi> 1. 35 >4 x5 € Noo(w,6) N Ag;.
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Let us show that z is in the closure of As, for all ¢ > 1. Since A5, C A, for all j > i,
we have:

Vi> 1. Ve > 0. 3j. 25 € Noo(z,€) N A,

that is:
Vi>1-VYe>0. Noo(z,6) N As, # .

Hence, for all > 1 the point z is in the closure of the closed set As,, and thus z € Ay,.
Since, for all A > 0 there exists ¢ > 1 such that §; < A and thus A5, C Ax, we have
VA € Ry :z € Aa. This entails that x € A. Now observe that:

Vi > 1:doo({z}, B) < doo(x,x;) + doo ({z;}, B).

Observe that deo(z,z;) can be made arbitrarily small for sufficiently large ¢, and that
for all i > 1, doo({z;}, B) = 0 since z; € B. Therefore, we get:

Ve > 0. deo({z}, B) < &,

and doo ({2}, B) = 0, which is a contradiction. |

We conlude this section by the proof of Theorem 15.

Proof of Theorem 15. Let RS~ = (.. Reach([A]%), for any A > 0. If RZ0N
Bad = @, since Rj:g and Bad are unions of sets of the form {l} x Z; where Z; is
a zone?, Lemma 16 applies and we have d(R57),Bad) > 0. From Lemma 20, we
obtain that there exists A > 0 such that R5~" N Bad = @. Clearly, RS~ satisfies the
conditions of Lemma 17, hence the existence of some A such that V0O < A < Ay, we
have d(REAHO7 Bad) > 0. We pick such a Ag € (0, A1). Applying Lemma 20 to REA?O,
we get the existence of eg such that Reach([A]} ) N Bad = 2.

Conversely, if there exists A > 0 and € > 0 such that Reach([.A]%) N Bad = @,
then trivially R 570 N Bad = @. [

It should be noted that a simpler proof could be achieved in the presence of only one
perturbation (for guard enlargement only, such a proof can be found in [DDMRO4]).

6 An algorithm for computing R%_ o, R§~° and R 579

In this section, we prove that R%_,, = R5™" = RS0, and that those sets are
computed by Algorithm 1 (originally proposed in [Pur98] to compute RSHO). The
following example illustrates the algorithm, and informally justifies its correctness.
The rest of this section is devoted to a formal proof of correctness.

Ezample. Consider the timed automaton Aq of Fig. 1(a) (the value of o does not
matter here). The reachable states of Ay in locations ¢1 and ¢4 are depicted on Fig. 1(b)
and are computed in J* by the algorithm at line 3. Then, in the while-loop, the
algorithm adds to J* the progress cycles of the region graph of A, that “touch”
the set J*, and performs a reachability analysis from the new states in the classical
semantics. In the example, the progress cycle (¢1, R1), (¢1, R2), (¢1, R3), (€2, R4) shown
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Algorithm 1: Algorithm for computing the limit sets Rj:g, R%Ho and RSHO of a
closed timed automaton .A.

Data: A timed automaton A = (Loc, Var, qo, Lab, Edg).

Result: The set J*, which we will prove equals Rj:g, ROA-»() and Rg_’o

begin

1 Construct the region graph G = (R4, —¢) of A ;
2 Compute the set C(G) of simple cycles of G ;
3 J* «— Reach(G, [q0]) ;
4 while for some p =pg p1 ... pr € C(G), [po] £ J* and J* N[pg] # @ do
5 J* — J*Ulpo] ;
6 J* «— Reach(G, J*) ;
7 return J* ;
end
Y 4 ‘ v Lo
3 31
2 ,/[‘I‘ 2._—._—_—/
SO y
s 1 Ry
y { 4
// R3 : N //
1) P 1
// | R2 //
A ,
// ! //
// Rl ! // . - . . .
0 1 2 3 0 1 2 3

Fig. 2 A progress cycle R1, Ro, R3, R4 in the region graph of A, of Fig. 1(a).

in Fig. 2 is added, and the set J* computed by the algorithm is the set ROAHO shown
in Fig. 1(c).

Observe that the algorithm manipulates only closed regions. In particular, the
set J* is closed by Lemma 4. The condition J* N [pg] # & at line 4 implies that some
points of J* belong to the frontier of pg. It is clear that in the perturbed semantics
of timed automata, no matter the values of £, A > 0, some states of pg are reachable.
Moreover, as we show in the sequel, every state of pg can actually be reached from
every state of [pg] (and thus from J* N [pg]), by repeating the cycle p = pg p1 ... pg
sufficiently many times (the number of iterations increases as ¢ and A tend to 0).

The main technique to prove that a state u € [pg] can reach a state v € [pg] in
[A]% and in [LA]? is the following. Assume that there is trajectory in [A]J that starts
and ends in u and follows the cycle p, called a limit cycle. We modify this trajectory
using the perturbation € or A to reach a state uj in the neighborhood of z. This is done
in Theorem 29 for [[.A}]OA and in Theorem 31 for [.A]2. By repeating this, we construct
ug, . ..u = v such that u; is reachable from u;_1 in [[A}]OA (Theorem 28) and in [[A}]S
(Theorem 30). Unfortunately, we cannot assume in general that u € [pg] has a limit
cycle in [[.A]]g, even though pg has a cycle in the region graph of A [Pur98]. We are
saved by Theorem 23 which shows that () from all states x € [pg], there is a trajectory

4 Assuming Algorithm 1 is correct, the set J* = Rj:g it computes is a union of closed
regions.
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in [A]9 that reaches a state u € [pg] that has a limit cycle, and dually (i7) all states
y € [po] are reahcable in [.A]J from some state v € [p] that has a limit cycle. Notice
that Theorem 23 does not involve perturbations.

6.1 Limit cycles

Definition 21 (Limit Cycle) A limit cycle of a timed automaton A is a finite trajec-
tory m of [A] that contains at least one discrete transition and such that last(m) = first(m).

As suggested in [Pur98], not all states of a progress cycle have a limit cycle.

Definition 22 Let p = pgp1 ... py be a cycle in the region graph of a timed automa-
ton A (i.e., pxy = po). For Qo C [po], define the return map Ry (Qq) as follows:

Rp(Qo) = {q € pol such that first(m) € Qo and last(r) = ¢

there exists a trajectory m of [A] that follows p}

For i > 2, define recursively R},(Qo) = Rp(R;‘fl(Qo)) and let L, be the set of states
that can return back to themselves after i cycles through p: L , = {q | ¢ € Rp({q})}.
We write Lp = Ujen. , Lip the set of states having a limit cycle.

The following key property of Lp is central to the proof of correctness of Algo-
rithm 1. It states that Ly is both forward and backward reachable from all valuations
in a cycle p.

Theorem 23 ([Pur98, Lemma 7.10]) Let p = pg ... pn be a cycle in the region
graph of a timed automaton. For all z € [po], there exists 2 and 2" in Ly, and trajec-
tories m and ' in [A], such that:

— first(7) = z and last(w) = 2’ and
— first(7') = 2" and last(n’) = z.

The proof proposed by Puri is quite sketchy. We develop here a full proof of this
result, following the same steps.

Lemma 24 ([Pur98, Lemma 7.1]) Let p = pop1 ... pN be a path in the region
graph of a timed automaton A, let © and 7' be two trajectories of [A] that follow p.
Then for all X € [0, 1], there exists a trajectory ©" of [A] that follows p and such that
first(7”) = Afirst(m) + (1 — A).first(7') and last(z”) = A.last(7) 4+ (1 — \).last(z’).

Proof. Letw = (go,t0) 01 (q1,t1) 02 - on (qn,ty) and ' = (b, tp) of -+ o (s t)-
Consider the sequence
7" = (q0,t0) ot (¢, 1) 0% -+ o (g, tN)

where for all 0 < i < N, ¢/ = Ag; + (1 — A).¢; and ¢/ = \t; + (1 — \).t; and for all
1<i< N, 0] =Xoi+ (1—)).oj if 0; € R3g and o] = o; otherwise. It is easy to
show that 7'’ is a trajectory in [.A] since regions are convex sets. |

Lemma 25 ([Pur98, Lemma 7.3]) Let p be a cycle in the region graph of a timed
automaton. Then Ly is conves.
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Proof. Let z,y € Lp, and A € [0,1]. There exists natural numbers k£ and [ such
that © € Ly, and y € L; ;. Then z,y € Ly ,, and according to Lemma 24, we have
A.x + (1 — A)y € Lk»l,p C Lp. |

Definition 26 Let p = pgop1 ... pn be a cycle in the region graph of a timed au-
tomaton (i.e. po = pn ). The orbit graph of p is the graph ©p = (Vio, —g) such that
Vo = S(po) is the set of vertices of pg and for all v,w € Vg, v —g w iff w € Rp({v}).
For m € N and v € Vg, we define

Succ™(v) ={w e Vg |v—g w} and Pred"(v)={w e Vg |w—g v}.

Given a vertex v € Vg, the set Rp({v}) is a closed region according to Lemma 4,
and thus we have Rp({v}) = Conv({w € Vg | v —g w}) as a closed region contains
all its vertices. More generally, we have ng({v}) = Conv({w € Vg | v —>k@‘ w}) for all
k>1.

Lemma 27 ([Pur98, Lemma 7.4]) Let p =pg...p be a path in the region graph of
a timed automaton A. For all vertices v € S(pg) of po, there exists a vertez v' € S(py,)
of pi, such that there exists a trajectory of [A] from v to v', and conversely, for all
vertices v' € S(py) of py, there exists a vertex v € S(po) of po such that there exists a
tragectory of [A] from v to v'.

Proof. Let v be a vertex of [pg]. Then {v} is a subregion of [p — 0], and the set of its
successors in [pg] is a closed subregion of [pg]. According to Lemma 14, a subregion of
[pr] necessarily contains a vertex.

The same argument can be applied backwardly, since the predecessor of a subregion
of py, is a closed subregion of pg. [ |

Proof of Theorem 23. Let ©) = (Vig,—g) be the orbit graph of p. Let V =
{v € Vg |Im e N. v e Succ™(v)}. Lemma 27 entails that every vertex in the orbit
graph has an outgoing edge. Thus for all v € Vg, there exists an integer m. such that
for any m > my, the intersection Succ™(v) NV is non-empty, because Vg is finite.
Let M = max{my | v € Vo} be the largest such m.,. Then Succ™ (v) NV # & for all v.
A similar argument proves the existence of M’ such that Pred™’ (vV)NV # @ for all v.

Since z € [po], we can write z = >, A; v;, where \; € [0,1], >, A; = L and v; € V.
For each v;, let w; be an element of Succ™ (v;) N V. From Lemma 24, there is a path
from 2z to 2’ = 3>, \jw; and 2’ € Conv(V). By Lemma 25 we have Conv(V) C L and
thus 2’ € L.

Conversely, if z; is a vertex in Pred™’ (v;) NV, there is a path from 2" = Dz €
Conv(V) C L to z. |

6.2 Soundness of Algorithm 1: J* C ROAHO and J* C RSHO

We show that the set J* computed by Algorithm 1 is reachable in the limit sets ROA_,O
and RSHO. In particular, for all progress cycles that are added to J* by the algorithm,
we show that every point of the cycle is reachable if either a drift on clocks or an
enlargement of the guards is allowed, no matter how small it is.
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The proof is based on Theorem 23 and on the fact that for all progress cycles p,
the set Ly is a strongly connected component of both [.A]% and [A]§ for all A,e > 0.
Hence in Ly, every state is reachable from every state for the perturbed semantics, and
thus similarly, in each region of the cycle p every state is reachable from every state
by Theorem 23.

Apart from Theorem 39, all the results of this section apply to progress cycles but
do not require Assumption 9.

Imprecise guards: J* C ROA_,O.

Theorem 28 Let A be a timed automaton, let p = pgp1 --- pN be a progress cycle of
the region graph of A, and A € Rsq. For all states u,v € Ly, there exists a trajectory
7 of [A]% such that first(r) = u and last(r) = v.

This theorem results immediately from the following lemma.

Lemma 29 Let A be a timed automaton, let p = pop1 --- pN be a progress cycle of
the region graph of A. For all A € R, for all state w € Lp and for all neighbour state
v € [po] N Noo(u, %), there exists a trajectory @' of [A]% such that first(7') = u and
last(7") = v.

Proof. Let A = (Loc, Var, qp, Lab, Edg). Since u € Lp, there exists a trajectory
of [A]9 that follows p a certain number of times and such that first(r) = last(r) = u.
We slightly modify 7 to make it stutter-free (we insert a zero length timed transition
between two consecutive discrete transitions, and we merge consecutive timed transi-
tions). Assume that®:

7 = (Lo, ug) “ (€, up) 22> (b1, u1) 5 (€1, uy) 2 -
Ro Rl
Om—2 tm—1 ’ Om—1 tm /
: R—> (fm—hum—l) E— (Zm—lvum—l) R—’ (fmvum) I (fmﬂlm)
m—2 m—1

with ug = ul, = u. Each t; € Ry and 0; € X. We annotate m with sets of clocks
R; C Var that are reset by discrete transitions o;. Note that Uﬁigl_l R; = Var by
Assumption 9.

Intuitively, we prove the lemma by modifying the length of the timed transitions of
7 so that the clocks are reset slightly earlier or later than in 7. We obtain a trajectory
of [[.A]]OA because the guards are enlarged and therefore they are enabled in the states
of the new trajectory.

Let the representation of pg be given by (az)zevar and (X;)ogigk- For all valua-
tions w € pg, we have:

— for all z € Var: |w(z)| = az;

— for all z € Xp: (w(x)) = 0;

— for all ¢ and for all z,y € X;: (w(z)) = (w(y));

— for all i < j and for all z € X;, y € X;: (w(x)) < (w(y));

5 It is not restrictive to assume that m starts and ends with a timed transition timed tran-
sitions of length zero are allowed.
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By hypothesis, p is a progress cycle and each clock is reset at least once along .
For each clock = € Var, let az be the index of the last transition of 7 in which z is
reset. Formally, we have:

2 € Raq, Vi>az:x & R; (2)

Then, for each clock = € Var, we have:

uo(x) = up (@) =ul@) = Y & ®3)

i=ag+1

Let v € [po] NNoo (u, %) and for each x € Var let 0, = v(z) —u(z). Clearly, we have
[0z] < %. Moreover since v € [pg], the closed version of the above inequalities defining
po are satisfied by v. Let ((v(z))) = v(z) — az, we have:

— for all z € Var: 0 < ((v(z)) < 1;

— for all z € Xo: ((v(z))) = 0;

— for all ¢ and for all z,y € X;: (v(z)) = (v(y));

— for all i < j and for all z € X;, y € X;: (v(z)) < (v(y));

This entails that:

— for all ¢ and for all z,y € X;: §z = (v(x))) — (u(z)) = (v(v)) — (u(y)) = dy;
— for all z,y € Var such that u(z) < u(y) (and hence az > oy from Eq. (3)), we have
v(z) < v(y) and thus u(z) + dz < u(y) + dy, that is:

(e
0o — by <uly) —u(z)= D (4)
i=ay+1
Let I' = {az | # € Var} = {a1,...,a;} be the set of positions in 7 where a clock is
reset for the last time. Assume without loss of generality that a; < as < -+ < o and

that for all 1 < ¢ < [, the clock z; € Var is such that that az; = «;. Consider the time
stamps in 7 as the following block-sequence, and construct the sequence (tﬁ;)o@;gm by
adding a shift given as follows:

[to. - tas|[tar+1---tas] - [taj 141 tay ] [tar_y41 - -ty [tay+1 - - - tm]

+0 +61 =62 ... H+0j_1—6; ... +6_1—0; +0;

= [t0 - tay [tay1 - tan) - [to; 11+ tay) - [tay_q41 - tag)[tay 41 - - - tm]

where each t} is obtained from t; by distributing the shift of each block over the time
stamps of the block. This can be done in such a way that each t;; is nonnegative for all
0 < 7 < m since for all i < aq we have t; =t;, for all 2 < j <[ we have:

Q (e %)

St = St 461-6,20 (by Eq. (4))
i=aj_1+1 i=aj_1+1
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and finally for all i > a; + 1 we have:
m m
Sooti = > tit+ o =u(z)+ 5 =v(x) >0
i=a;+1 i=a;+1
We now construct the trajectory «’ from 7 by replacing each ¢; by t;;:

’ ’

t t
' = (lo,v0) = (fo,v0) = (£1,v1) == (€1,01) —= -+
Ro Rl
Om—2 {2 ’ Om—1 t, ’
: R—> (gm—hvm—l) E— (gm—lvvm—l) R—’ (fm,’Um) I (émvvm)
m—2 m—1

Wherev():uo:u,fora110<igm:vézvi—ﬁ—t;andforalllgiém:vi:
vi_1[Ri—1 := 0]. We claim that 7’ is a trajectory of [.A]%. To show this, we must
verify that the guard (which is enlarged by A in [LA]%) of each discrete transition o;
is satisfied by v}. Since 7 is a trajectory of [A], we know that each wu satisfies the
corresponding guard under the classical semantics. Therefore, it is sufficient to prove
that the difference |u}(z) — vi(x)| is bounded by A for all x € Var. To do that, let j
be the greatest index such that j < ¢ and u;(x) = v;(x) (such an index exists because
up = vg). Clearly, the difference |u}(z) — v}(x)| is bounded by the sum of the shifts
that we have introduced between index j and i. For uniformity, let the first shift be
do — 91 with dp = 01 and the last shift be §; — 6,41 with 6,1 = 0. Notice that |d;| < %
holds for all i = 0,...,1+ 1. If a block [ta,_,4+1---ta,] is such that j < ap—1 + 1
and ap < 7, then the whole shift ,_1 — §p counts in the sum. On the other hand, if ¢
or j lies inside the block, then only a portion a(d,—1 — dp) of the shift counts where

€ [0,1]. Accordingly, the sum of the shifts can take one of the three forms (where

a,B€0,1]):

o 51 = a(dp — 0pt1) (if 7 and j lie in the same block)
o 5o =adp —Opy1) + B(dp+1 — dp42) (if ¢ and j lie in consecutive blocks)
® 53 =0a(0p — Opt1) + Opt1 — 0g + B(dq — dg+1) (otherwise)

It is easy to show the following bounds:
. |81|<O['2'% <A
= |a(dp = dpt2) + (B — @) (6pt1 — pr2)| S - A+ [B—ald

. }:>|82| <A
Is2] = [(a = B)(op — dp+1) + B(0p — dpy2)| S la—=BlA+ - A
s3] = |a(dp — 0g+1) + (1 = B)(dp+1 — dg) + (B — a)(Op+1 — dg+1)|

s3] = [(a = B)(dp = 0¢) + (1 = @) (6pt1 — 0q) + B(6p — Fg+1)]

}:>|83| <A

which shows that |u}(z) — v}(x)| < A for all z € Var.
Finally, since the sets of clocks R; that are reset in 7’ are the same as in 7, Eq. (3)
applies and we get for all z € Var:

m m
V() = > i = Y ti+0e = um(z) +0r = u(@) + 6x
i=oz+1 i=0gp+1

Hence v}, = v. It follows that first(n’) = u and last(r') = v as required. [ |
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Drifting clocks: J* C R§™0.

We prove a result similar to Theorem 28 for drifting clocks.

Theorem 30 Let A be a timed automaton, let p = pgp1 --- pN be a progress cycle of
the region graph of A, and € € Rsq. For all states u,v € Lp, there exists a trajectory
m of [Alg such that first(w) = u and last(w) = v.

The proof of Theorem 30 relies on the following lemma, implying that it is possible
to go from a state g = u € Ly to a state , = v € Lp in [A]g by successively reaching
21,22,...T; where x;41 is at bounded distance from ;. The key is that the bound
depends only on the extremal states u and v.

Lemma 31 Let A be a timed automaton and p = pgp1 --- pn be a progress cycle of
the region graph of A. For allu,v € Ly, for alle € Rsq, there exists § > 0 such that for
all z € Conv({u,v}) and for all y € Ly N Noo(x,6), there exists a trajectory m in [A]§
such that first(m) = = and last(7) = y.

To prove Lemma 31, we apply a drift on a limit cycle trajectory starting in u. Since
the effect of drifts is proportional to the duration of the trajectory, we need a bound on
the minimal duration of such a trajectory, in order to guarantee a lower bound on the
perturbation that we can enforce. This is done in Lemma 32. Then, to show that every
state in Noo(z,7n) is reachable from a state x, we need to establish the relationship
between numbers 6 and 7 in the following statement:

Va' € [r'] N Noo(2i41,0) - 3z € [r] N Noo(z4,m) : © = 2 in [A]§ for some 7 € Rxq.

This statement can be used inductively to show that a neighborhood of z;, = v
(and thus v itself) can be reached from zg = w, as in Theorem 30. When ¢ = 0, we
show in Lemma 33 that n = 26 fits. To have a proof of Lemma 31, we would need
that n = 0 while § > 0. To obtain this, we use the drifts on clocks. The proof is quite
involved because Lemma 33 tends to require a larger value of 1 to guarantee some 9,
while the drifts help us to decrease 7.

In the next lemma, we show that every limit-cycle trajectory of strictly positive
duration can be extended to a limit-cycle trajectory of duration at least % without
increasing the size of m more than twice. This last condition is important as otherwise,
the lemma would be trivially true.

Lemma 32 Let A be a timed automaton, let p = pgp1ps2-..pN be a progress cycle in
the region graph of A. If there exists a limit cycle w of [A] that follows p such that
Duration(r) > 0, then there exists a limit cycle ©' of [A] with first(n’) = first(r) and
such that |7’| < 2|n| and Duration(n’) > 1/2.

Proof. The result is immediate if Duration(7) > 1/2. Assume Duration(w) < 1/2, and
let k = |7| and u = first(7) = last(w). Let w2 be the trajectory obtained by repeating
twice. We have |ma| = 2k and first(mg) = stateg (m2) = last(m2) = u. Since all clocks are
reset along 7, their value remain strictly less than 1/2 in every state of m and mo. By
the fact that Duration(w) > 0, there must be at least one timed transition in 7 with a
strictly positive time stamp. Consider the first such transition in 79, and let increase
its length by 1/2 time units, yielding a new trajectory 7' in which each clock remain
below 1. Therefore, the same transitions as in my can be taken as the guards satisfied
by a state of 7 are also satisfied by the corresponding state in 7. Observe that we leave
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the second half of the trajectory 7’ unchanged, and since all clocks are reset along m,
we obtain last(n’) = u = first(n’), |7’| = 2|x| and Duration(n’) > 1/2. [ |

Lemma 33 Let A be a timed automaton, let r and ' be two regions of A s.t. (£,1) ——s time,

(€,7") in the region graph of A. For allu € v, v € ' and 7 € Rsq such that (¢,u) —
(4, v) in [A]S, and for all § > 0, for all y € Noo(v,8)N[r'], there exists x € Noo(u,25)N

[r] and 7" € Rxq such that (£,z) — (£,y) in [A]].
Proof. Let n be the number of clock of A. Reminiscent of the normal form DBM
representation of regions, let a;,3;,m;; € Z and al,ﬁl,m”‘ € 7 be the tightest

constants such that for all valuations u, v, we have u € [r] and v € [r'] if and only if
forall 1 <i,7 <n:

Bi ([r]
Bi

In particular, this entails that —m; ; < u; —u; < B; —«; and —m;ﬁ <v—vj < B{—a;
for all 1 < 4,5 < n, and since the constants are tight:

Ui — Uj ,j a; < u;

N //\
//\ //\

<m
<m

ST~

ST
—~
=
~

v — Vj a; < v;

a]

i / / /
—mj; <M < B —aj —mj; < m; ;i < B —aj (5)

Now, let u € 7, v € ' and 7 € Rsg such that (£,u) = (£,v) in [A], and let § > 0
and y € Noo(v,8) N[r']. Since ' is a time successor of 7 and v = u + 7, we have for all
1<4,5<n

. — ) . D — . 6
M5 = My, j Vi =V = Ui — Uy (6)

We define the valuation D = y — v. Since y € Noo(v,6), we have ||D]joc < 6 and since
y € [r'], we have for all 1 < 4,5 <

(vi + D) — (vj + Dj) < mj a; <vi+D; < B (7)

Now let z = u + D. As shown on Fig. 3, we might have z ¢ [r]. Thus, we have
to construct a neighbour x of z that belongs to [r] and such that 2 — y for some
7' € Rx¢. By Eq. (6) and (7), we have for all 1 <i,j <

zi — zj = (wi + D) — (uj + Dj) = (vs + D;) — (vj + Dj) <my j (8)

1 First, assume that for some iy, we have oy, = 3;,: This means that the interior of r
is empty, as on Fig. 3(a). Let t = —D;,. Notice that the value of ¢ is independent of
the choice of iy. Indeed, if for some j # ig we have aj = f3;, then using Eq. (5) we get:

o — B3 < —Mjig < Mig,5 < Biy —

/

and —myj ;o = My, smce; a;, — B = Bi, — @j. By }Eq. (6), 7ve have —mj; ;= m;, ;
and thus in the region [r'], we have v;, —v; = —mj; = m;  ; = yi, — y; and thus
Di, = D;.

Now, let = z +t so that z;, = u;,. We show that « € [r]. Clearly, by Eq. (8) we
have:
Ty —Xj = 2i — Zj < My
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(a) The interior of [r] is empty. (b) The interior of [r] is not empty.

Fig. 3 Construction of a predecessor of y in the closed region [r].

And in particular, for all 1 < j < n: —my, ; < 5 — T4y < My 40. Since x5, = u;y =

O‘io

= B;, and by Eq. (5) we have:

aj < i = Mig,j < Tj < My + i < B

Now, we have ||z — ulloo = ||D + t||oo < 2||D||oo < 28 and thus z € Noo(u, 28) N [r].

2 Second, assume that for all i, we have a; < B;: This means that the interior of r is
not empty, as on Fig. 3(b). We define the following sets:

I={i|a; >z} I'={i| z > B}

—IfI = @ and I' = @, then z € [r] by Eq. (8) and we take * = z. We have

[z = ulloo = ||z = ulloc = [[Dljoc < 0.

— If I # @, then define ¢ = max{a; — 2; | ¢ € I} and let ig be an index in I such

that t = «;, — 2;,. Clearly ¢ > 0 and since t = a;, — u;, — D;, and ay, < u;,, we
have t < —D;,. We take x = z+t so that z;, = a;,. We show that z € [r]. Clearly,
by Eq. (8) we have:

a:i—xj :Zz'—Zj émm

In particular, for all 1 < i < n we have z; — z;; < mj;, < B — a; by Eq. (5).
Since z;, = ay,, this yields z; < ;. Moreover, for all i € I we have z; = z; +t > «;
by definition of ¢, and for all i ¢ I we have x; = z; +t > z; > «;. Finally, we have
[z = ulloo = D + t[loo < 2[|D[joo < 20.

If I’ # @, then define t = min{3; — 2; | i € I'} and let iy be an index in I’ such
that t = B3;, — z;,. Clearly ¢t < 0 and since t = 3;, — u;, — D;, and u;, < f3;,, we
have t > —D;,. We take x = z+1t so that x;, = 3;,. We show that z € [r]. Clearly,
by Eq. (8) we have:

Ti—Xj =2 — 2 < My j

In particular, for all 1 < j < n we have z;, —x; < my, ; < B, —a; by Eq. (5). Since
x;, = B4, this yields x; > a;. Moreover, for all 7 € I' we have z; = z; +t < f3; by
definition of ¢, and for all i ¢ I’ we have x; = z; +t < z; < (3;. Finally, we have
[z = ulloo = D + t[loo < 2[|D[joo < 20.
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In each case, we have = € Noo(u, 26) N [r] and (¢,z) == (¢,y) in [A] for 7/ =7 —t
(obviously we have 7' > 0 because 7’ is a time successor of r). ]

Lemma 34 Let A be a timed automaton. Let (£,z) and (¢,y) be two states of [A],
and T € Ry such that (£, x) L (4, y) in [A]. For all e € Rxg, for all ' € Noo(z,e7)
(,2") s (£,y) in [A]5.

Proof. The result is immediate if 7 = 0. Otherwise, it suffices to set the rate of each
clock c of A to 1 —x'(c) — z(c) /7, which lies between 1 — ¢ and 1 +¢. |

Lemma 35 Let A be a timed automaton, let v and v’ be two regions of A such
that r—1’ in the region graph of A. For allu € [r], v € [r'] and & € Rsq:

— if there is a timed transition u — v in [A], then for all n € Rsq, we have:

n—+er

A0 3 e Nsoum) ] o Ty in [ATG;

Vy € Noo(v

— if there is an action transition u - v in [A], then for alln € R, we have
Yy € Noo(v,n) N [F'] - 32 € Noo(u,n) N [r] = = Ty in [A]G.

Proof. We only prove the first part of the lemma, the second part being quite obvious.
We have v = u + 7. Let § = Ke(n+ e7) and let y € Noo(v,6) N [r’]. From Lemma 33,

there exists @ € Noo(u, 20) N [r] such that @ — y in [A] for some 7" € Rx. So we
have y = 2 + 7’. Using the triangle inequalities, we have:

' =y~ 2llo = (v = u) = [z —w) + (v = y)]lloc > 7 38 (9)

Consider the set S = Noo(x,e7’) N Conv({u,x}). Since doo(u,x) < 20, there exists
x’ € S such that:

{doo (u,z') =0 if doo(u,z) < e7’ (take =’ = u)
/

doo(u,z') <26 —er’  if doo(u, ) > &7’

Since [r] is convex and x,u € [r], we have 2’ € [r], and since z ~— y in [A], Lemma 34

entails that ' —— y in [AJ§. To complete the proof, we have to show that z’ €
Noo(u,n), that is doo(u, ') < 1. Starting from Eq. (9), we have:

e(t—7) <36 =(2+36)6 —26 =n+e7 — 26

and thus 26 — 7’ < 1 which entails doo (u, ') < 7. [ |

Lemma 36 Let A be a timed automaton, let ¢ € Ry and K = 1/(2 + 3e). Let
p = pop1 -+ PN be a path in the region graph of A. Let 7 be a trajectory of [A]
that follows p and let u = first(w), v = last(w) and T = Duration(w). For all y €
Noo(v, KNeT) N [pn], there exists a trajectory w' in [A]§ that follows p and such
that first(n') = u and last(n’) = y.
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Proof. Let m = (qo,t0)01(q1,t1)02 ... on(gn,tN) with to = 0 and ty = T Define
e; = Kiet;. We show that for all 0 < ¢ < N, for all y € Noo(¢i+1,€i+1) N [ri+1], there
exists £ € Noo(gy,€;) N [r;] such that there exists a transition from z to y in [A]j:

— if ¢; Zit, ¢i+1 is a discrete transition, then we have €;11 < €; because t;41 = t;
and K¢ < 1. The claims follows then directly from Lemma 35.

— otherwise, we have a timed transition ¢; — ¢i+1 and t;41 = t; + 7. By Lemma 35
with n = g;, we have:

Yy € Noo(Giv1, Ke(gi + €7)) N [riq1] - 3o’ € Noo(gi, i) N [ri] = 2" Ty in [A]G.
Since K¢ < 1, we have:
Ke(ejter) = Ké"‘leti + KeeT > K;'He(ti +7)= K;'Hatlurl =€it1

Hence, Noo(Git1,€i+1) € Noo(giy1, Ke(e; +€7)) and we have:

Yy € Noo(Git1,€i41) N [rig1]. I2° € Noo(gi,e5) N [ri]. o' =y in [A]5.

Applying this result for each 0 < i < N, we obtain immediately that for all y €
Noo(gn,en) N [rn], there exists € Noo(go, €0) N [ro] such that there exists a trajec-
tory 7’ in [A]§ that follows p with first(r’) = z and last(n’) = y. Finally, we have
gy = last(m) and qp = first(m) so that z = u since eg = 0 and Noo(q0,0) = {qo}-

]

Lemma 37 Let A be a timed automaton and p be a progress cycle of the region graph
of A. For all u,v € Ly, there exists an n € N such that Conv({u,v}) C Ln p.

Proof. Let k and [ be such that u € Ly, and v € L; ;. Take n = kl. The result
follows from Lemma 24. ]

We proceed with the proofs of Lemma 31 and Theorem 30.

Proof of Lemma 31. If pis not a time-elapsing progress cycle, then Ly, is a singleton
that contains the valuation in which all clocks are equal to zero. In this case, the result
is immediate.

Assume that p contains a time-elapsing region. For u,v € Ly, let n € N be given by
Lemma 37. We are in the conditions of Lemma 32: for all z € Conv({u, v}) there exists a
limit cycle m on = with Duration(7) > 0 and |w| < nWW where W is the number of regions
of A. Therefore, there exists a limit cycle 7’ on z with Duration(r’) > 1/2 and |7'| <
2nW. Let N = 2nW and take § = $eK2. By Lemma 36, for all y € Noo(z,8) N [po]
there exists a trajectory 7 in [[A]g such that first(7) = z and last(r) = y. Finally, the
result follows from the fact that Ly C [po]. [ |

Proof of Theorem 30. For u,v € Ly, let § as given by Lemma 31 and let k = (%]
Consider the points g = u, 2, = v, and z; = u+id(v —u) fori =1,...,k — 1. It is
easy to see that deo (24, Ti41) < 0 - doo(u,v) < § (because the oo-distance between two
points of a region is at most 1). Thus from Lemma 31, for all 0 < ¢ < k — 1 there exists
a trajectory from z; to z;4+1 in [A]§, and thus a trajectory = such that first(7) = u
and last(7) = v. [ |
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Soundness of Algorithm 1.

Theorem 38 Let A be a timed automaton. Let p = pop1 ... pN be a progress cycle of
the region graph of A. For all xz,y € [pg], we have:

— For all A € Rsq, there exists a trajectory © in [A]% such that first(r) = = and

last(7) = y;
— For all ¢ € Rsq, there exists a trajectory 7' in [A]§ such that first(r') = x and
last(7) = y.

Proof. From Theorem 23, there exist u,v € Ly and two trajectories 71 and 73 of [A]
such that first(m1) = = and last(m1) = u, and first(rs) = v and last(m3) = y. By Theo-
rem 28, there exists a trajectory g of [A]% such that first(m2) = u and last(mg) = v.
We construct @ by concatenating the three trajectories 71, mo and 3. The proof is
similar for the second part of the theorem, based on Theorem 30. |

As a consequence:

Theorem 39 Let A be a timed automaton satisfying Assumption 9. Let J* be the set
computed by Algorithm 1. Then J* C ROAﬂO and J* C R0,

Proof. TFor all A > 0, if a set of regions J* is reachable in [[A]]OA, then:

— so is the set Reach(G, J*) of regions reachable from J* in the region graph G of A,
— any cycle p is a progress cycle, so that Theorem 38 applies: if pg is a region in p
such that [pg] N J* # @, then the set J* U [po] is reachable in [.A]%.

Since J* is obtained by iterating the above two operations (lines 3, 5 and 6 of the
algorithm) from the set of initial states [go], this ensures that J* C Reach([.4]% ). This
holds for all A > 0, and hence J* C R%_.

The proof for drifts on clocks is similar. |

6.3 Completeness of Algorithm 1: R5=0 C J*

To prove the completeness of Algorithm 1, we have to show that any state that is
reachable in the semantics [A]$, no matter how small are € and A, lies in the set J*
computed by Algorithm 1. First, we show that if the number of transitions in trajecto-
ries is fized, then there is a bound on the distance between a state reachable in [A]%
and the set of reachable states Reach([A]) in the classical semantics (Theorem 44).
This bound vanishes when € — 0 and A — 0. This shows that a state € R 59 that
is reachable in a fixed number of steps from the initial states in [LA]% for all e, A >0
is at distance zero from the reachable states in the classical semantics. An argument
related to topologically closed sets then shows that x € Reach([.A])). Second, to extend
the result to the whole set RAE:S, we roughly use the fact that longer trajectories neces-
sarily contain a cycle that is added to J* by the algorithm. Therefore, only a bounded
part of those trajectories can take the state far from J*. By a similar argument as
above, this distance to J* is shown to vanish when ¢ — 0 and A — 0 (Theorem 45).
The proofs of the theorems are based on a detailed study of the reachability properties
of the perturbed semantics, for which we need parametric DBM, an extension of DBM
(that we have presented in Section 4).
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A parametric DBM (PDBM) in R" is a matrix M = (mivj)ogz‘.jgn
Z x N is called a parametric bound. In a PDBM, each m; ; is a Coupie (a,b) of integers
with b > 0. Given a number £2 € Ry, the value of m; ; is [m] = a + bf2. The set
represented by M is:

where m; ; €

M) ={(z1,...,2n) ER"|VO<4,j<n: o —xj < [milo A zo =0}

As usual, we often write [M] for [M],. More general definitions of PDBM have been
introduced in [AAB00, HRSVO01], with implementations. Here, we use PDBM for purely
theoretical purposes, so we keep the definition as simple as possible.

For a PDBM M = (mij)0<i,j<n with m;; = (aij,bi;), we define the width of M
by w(M) = max{b;; | 0 < 7,j < n}. Thus a DBM is a zero-width PDBM. Any closed
rectangular guard g can be represented by a PDBM Mg with w(Mg) = 2 such that
for all 2 € Ry we have [Mg], = Noo([g], £2). In particular, [g] = [Mg].

Ezample Let g=x=4AN1<y < 3. Then,

0 X
0/(0,0) (—4,1) (—1y7 1)
M, =x| (4,1) (0,0) (3,2)
y (331) (_1’2) (070)

When the reachable states in the perturbed semantics of a timed automaton A are
computed parametrically using PDBM, it would be nice that the classical semantics
[M] gives exactly the reachable states in [.A] and that the perturbed semantics [M],
gives the reachable states in [LA]%,. This can be obtained when e = 0 by taking 2 = A.
For the general case € > 0, the set [M], over-approximates the reachable states,
provided e is sufficiently small. We are more precise in Lemma 42 and Lemma 43.

In that context, the width of PDBM records the accumulation of the deviations
allowed by the perturbed semantics. This is useful to bound the distance between
states that are reachable in the perturbed semantics and states that are reachable in
the classical semantics. The following lemma gives such a bound.

Lemma 40 Let M be a PDBM in R™ and let 2 € Ry such that £2-(2n+1)-w(M) <
1. Let Z = [M] and Z' = [M]g. For all ' € Z', there ewists x € Z such that
llz" — z|loo < 1 -w(M) - £2.

Proof. First, assume that z’ is a vertex of Z’. Then 2’ can be obtained by solving a
system of n equations of the form z/ — x; = [mi;lo, =i = [miolo or @; = —[mo;] -
Therefore, each zj is the sum or difference of at most n coefficients [m;;],. Since the
bounds m;; are entries of M, for all 1 < i < n, if x; = l; + k; 2 for some l;, k; € 7Z,
then |k;] < n-w(M) and we take z; = I;. Then ||z’ — z||co < n-w(M)- 2 and we claim
that € Z. Let lg = kg = 0. Then, for all 0 < ¢, j < n we have (for m;; = (a;;,bsj)):

x;;—a:;-:li—lj—ﬁ—(ki—kj)-(?gaij—ﬁ—bij(?

Hence,
li—lj Saij-‘r(bij—k‘i-‘rkj)'()

Since I3, [; and a;; are integers and [(b;; — k; +kj) - 2| < 2n+ 1) - w(M) - 2 < 1, we
have z; — x; = l; — l; < a;j = [my;]o. Therefore z € Z.
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Second, if 2’ is not a vertex, then it can be written as 2’ = > )\iv; with A; > 0 and
>, Ai = 1 and each v} is a vertex of Z’. From the proof above, for each v; there exists
v; € Z such that [|v] — v;|jcc < n-w(M)- 2. We take z = Y, \;v;. Clearly = € Z, and
we have:

o’ = 2lloo = || 32 Xeto - v0)

| <D ik — wills
o i

<D Ai(n-w(M) - 2) < n-w(M) - 2

Now, we show how to extend to PDBM the operations that we have presented
in Section 4 for DBM. To do so, we have to define the minimum of two parametric
bounds (for intersection of PDBM). We define a lexicographic order on parametric
bounds: (a,b) < (a’,b') if and only of either a < o/, or @ = o’ and b < b'. This
(syntactical) definition is justified by the following observation: for all {2 such that
b2 < 1, if (a,b) < (a’, ') then [(a,b)] < [(a/,b)],. Thus if we take a sufficiently
small 2, the order is preserved at the semantical level. In the sequel, this will imply
that provided {2 is below some threshold, the operations on PDBM can be performed
independently of the value of £2. The sum of two parametric bounds (a,b) and (a’,b")
is (a +a',b+ ).

We review the important operations on PDBM:

— Intersection: the intersection of two PDBM M and My is the PDBM M whose en-
tries are the minimum (according to the lexicographic order on parametric bounds)
of the corresponding entries of M; and M. Hence w(M) < w(M;j) and w(M) <
’LU(MQ).

— Time passing and reset: those operations only substitute entries of the matrix with
other entries of the matrix and they preserve the normal form. Thus the width
cannot increase.

— Normalization: to obtain the normal form of a PDBM M in R", each entry o
is replaced by the length of the shortest path from node i to node j, which has at
most n edges. Therefore, the width of the normal form is bounded by n - w(M).

— Emptiness test: given a PDBM M, let M’ be its normal form. The emptiness
test checks whether one of the diagonal entries is negative (a parametric bound
m = (a,b) is negative iff m < (0,0) iff a < —1).

PDBM in R™ Input in NF | Output in NF Width of the result
Intersection M1 N M2 No No < max{w(Mzi1),w(Mz2)}
Time passing M /' YES YES < w(M)
Reset M[R := 0] YES YES <w(M)
Normalization of M
No YES <n-w(M
Emptiness test of M " Sn-wM)

Table 1 Operations on PDBM (NF = normal form).

A summary of the above observations is given in Table 1. Their correctness is
established in the following lemma.
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Lemma 41 For all PDBM M, M’ in R", we have:
- MnM], = [M],N[M]g, for all 0 < 2 < 1/max{w(M),w(M’)};
— [[M/]]Q = [[M]]Q/ for all £2 € Rxq, if M is in normal form;
[IM[R :=0]] = [M]o[R :=0] for all 2 € Ry and all R C {z1,...,2zn}, if M is
in normal form;
if M/ is the normal form of M, then the DBM ([[mgj]]ﬂ)ogi,jgn is the normal form

of the DBM ([[mijﬂ-Q)ogz‘.jgnf for all 0 < 2 < 1/max{w(M), w(M')};
— Ml =2 iff [M]y = @, for all 0 < 2 < 1/max{w(M),w(M')}.

Proof. The argument is similar for the five claims. We give the details for the last
one. First, we have [M], C [M], for all £2. Thus it suffices to show that [M], = @
implies that [M], = @ for all 2 < 1/(n-w(M)). If [M]g = @ then there exists a
parametric bound m’ = (a,b) in the diagonal of the normal form PDBM M’ such that
a < —1. Since b < n - w(M), we have [m'], = a + b2 < 0 and therefore [M],, is
empty. |

Notations. Given a TTS T = (S,,X,—), let U C S and o € Y. We define the
following operators:

post7(U) ={s' € §|FscU. s T &'}
posti™ (U) = {s' € S| 3s € U. 3t € Rx. s RN

We use the PDBM to characterize the relationship between the reachable states of
the classical semantics [A] and those of the perturbed semantics [A]%.

By an abuse of notation, we omit the location in the argument of post(-), that is
we use Z = [M] instead of Z = {¢} x [M] for £ € Loc. Finally, we assume that the
edges of timed automata are identified by their label. This is clearly not restrictive for
reachability analysis.

In Lemma 42, the PDBM M’ contains the exact information about the timed
successors of M in the classical semantics, and it is an over-approximation of the timed
successors in the perturbed semantics. Lemma 43 is similar for discrete successors.

Lemma 42 Let A be a timed automaton with n clocks and largest constant M. Let M
be @ PDBM in R™ in normal form. There exists a PDBM M’ in normal form such
that:

- Ve R)() VA € R}() - Ve < Q/(Q(M+ 1)) : pOStll:Il-’rR]]eEA([[M}]‘Q) C [[M/]]Q,'
- POStﬁﬂ]fg([[Mﬂo) = [M']o;
— wM') = w(M) + 1.

Proof. Assume that 2,A € Ryg and ¢ < £2/(2(M + 1)). First, observe that in
the classical semantics [.A], the length of a timed transition is bounded by M. In the
perturbed semantics [A]% however, a timed transition may be longer than M because
clocks can progress more slowly, namely at the rate 1 — e. Therefore, the length of a
timed transition is bounded by M/(1 — ¢) and thus by M + 1 since € < 1/(M + 1).
Second, we obtain M’ by constructing the time successor of M as described above (in
the exact semantics), and then by replacing each bound (a, b) of the PDBM by (a, b+1),
except on the diagonal. Clearly we have w(M’) = w(M) + 1 and [M /], = [M'], and
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thus postﬁiﬁ]‘fg([[l\/ﬂ]o) = [M']y. On the other hand, if we have (¢, z) LN ¢,z in [A]%
and z; — x; < [my;]q, then:

z; — x5 < [myglo + 2t < [mijlo +2e(M 4+ 1) < [mijlo + 2 = [mij]e

Therefore postﬁij‘fz (IM] ) € [M']p,. [ |

Lemma 43 Let A be a timed automaton with n clocks and alphabet Lab. Let M be a
PDBM in R™. For all ¢ € Lab, there exists a PDBM M’ in normal form such that:

— V02 < 1/(max{2,w(M)}) - VA < 2V € R = post] . (IM] ) C [M];

- POStf[’A]]g([[Mﬂo) = [M];
— wM') < n-max{2,w(M)}.

Proof. Assume that 2,6 € Ryg and A < 2. Let (¢,€,g,0,R) be the edge of A
associated with o. Let Mg be the PDBM that represents the guard g (with w(Mg) =
2). To construct M’, let M~ be the PDBM M N My put in normal form, and let
M’ = Mn[R := 0] which is in normal form. According to Table 1, we have w(M') <
n - max{2, w(M)} and

pOStEA]]EA(IIM]]Q) C pOStEA]]?)(IIM]]Q) = [M']; ( by Lemma 41)

For 2 = A =¢ =0, the sets collapse and pOStEAﬂg([[M]]O) = [M']o- [ ]

With the two previous lemma, we have characterized how much the set of reachable
states can increase by taking one transition (either timed or discrete) in the perturbed
semantics [A], instead of the classical semantics [.A]9. That increase is measured in
terms of the width of a PDBM. In the next lemma, we use an argument by induction
to give a bound on the increase after a given number of transitions. However, this is
not sufficient to prove the completeness of Algorithm 1. We need in addition to show
that every trajectory 7’ in [A]5, can be approached by a trajectory 7 in [.A]) where
each intermediate state in 7 is “close” to the corresponding state in 7’. To obtain
this result, we introduce the notion of automaton refinement that roughly divides the
guards into small pieces of size® 1/~ (with v € N) so that two valuations that satisfy
the same guard are necessarily “close” to each other (by choosing v sufficiently large).
This is the core of Theorem 44.

Automaton refinement. Given a timed automaton A with n clocks and a positive in-
teger v, the y-refinement of A is the timed automaton A, constructed from A as
follows:

— we first substitute each constant ¢ appearing in the rectangular constraints (guards,
invariants, initial and final conditions) of A with ¢y

— we then replace each edge (I,1’,g,0, R) in the resulting automaton with the set of
all edges (I, U, 4,0, R) where g’ ranges over the set of all unit constraints (i.e., con-
junctions of constraints of the form z; = a or a < z; < a + 1) implied by g.

6 The size of a set is the maximal distance (for doo) between two points in the set.
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Roughly, the y-refinement of A is a scaling of the constants by a factor v (and thus
a scaling of the time), followed by a partitioning of the guards such that the distance
between two valuations that satisfy the guard is at most 1 (instead of being a multiple
of 7, as is the case after the first step).

The important property of such refinements is that for all A,e € Rxq, the two
TTS [A]% and [A4]5 4 are bisimilar, witnessed by the bijection f1y: Q4 — Q.. such
that p(€,v) = (£,yv). We extend u~ to trajectories as expected (states are mapped
according to gty and the time stamps are multiplied by ). Finally, for all v,v’ € Q A,

we have [|u5 " (v) = 15 (V) oo = o =0 lloo /7

Ezample. For v = 2, an edge (¢,¢/,g,0,R) in A with g = (z = 4) A (1 <y < 3) is
replaced in Ay with the following four edges:

(0,0 {r=8"2<y<3},0,R) (,,{,{r=8"N4<y<5},0,R)
(0,0 {x=8A3<y<4},0,R) (4,0, {x=8A5<y<6},0,R)

Theorem 44 Let A be a timed automaton with n > 1 clocks and largest constant M.
For all distances 0 < a < 1, for all number of steps k € N, there exist two numbers
D,E € Rsq such that for all A € [0,D], for all ¢ € [0, E] and for all stutter-free
trajectories ©' of [A]% such that |7'| =k, there exists a trajectory m of [A] such that:

— first() € [first(n')];

— trace(n) = trace(n’);

— 7 is “close” to ' in the following sense: YO < i < k, if state;(w) = (£;,v;) and

state; (1) = (£5,v}), then £; = £; and |lv; — vi]|oc < c.

Proof. Given 0 < a <1 and k € N, let v = [2/a] and:

« D

= Lnt DFT 2(yM + 1)

Let A € [0,D] and ¢ € [0,F] and let 2 = yD. Let trace(r’) = o102...04. Let
p' = py (7). Then p is a trajectory of [Ay]5 . Let Mo be a PDBM in normal form
such that [Mo] = [first(r")] and w(Mp) = 0 (in fact Mg can be seen as a DBM).
Observe that yA < 2 and € < 2/(2(My + 1)) where M, = vM is the largest constant
of A, . Therefore, by Lemma 42 and 43, there exists PDBM M1, Ma, ..., M} in normal
form such that, for all 1 < ¢ < k and provided that 2 < 1/(max{2, w(M;)}),

(a) pOStEj‘HMA(HMi_ﬂ]Q) C [Mi] o;
(b) postfy ;(IMi-1lo) = [Mio;
(¢) w(M;) < max{w(M;_1) + 1,n - max{2, w(M;_1)}.

Let us show that w(M;) < 2(n + 1)*. We proceed by induction. The claim holds
for ¢ = 1 since w(Mgp) = 0. Assume that it holds up to some index i — 1, with ¢ > 2.
Then we have

w(M;) < max {w(M;_1) + 1, n- max{2, w(M;_1)}}
max{1+2(n+1)"1, 2n- (n+1)""'} (by (c))
n+1) " +2m-(n+ 1)t

n+ 1)

N

<
<2
<2
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Notice that the condition £2 < 1/(max{2, w(Mj;)}) is satisfied. For each 0 < ¢ < k, let
q; = state;(’). By (a), we have uy(q},) € [My]o- Since a < 1, it is easy to see that:

« 1
i(n+ DFF @0+ Du(My)

and thus by Lemma 40, there exists g, € [My] such that:
I (6k) = ailloo < - w (M) - 2 < 2(n + D) -2 < a
Using (b), we can construct in a backward fashion a trajectory p of [.A~] such that:

— last(p) = qi;
— trace(p) = trace(n’);
— first(p) € [Mo] = [g0]-

For each 0 < i < k, let ¢; = state;(p). For all 4 such that o; # time, we have ¢; € [g}]
and pi+(q)) € Noo([gi],7A) where g} is the guard of the edge of A, associated to o;
that has been taken in p. Since the size of gg is at most 1, we have:

Iy (af) = gilloo S T+HA S 1+ 2 (10)

Observe that the effect of discrete transitions is to reset some clocks and that does not
increase the co-distance between two states: we also have ||ty (g}) — gilloc < 1-+~A for
all 4 such that ¢;_1 # time. Since 7’ is stutter-free and trace(p) = trace(r’), Eq. (10)
holds for all 0 < ¢ < k. Now, let m = ,u§1(p) which is a trajectory of [A] since p is a
trajectory of [A~]. Thus, we have for all 0 < i < k:

1+02 2
-1
lg; — 15" (@)oo < —<a
% ¥ 1) 1lco X ~ 'Y X
which entails that 7 is “close” to 7’ as required. |

The following theorem is the key of the proof of completeness. It shows that for all
distances o > 0, we can choose sufficiently small values of A and e such that from J*
the points that are reachable in [A]% are at distance at most a from J*. By contrast
with Theorem 44, we do not make the hypothesis that the length of the trajectories is
bounded. This result is similar to Theorem 8.3 in [Pur98], but the constants are different
because only drifting clocks were considered by Puri and the bound of Lemma 16 was
wrong.

Theorem 45 Let A be a timed automaton with n > 1 clocks and largest constant M
that satisfies Assumption 9. For all distances a € R, there exist two numbers D, E €
Rsq such that for all A € [0, D], for all € € [0, E] and for all trajectories ©' of [A]%
such that first(n') € J*, we have deo(last(n’), J*) < a.

Proof. Without loss of generality, we may assume that o < % Let W be the number
of regions of A, let v = [2/a] and:

p=— % oD
C 4y(n 4 1)2WH T 2(yM +1)

Let A €[0,D] and € € [0, E] and let 7' be a stutter-free trajectory of [A]% such that
first(r') € J*. Let m = |7’| and for each 0 < i < m, let ¢} = state;(7').
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— If m < 2W. By Theorem 44, there exists a trajectory m of [.A] such that first(w) €

[first(n')] and for all 0 < i < m, ||¢; — q}|lcc < o where ¢; = state;(n). Since
qo € [g4] C J*, the state gm is reachable from J* and thus ¢, € J*. Since
llgm — @inlloo < a this yields doo(last(n’), J*) < a.

If m > 2W. By induction, assume that deo(q,J*) < a for all 0 < i < m —
1. Consider the sub-trajectory of =’ from state qinfzw to ¢i,, and according to
Theorem 44, let m be a trajectory such that for all m — 2W < i < m, it holds
llg; — ¢illoo < v, where g; = state;_ (,—ow)(m). Then for all ¢ with m —2W <i <
m — 1, we have :

1
doo (i, J*) < || — Gilloo + doo(gi, J*) < 20 < ~

and by Lemma 16, this implies [¢;] N J* # @ for all m —2W < i < m — 1 (since J*
is a zone-set).

On the other hand, the trajectory m has the same trace as the sub-trajectory of
7’ from q;n_QW to qjn and thus it is stutter-free and |r| = 2W. Therefore, 7 has
2W + 1 states and thus there exists two states ¢ and g in 7 with k < &’ such
that [¢x] = [gx/] and a discrete occurred along 7 between ¢ and ¢ in 7, and thus
there exists a path from [g] to itself in the region graph of A. Since [gx] N J* # &,
we have [gx] € J* by line 5 of Algorithm 1 and [g;] C J* for all i > k by line 6
of the algorithm. So we have ¢m € J* and since ||gm — @inlloc < «, this yields
doo(last(n), J*) < a. [ |

Theorem 46 Let J* be the set computed by Algorithm 1. Then R5) C J*.

Proof. For all y € Rﬁ:g, for all A > 0 and € > 0 there exists a trajectory 7 of
[AJ%4 such that first(m) € J* (because J* contains the initial states) and last(7) = y.
Therefore, by Theorem 45 for all a € Rsg we have doo(y, J*) < a. This implies that
doo(y,J*) = 0 and since J* is a closed set (a finite union of closed regions) we have
yeJ. [ |

With Theorems 39 and 46 we have proven the following inclusions:

0
RAHO

O

RS C g - c RA70
= e—0 -
Ry

All those sets are thus equal:

e—0

Theorem 47 Under Assumption 9, we have ROAﬂO =R50 = R A", and those sets
are computed by Algorithm 1.

7 Complexity

The complexity issues have been studied in [Pur98]. We mention the main theorem

and we give a detailed proof of the hardness result.
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Theorem 48 ([Pur98]) Given a timed automaton A = (Loc, Var, qp, Lab, Edg) satis-
fying Assumption 9 and a location £ € Loc, deciding whether there ezists a valuation v
such that (€,v) € R%_, (or equivalently (¢,v) € R§™°, or (£,v) € R5ZY) is PSPACE-
complete.

The proof uses the following definition of Linear Bounded Turing Machines (LBTM).
A LBTM is a nondeterministic Turing machine that can only use a number of tape
cells equal to the length of its input.

Definition 49 (Linear Bounded Turing Machine) A LBTM M = (Q, ¥, qo, q¢, E)
consists of:

— a finite set of control states @,

— a finite alphabet X,

— an initial state qo € Q, a final state q5 € Q,

and a set of transitions E C @Q x X' x X x {left, right} x Q.

A configuration of M is a triple (q,w,i) € Q X X* x N where q is a control location,
w € X is the content of the tape, and i is the position of the tape head. A configu-
ration (¢',w’,i") is a successor of a configuration (q,w,i) iff there exists a transition
(g,0,0",d,q') € E such that:
1) w; = o;
2 =o' and w9 =wj for all j #i;
3) i =i—1ifd=left andi' =i+ 1 if d = right with 1 <4’ < |wl.

We assume that the condition 1 < i’ < |w| is realized using input delimiters.
An execution of M on the input x € X* is a sequence sgsi...sn of configurations
starting with so = (o, x,1) and such that s;+1 is a successor of s; for every 0 < i < n.
We say that M accepts x iff M has an evecution on x finishing in sn = (qf,w,1) for
some w € X* and i € N. The acceptance problem for LBTM asks, given a LBTM M
and an input word x € X* whether M accepts x.

Proof of Theorem 48. First, we prove PSPACE-membership. It is not possible
to use Algorithm 1 because we should construct the region graph G, which may have
a number of states exponential in the number of clocks of the timed automaton A.
However, we can check the reachability of a region r by guessing a path in the region
graph from the initial regions to r in polynomial space. This is a fairly standard trick
used for showing PSPACE-membership of the reachability problem for classical timed
automata with an on-the-fly algorithm [AD94]. The difficult point is that the successor
of a given region r can be a neighbour region ' such that [r] N [r'] # @ provided r’
lies in a progress cycle S of G. As we have shown, the entire region 7’ can be reached
from r in [A] 5o no matter how small A is, by repeating the cycle S. Hence we can
add S in one step in the set of reachable states. Such an acceleration has been proven
correct (Theorem 39) and complete (Theorem 46). So, when guessing the successor of
a region r, we must take into account the neighbour regions of r and decide whether
they are in a progress cycle or not. This can be checked in PSPACE using the same
procedure as for classical timed automata [AD94]. A polynomially bounded part of the
memory is reserved for executions of this procedure. Since the content of this part of
the memory is not necessary for further computations, it can be reused by subsequent
calls and PSPACE-membership follows.
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We establish PSPACE-hardness using a reduction of the acceptance problem for
LBTM The reduction is similar to [CY91], where a configuration (¢, w, ) of a LBTM is
encoded by a location (g, ) (that records the control state g and the tape position ¢) and
by the clocks y1, ..., Y|y, one for each tape cell. We assume without loss of generality
that X' = {a,b}. A clock y; has the value y; = nq if w; = a and y; = ny > nq if w; = b.
This encoding is not preserved by time passing. Thus we need to periodically refresh
the values of the clocks. This is done in two phases: (I) resetting the clocks coding
a’b’ (by checking y; = ny), then letting n, — ng time unit elapse, and (1) resetting the
clock coding an ’a’ (by checking y; = n;, again) and finally letting ng time unit elapse.
During phase (I), the clock that encodes the tape cell pointed by the head, is updated
according to the transitions of the LBTM.

‘We show how to adapt this reduction to the perturbed semantics of timed automata.
Due to guards enlargements, equality cannot be tested precisely and the clocks can not
store precise values nq and n;. However, if A is sufficiently small and ne and n; are
not too close, we can still distinguish clocks coding an ‘a’ and clocks coding a ‘b’. The
details of this proof follow.

Let M = (Q, X, q0,q5,9) be a LBTM and = € X* be an input word. Let n = |z,
ng =3 and ny = 6. We construct a timed automaton A(M,z) with n + 1 clocks
and a location £y such that M accepts z iff (£f,v) € ROA_,O for some valuation v.
Let A(M,z) = (Loc, Var, g, Lab, Edg) with:

— Loc = {s0,51,4s} U{(¢,%,5,0,d) | g € QA1 <i<nAl<j<n+lApc
{L,I} A d € {left,right}}; a location (q,1,7,¢,d) encodes the control state g, the
tape position i, the number j of the next clock to be treated, the phase ¢ of the
simulation, and the direction d of the next head movement;

— Var={y; |1 <i<n}U{z};

— qg' = (s0,v0) with vo(t) = 0 for all ¢ € Var;

— Lab= {7};

— The set Edg contains the following edges (we write ¢ LN ¢ when (¢, ,9,7,R) €
Edg):

— Initialization:

2=3Ayilzi=a}uiz}
=3
® 51 ﬂ) (QO7 17 1717 left)

— Refresh: for every (q,1, j, ¢,d) € Loc with j # ¢ and j < n,

z<0ANy;<4,9 ..
(41,5 +1,,d)
(1,7 +1,,d)
(q7i7i7 ]:[’d (q7i7i+17]:[’ d)
L4 (q7i7i7 ]:[’d (q’ Z’Z+17]I7d)

— Ezecution: for every ¢ € Q, 1 < i < n, d € {left, right}, and for every transition
(g,0,0",d',¢") € E,

e If (0,0') = (a,a) then (q,4,i,1,d)

(g,%,3, p, d)

. 2<0Ny;25,{y;}
(q7 27.]7 @7 d) %

z<0Ny;<4,2
_o=T P IRRAE

)
) 2<0A Y =5,{y:}
ISl ilabsl LA EN

20Ny <4, 9
L Sl Bt

(¢',3,i+1,1,d)
ZSONysA 1T, d)
( )

e If (0,0') = (a,b) then (q,4,i,1,d)

o If (0,0") = (b,a) then (q,4,4,1,d) =S Y252 (/i1 1,d
<O A i >5.{y; .

o If (0,0") = (b,b) then (g,,7,I,d) == LU=, (G411 )

— Phase change: for every ¢ € Q, 1 < i< n, j=n+1 and d € {left, right},
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hd (q7i7n+ ]-alvd) I (Qvialvl:[?d)
=3,
e (q,i,m+ 1,10, left) s N (g,1 —1,1,1, left)
=3
o (q.in+1,1right) 0 (g5 41,11, right)
— Termination: for every 1 < i < n, d € {left, right},

o (g5,0,1,1,d) =2,

After the initialization step, the automaton is in the location (qo, 1, 1,7, left) and
we have the following relations between the tape content w and the clocks yi,...,yn

by

when z = 0:
3—A<y; <3+ A ifw; =a
6—2A<yi<6+2ﬂ ifwi:b

After executing one transition (¢,0,0’,d’,q") of M, let w’ be the new tape content
(w' differs from w by at most one symbol). If we simulate that transition by the refresh
steps, the ezecution step, and the phase changes, it is easy to check that in location
(¢,i,1,1,d), when z = 0 we have:

3-2A

6 —3A
Note that two clocks coding the same symbol are not necessarily equal (however, their
difference is bounded by A). The reader can check that after having executed a
second transition of M, there is no accumulation of the imprecisions and the con-
ditions (11) still hold. Hence, provided A is sufficiently small (in fact A < 1/2), the
automaton A(M, z) will correctly distinguish clocks coding ’a’ from clocks coding b’
for any number of transitions, and thus simulate faithfully the execution of M on =z.
It is now easy to see that the location £ is reachable in RY_, iff £y is reachable in

3+4A  ifw,=a
6+24 ifw,=b

Yi
Yi

(11)

NN
NN

[[A}]B iff M accepts . This concludes the proof since our construction is polynomial in
the size of M and x. [ ]
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