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ABSTRACT

We consider the equivalence problem for labeled Markov chains (LMCs), where each

state is labeled with an observation. Two LMCs are equivalent if every finite sequence
of observations has the same probability of occurrence in the two LMCs. We show that
equivalence can be decided in polynomial time, using a reduction to the equivalence
problem for probabilistic automata, which is known to be solvable in polynomial time.
We provide an alternative algorithm to solve the equivalence problem, which is based on
a new definition of bisimulation for probabilistic automata. We also extend the technique
to decide the equivalence of weighted probabilistic automata.
Then, we consider the equivalence problem for labeled Markov decision processes
(LMDPs), which asks given two LMDPs whether for every scheduler (i.e. way of re-
solving the nondeterministic decisions) for each of the processes, there exists a scheduler
for the other process such that the resulting LMCs are equivalent. The decidability
of this problem remains open. We show that the schedulers can be restricted to be
observation-based, but may require infinite memory.
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1. Introduction

A labeled Markov chain over an alphabet ¥ is a state-transition graph whose
states are labeled by observations in ¥, and whose transitions are probabilistic. The
probability of a transitions ¢ — ¢’ is fixed independently of the past sequence of
statefs visited by the machine. It generates a trace distribution P : ¥ — [0,1],
where P(w) is the probability to observe the sequence w € X% when the Markov
chain is executed for |w| steps.

In a labeled Markov decision process, the probabilities of the transitions can
be chosen among a finite set I" of probabilistic transitions. This choice is made
by a scheduler which can in general choose randomly an element in I', and can
change the choice made in a given state, depending on the history of the process.
A Markov decision process can be seen as a set of Markov chains, each associated
with a particular scheduler.

Given two labeled Markov chains, the equivalence problem asks whether they
generate the same trace distribution. To show that this question can be decided in
polynomial time, we consider the same problem for probabilistic automata [4, 3]. A
probabilistic automaton is a finite automaton whose transitions are probabilistic and
that accepts or rejects finite words probabilistically, defining a trace distribution.
A polynomial-time O(n*) algorithm is known to solve the equivalence problem for
probabilistic automata [6].

In this paper, we present a new algorithm with the same complexity, which is
based on a fixed-point computation. The correctness of this algorithm is estab-
lished using a relation over state distributions for probabilistic automata, which is
reminiscent of the well-known bisimulation relation for finite automata. In contrast
to [6], we compute all initial distributions that make the two automata equivalent,
which reduces the execution time to O(n?) for further equivalence checks of the
same automata with different initial distributions. We also give a simple linear-time
equivalence-preserving transformation of labeled Markov chains to probabilistic au-
tomata, which implies that all the above results also apply to labeled Markov chains.
Finally, we extend our technique to solve the equivalence problem for weighted prob-
abilistic automata. A weighted probabilistic automaton has weights on transitions,
and the value of a word w is defined as the expected value of the maximal weight
of all paths over w in the automaton. Two weighted probabilistic automata are
equivalent if every word has the same value in the two automata.

Then, we consider the refinement and equivalence problems for labeled Markov
decision processes. Given two labeled Markov decision processes P; and P, the
refinement problem asks whether for every scheduler for Py, there exists a scheduler
for Ps such that the resulting labeled Markov chains are equivalent. If yes, we say
that P refines Po. The equivalence problem asks whether both Py refines Py and Po
refines P;. The decidability of these problems remains open, even in the particular
case where P or Py is a labeled Markov chain. We show that the schedulers used to
resolve the decisions can be restricted to observation-based, but may require infinite
memory.



2. Definitions

Given a set A, we denote by D(A) the set of all probabilistic distributions over A,
i.e. functions X : A — [0,1] with )~ , X (a) =1, and given a € A we denote by X,
the Dirac-distribution over A such that X,(a) = 1. Let A" be the set of nonempty
finite sequences of elements in A, and A* = A" U{e} where € is the empty word (of
length 0). For each n > 0, let A™ be the set of all sequences w € A* of length n.

Labeled Markov chains A labeled Markov chain (LMC) over 3 is a tuple M =
(Q,m,%, L,5) where:

e () is a finite set of states;
e 7y € D(Q) is the initial distribution of states;
e Y is a finite set of observations;

e L: (@ — X is a labelling function. We extend L to finite sequences of states
in the natural way, i.e. L(qo...qx) = L(qo) ---L(qx);

d:Q — D(Q) is a probabilistic transition function. In state ¢, the successor
state is ¢’ with probability §(¢)(¢’). We extend ¢ to distributions over @ as
follows: for all X € D(Q), let 6(X) be the distribution defined by §(X)(¢") =

> geq X (@) - (q)(q") for all ¢' € Q.

Define A : D(Q) x QT — [0, 1], the function that gives the probability A(X, )
of observing the sequence of states ¢ = qq . ..qr when M is started with the initial
distribution X as follows:

k
A(X,q) = X(q0) - [ [ 6(gi-1)(a)

i=1

We extend A to nonempty sequences of observations as follows: for all w € X7,
let A(X,w) =3 125 =wy A(X, ) be the probability of observing w when M is
started with the initial distribution X.

The labeled Markov chain M defines the trace distribution Py : X7 — [0,1]
defined by Py(w) = A(m, w) for all w € ¥F. Notice that for each length n > 1,
the restriction of Py to X" is a probabilistic distribution over X, and thus Py is
not a probabilistic distribution over X+.

Remark 1 We could have defined the labelling of an LMC as a probabilistic func-
tion £ : Q — D(X) and then for w = wy ... wy, define A(X,w) =>"._ o AX,q)
Hle L(g;)(w;). This is no more general than our definition. Given an LMC
M = (Q,70, %, L,0) with L : Q@ — D(X), we can construct an LMC M’ =
(Q',7(, X, L, 6"y that defines the same trace distribution as M. Take Q' = Q x ¥
and for all (¢,0) € Q' define n(({q,0)) = mo(q) - L(q)(0), L' ({g,0)) = o and
§'({q,0))({q", ")) = 6(a)(q) - L(¢')(0") for all {g,0) € Q".



Probabilistic automata A probabilistic automaton is a tuple A = (S, po, X, M, F')
where

e S =1{s1,...,8,} is a finite set of states;
e po € D(S) is the initial distribution of states;
e Y is a finite alphabet of symbols;

e M :X¥ — (§x8 — [0,1]) assigns to each symbol o € ¥ of the alphabet a
stochastic matriz M, (the entries of each row sum up to 1). In state s;, when
reading symbol o, the successor state is s; with probability M, (s;,s;). We
say that (s;,0,s;) is a transition of A if M, (s;,s;) # 0.

We extend M to finite words w € ¥* as follows: M, is the (n x n) identity
matrix, and inductively, My, = M, - M,, for all ¢ € ¥ and w € ¥*;

e I C S is a set of accepting states.

Let np be the n-dimensional column vector such that n[i] = 1 if s; € F and
nii] =0if s; ¢ F, for all 1 <4 < n. The probabilistic automaton A defines the
accepting trace distribution Pa : ¥* — [0,1] defined by Pa(w) = po - My, - np, the
probability that the word w € ¥* is accepted by A.

For computability issues, we assume that all the numbers appearing in LMC
and probabilistic automata are rational, encoded as pairs of integers in binary. We
assume that largest integer in Markov chains is bounded by a constant p. Without
this assumption, the time complexity of our algorithm would involve a factor p? as
the operations of addition, multiplication and comparison are quadratic over the
rational numbers.

3. Bisimulation and equivalence

Definition 1 Two probabilistic automata Ay, As with alphabet Y. are equivalent
if Pa,(w) = Pa,(w) for all w € ¥*. Two LMC My, Ms with alphabet 3 are
equivalent if P, (w) = Pp, (w) for allw € 7.

A polynomial-time algorithm is known to decide equivalence of probabilistic
automata [6]. We present an alternative algorithm to decide equivalence which is
based on a new definition of bisimulation for probabilistic automata. Our algorithm
has the same worst-case time complexity as in [6], namely O((n1 + n2)*) where n;
is the number of states of A;.

Then we present a linear-time transformation of labeled Markov chains to prob-
abilistic automata that preserves the trace distribution. This shows that the al-
gorithms for equivalence of probabilistic automata can also be used for checking
equivalence of labeled Markov chains with the same complexity.

3.1. Equivalence is decidable for probabilistic automata

We define a natural generalization of classical bisimulation for probabilistic au-
tomata, as an equivalence relation over state distributions. It can be seen as the



Figure 1: The states qi1,¢2 are not bisimilar according to [1, 2], but the Dirac-
distributions X,, and X,, are bisimilar according to Definition 2.

classical bisimulation for a (non-probabilistic) infinite-state transition graph whose
vertices are state distributions. The graph is deterministic and the successor by
o € X of a distribution X € D(S) is the distribution X - M,.

Definition 2 A bisimulation for two probabilistic automata A; = (S, p}y, $, M, F')
(i =1,2) is a relation =~ C D(S') x D(S?) such that for all X € D(S'),Y € D(S?)
with X ~ Y, we have (i) X -np1 =Y -np2 and (i1) X - Ml ~ Y - M2 for all
o € X. We say that Ay and As are bisimilar if there exists a bisimulation for them
containing (py, p2).

The classical definition of bisimulation for probabilistic processes relates sin-
gle states rather than state distributions [1, 2]. There, a bisimulation for A =
(S, po, X, M, F') is the largest equivalence relation ~C S x S such that s ~ s’ im-
plies (i) s € F iff & € F and (i) for each symbol o € ¥ and each equivalence
class C' of &, the probability that the successor of s belongs to C' is equal to the
probability that the successor of s’ belongs to C, that is XM, -nc = X - My -nc.
Notice that the automaton A can be seen as the disjoint union of automata 4; and
As of Definition 2.

Our definition of bisimulation is weaker in the sense that whenever two states
q1, g2 are bisimilar according to [1, 2], then the Dirac-distributions X,, and X, are
bisimilar according to Definition 2. Figure 1 shows an example over the alphabet
Y = {a, b} where the reverse implication does not hold (the transitions that are not
depicted lead to a rejecting sink state). The two automata define the same trace
distribution, namely P(aaa) = 3, P(aab) = 3 and P(w) = 0 for all w ¢ {aaa, aab}.
We will see in Theorem 1 that this implies that they are bisimilar. However, it is



easy to see that individual states g1, g2 are not bisimilar according to [1, 2].

Notice that the union of two bisimulations is again a bisimulation, and thus
there always exists a unique maximal bisimulation for two probabilistic automata.
We show that equivalence and bisimilarity coincide.

Theorem 1 Two probabilistic automata are equivalent if and only if they are bisim-
ilar.

Proof. Let A; = (S',p{, %, ML, F') and Ay = (S?,p2,%, M?, F?) be two prob-
abilistic automata. First, assume that A; and A, are bisimilar, witnessed by the
relation ~. By definition of bisimilarity, since p} ~ p2 we have p{- M} ~ pZ- M2 for
all words w € X*, and therefore pj- ML -np1 = pg- M2 -np=, that is Pa, (w) = Pg,(w).

Second, assume that A; and A, are equivalent. We show that the relation
~={(X,Y)eD(SH) xD(S?) |Vw e X* : X - ML -npr =Y - M2 - g2} witnesses
the bisimilarity of A; and As. Clearly p§ ~ p3, and for all X ~ Y, we have (i)
X -np1 =Y - npe (take w = € in the definition of ~) and (ii) X - M}, - npm =
Y-M2, -np2 for allw € ¥* and 0 € ¥, so that X - M- ML -np =Y -M2- M2 -np=,
that is X - M! =~ Y - M2. |

By Theorem 1, we can solve the equivalence problem by computing the largest
bisimulation. In the proof of Theorem 2, we give a fix-point algorithm to construct
all the state distributions that are bisimilar.

Theorem 2 The equivalence of two probabilistic automata can be decided in time
O((n1+n2)*), where ny and ny are the respective number of states of the automata.

Proof. Let Ay = (S!,pd, S, MY, F1) and Ay = (S?%,p2, %, M2, F?) be two prob-
abilistic automata with n; = |S?| for i = 1,2. We construct a formula ¢*(X,Y)
over variables X = (z1,...,2,,) and Y = (y1,...,Yn,) that characterizes all the
bisimilar distributions for .4; and As, that is such that {(p, p’) | ¢(p, p’) holds} is
the largest bisimulation for A; and As. Let

¢o = X-np =Y g2
b1 = ¢ A\ 6i(X — XM} Y —Y - M2) forall i > 0.
oeX

where ¢;(X <+ X MY « Y -M?2) is the formula obtained from ¢; by substituting
each variable z; (resp. y;) by the expression Y, z; - ML(i, j) (vesp. Y., yiM2(i, j)).

Then, for all i > 0, either ¢;11 is equivalent to ¢;, or ¢;41 is the conjunction of
¢; and at least one equality constraint which is independent of the constraints in
¢;. Since there can be at most n; + ny independent linear equations over ni + no
variables, there must exists j* < n; 4+ no such that ¢;41 is equivalent to ¢; for all
7 > 7% We take

¢*:¢j*/\inzlA/\xiZOAzyizl/\/\inO

Let us show that ¢*(p}, p3) holds if and only if A; and Ay are bisimilar.



First, assume that ¢*(pg, p3) holds. Let p ~ p’ if and only if ¢*(p, p) holds, and
let us show that = is a bisimulation for .4; and As. We have to show that p & p’
implies (i) p-np = p' - np= and (i) p- M} ~ p’ - M2 holds for all o0 € ¥. We
have seen above that ¢* = ¢, = ¢;+41 with j* < ny +no, and clearly ¢;; implies
¢; for all j > 0. So, we have (i) p = p’ implies ¢o(p, p’), i.e. p-np = p' - np2
and (ii) p ~ p’ implies ¢;«(X «— p- MLY « p' - M2) for all 0 € ¥, which is
¢*(X «—p-MLY « p'- M2) and thus p- M} ~ p’' - M2.

Second, to show that {(p, p") | ¢(p, p) holds} is the largest bisimulation, assume
that ~ is a bisimulation for A; and Ay and let us show by induction on i that
p ~ p' implies ¢;(p, p’) for all i > 0. By definition of bisimulation, p & p’ implies
p-np = p - np2, that is ¢g(p, p’). Assume by induction that p ~ p’ implies
@i(p, p’) for all i < k and show that p ~ p’ implies ¢r1(p, p’). Since ¢pi1(p,p’) =
Dk (p, ') AN Nyes i(p- My, p' - MZ), we have to show that (i) p ~ p’ implies ¢ (p, p')
which is entailed by the induction hypothesis, and (ii) for all 0 € ¥, p & p’ implies
ér(p- ML, p' - M2) which is entailed by the induction hypothesis and the fact that
p-ML=~p - M2

In practice, we eliminate from each ¢; the equality constraints that are redundant
(i.e. that are linear combination of the others) and thus we have at most ny + ng
constraints in each ¢;. Since (n x n)-matrix multiplication and linear independence
checking can be done in time O(n?), computing ¢* can be done in time O((n;+n2)?*).
Finally, we check if ¢*(pg, p3) holds, that is whether p} &~ p3 which is equivalent to
check equivalence of A; and As by Theorem 1. [ ]

Notice that the formula ¢* defined in the above proof characterizes all the initial
distributions that make the two automata equivalent. Hence, to solve the equiva-
lence problem for the same automata with different initial distributions p} and p2,
we only need to check that ¢*(pd , p2 ) holds which is done in O((ny + ny)?). This
is in contrast with the algorithm of [6] that keeps the same complexity.

3.2. Transformation of labeled Markov chains to probabilistic automata

Theorem 3 For every labeled Markov chain M over X2, we can construct in linear
time a probabilistic automaton Axq such that Pa(w) = Pa,,(w) for allw € XT.

Proof Let M = (Q, 7, X, L, 6). We construct A = (S, po, X, M, F) as follows:
e S=QU {Sink};
e po(sink) = 0 and po(q) = mo(q) for all ¢ € Q;

e For each 0 € ¥ and ¢ € Q, let M,(sink,q) = 0 and M, (sink,sink) = 1; for
each ¢,¢' € Q and o € X, let

6(g9)(¢") ifo=L(q)
My(q,q') =13 1 if 0 # L£(q) and ¢’ = sink
0 otherwise

o F'=Q; u



By Theorems 2 and 3, we derive the following corollary.

Corollary 1 The equivalence of two LMC can be decided in time O((ny + ng)?*)
where ny,ny are the respective number of states of the LMCs.

Remark 2 Several other models of probabilistic finite-state systems exist that can
be transformed in into equivalent probabilistic automata, which also provide equiv-
alence algorithms for these models. This is the case for instance for the probabilistic
finite-state automata of [7] and the hidden Markov chains of [8].

Example Consider the labeled Markov chains shown on Figure 2. The set of
observations is ¥ = {4, B, C'}, and the parameters A, i1, j12, v are fixed real numbers
in the interval [0, 1]. Using the proof of Theorem 2, we compute below the largest
bisimulation between the two probabilistic automata obtained by the transformation
of Theorem 3 (remember that there is just one additional rejecting sink state, all
the other states being accepting). It is easy to see that we can omit the variables
Zsink and ysink corresponding to the sink states since their value must be 0 (see the

proof of Theorem 3). Let X = (x,x1,x2,x3,24) and Y = (yo, y1, Y2, Y3, y4). Then,
X - M}X = (0,)\%0, (1 — )\):E(), (1 — ul)xl + poxo, 11 + (1 — ug)xg)
X-My=(0,0, 0 3 : 0 )
X-ML=(0, 0, 0 , 0 , T4 )
YM,%: (071/y07(1_y)y0a Y1 ’ Y2 )
Y-Mi=(0,0, 0 Y3 : 0 )
YM% = (0, 0 5 0 5 0 5 Ya )
So, we have
Po(X,)Y) = mo+ai+ao+x3+as=yo+y1+Yy2+ys+ys
n(XY) = qpX, V)N N\ (XM Y M2
oce{A,B,C}
To+T1+22=Yo+y1+y2
= T3 = Y3
Ty = Y4
$(X,Y) = (X, Y)AG(X-MLY M)A\ (X -M,Y M)

ce{B,C}

implied by ¢1(X,Y)

To+ T +x2 =Y+ Y1+ Y2

T3 = Y3
_ T4 = Y4
To = Yo

(1 — p1)z1 + poze = 41
iz + (1 — po)zs = yo



Figure 2: The LMCs M; and Mo are equivalent iff (1 — pi)A + po(l —A) =v.

T3 = Y3
T4 = Y4
= Zo = Yo

(1 = p1)xr + poze = Y1
iz + (1 — po)zs = yo
Go(X,Y)AGo(X - MAY -MAA N ¢(X - MY - M)
oce{B,C}

¢3(X’ Y)

implied by ¢2(X,Y)

T3 = Y3

T4 = Y4

(1 = p)x1 + powe = 31

pzr + (1 — pa)rs = yo

(1= pr)Azo + pa(l — N)zo = vyo
piAzo + (1 — p2)(1 = Nzo = (1 —v)yo

It is easy to check that ¢4(X,Y) = ¢3(X,Y). For Xy = (1,0,0,0,0) = Yp, we
have X &~ Yp if and only if (1 — p1)A + p2(1 — X) = v.

3.3. Equivalence for weighted probabilistic automata

Weighted automata have numerical weights on transitions [5]. The weight can
be interpreted as the amount of some resource that the system needs in order to
perform a transition, e.g., memory consumption or power consumption. The value
of a finite path in the automaton can be defined as the Max of the transition weights
on the path, corresponding to the peak consumption of the resource.

In a weighted probabilistic automaton, the value of a finite word w is the ex-
pected value of all paths labeled by w, defining a quantitative language, i.e. a
mapping T — R.

Formally, a weighted probabilistic automaton is a tuple A = (S, po, 2, M, F,~)
where

e (S, po, X, M, F) is a probabilistic automaton;



e v: QXX xQ — Qisaweight function, where Q is the set of rational numbers.

For each finite word w = oy...0, € X7, let Path(w) be the set of paths
T = §00181071 ...0,8y, Where s; € S for all 0 < i < n and s, € F. The proba-
bility of such a path is P(m) = po(so) - [11=y Mo, (si—1, si) and its value is y(7) =
max{y(s;-1,0i,8;) | 1 < i < n}. The quantitative language of A assigns to each
word w € X7 the expected value of the paths over w:

Law)= Y P(x)-y(m)

mEPath(w)

For technical reasons, we define L 4(€) = > . po(s), that is L 4(¢) is the probability
that the empty word € is accepted by A.

Definition 3 Two weighted probabilistic automata Ay, Az with alphabet X are equiv-
alent if La,(w) = La,(w) for all w € ¥*.

We can decide if two weighted probabilistic automata are equivalent using the
technique of Section 3.1. We need a slightly different notion of bisimulation, based
on a (non-probabilistic) infinite-state transition graph whose vertices are proba-
bility distributions over pairs (s,v) of states s and weight v. In this graph, the
distribution X is reached after reading a word w if for all states s and weight v,
the probability is X (s,v) to reach in A the state s through a path whose maximal
weight is v. The successor of X by o is therefore the distribution X’ such that for
all states s’ and weight v’, we have

X'(s'v) = Z X (s,0") - My(s,s")
s|y(s,0,8")<v’

+ Z ZX(S,U)-MU(S,S/)

s|lv(s,o,8")=v" v<v’

We denote the distribution X’ by §(X, o). Intuitively, we reach s’ with weight v’
when reading o if either we start from a state s with weight v’ and the weight of
the transition (s, 0, s") is less than v’ or we start from a state s with weight at most
v’ and the weight of the transition (s, o,s’) is v'.

Now, we define bisimulation for two weighted probabilistic automata A; =

(S pb, 2, M* Fi ;) (i = 1,2). For i = 1,2, let V; be the set of weights that
occur in A; and assume without loss of generality that the minimal weight vy, of
V1 U Vs belongs to V3 N Vs.
Definition 4 A bisimulation for two weighted probabilistic automata Ay and As
is a relation ~C D(S' x V1) x D(S% x Vi) such that for all X ~ Y, we have
(1) Xsrer 2vevy V1 X (51,01) = 30, cpe Doy,er, V20 Y (52,02) and (i) 01 (X, 0) ~
6%2(X,0) for all 0 € ¥. We say that Ay and As are bisimilar if there exists a
bisimulation for them containing (05,0%) where for i = 1,2, 0§(s;,v;) = pb(s;) if
Vi = Umin, and 04(s;,v;) = 0 otherwise.

By very similar arguments as for Theorems 1 and 2, it is easy to establish the
following result.
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Theorem 4 Two weighted probabilistic automata are equivalent if and only if they
are bisimilar. The equivalence of two weighted probabilistic automata can be decided
in time O((ny -m1 +ng - ma)*), where n1,ny and my, mo are the respective number
of states and transitions of the automata.

The complexity bound follows from the fact that we need | S| - |Vi| + [S?| - |Va
variables to encode a pair (X1, Xs) of distributions X; € D(S* x V;) (i = 1,2).

4. Markov decision processes

Labeled Markov decision processes A labeled Markov decision process (LMDP)
over ¥ is a tuple P = (@, mo, 2, L, T, §) where

e (), m, X, L are defined as for labeled Markov chains;
e [ is a finite set of moves;
e 0:Q xT — D(Q) is a probabilistic transition function labeled by moves.

A scheduler for P is a function X : QT — D(T"). The scheduler X for P defines
an infinite-state labeled Markov chain P(\) = (Q*, w(, 2, L', ) where

o LN(qiq2- - qn) = L(qn);
o 1,(q1gz2...qn) = 0if n > 2, and 7} (q) = 7o (q);

o forall g,¢ € QF, if § = qoq1... ¢ and 7 = ¢0qi - - - qn+1 then S(@)(7) =
> e MD(Y) - 3(gns ¥)(gn+1), and otherwise o(7)(¢') = 0.

Given a scheduler \ for P and a finite sequence § = ¢q; . .. gx of states, define the
scheduler g for P by A\g(7)(7) = M@.¢')(7) for all § € Q* and v € I'. That is
Alg is playing like A under history q.

Now, define §x : @ — D(Q) by dx(9)(¢") = >_,er M) (7)-6(g,7)(¢) for all ¢, ¢’ €
Q. Define A : D(Q) x QT — [0, 1], the function that gives the probability Ay (X, q)
of observing the sequence of states ¢ when P () is started with the initial distribu-
tion X as follows: Ay(X,q) = X(¢) and inductively, Ax(X,7.¢".¢") = Ax(X,q.q") -
O (@)(¢") for all g € Q" and ¢',¢"” € Q. We extend Ay to nonempty sequences of
observations as follows: for all w € 31, let Ay (X, w) = 2o (ale(@=wy DNX, ).

We say that a scheduler A has finite memory if there exists a finite set M (the
memory), a memory cell my € M, and two functions update : M x @Q — M and
w: M — D(T') such that A(q) = p(update(mg,q)) for all § € QT, where we extend
update to sequences of states as follows: update(m, q.q') = update(update(m,q),q’)
forallme M, g€ Q" and ¢’ € Q.

Refinement Given an LMC M and two LMDPs Py, Ps, we write

e M C Py if there exists a scheduler A for P; such that M and P;(X) are
equivalent;

11



e Py C M if M and P;1()) are equivalent for all schedulers X for Pr;

e Py C Py if for all schedulers A for Py, there exists a scheduler p for Py such
that P;(\) and Pa(p) are equivalent; if so, we say that Py refines Ps.

e Py =Py if Py C Py and Py C Py, and we say that P; and P, are equivalent.

The decidability of all the above relations is open. We show below that only the
schedulers that are observation-based need to be considered in the refinement and
equivalence relations. We also give an insight of the difficulty of these problems by
showing that infinite memory can be needed for a scheduler to establish for instance

MCE Py.

Remark 3 - Observation-based schedulers are sufficient. A scheduler \ for
P is observation-based if M(p.q) = A(p'.q) for all ¢ € Q and p,p’ € Q* such that
L(p) = L(p').

Lemma 1 Given a scheduler X for an LMDP P, there exists an observation-based
scheduler p for P such that the LMCs P(\) and P(u) are equivalent.

Proof. Let P = (Q,m, %, L,T',6). Define the observation-based scheduler p as
follows, for all 1 € Q*, ¢ € Q and y € I':

w(@.q)(y) = Y Cag M@9)®)

{@21£(32)=L(q1)}

Ax(m0, G2-q)

where cg,.4 = -
T Lale=ca) A (M0, 63.0)

Clearly, p is a well-defined scheduler since the coefficients cg, , sum up to 1
when @ is such that £(g2) = £(q1). Let us show by induction on the length of w
that for all ¢ € @, we have® Ay (7o, w.q) = A, (m, w.q) for all w € £*. This will
immediately imply that Ay(m, w) = A, (7, w) for all w € ¥ and thus P()\) and
P(u) are equivalent.

First, for the empty word w = €, we have Ay(mo,e€.q) = mo(q) = A, (7o, €.q).
Second, assume that Ay (mp, w.q) = A, (7, w.q) holds for all ¢ € @ and w € £* of
length < k, and let w’ = wo be a word of length k& + 1. We have:

Ax(mo,w'.q) = > Ao, @i9)
{@lL(q)=w'}

> Yo D Ao, d2d) - Mazd) () - 8(d' 1) (a)

{@21£(q2)=w} {q'|L(q")=c} v€T

oY dd @ D> Ao, @q)  Mae-d) ()

{¢'|L(q")=0c} vel {@2|£(q2)=w}

aWe denote by A, (mp,w.q) the probability of observing a sequence qi...qr with w =
L(q1...qx—1) and g = ¢ when P()) is started in distribution .

12



> D ad - Y Mmoo @d) | @)
{¢/1£(¢") =0} v€T (@] £(q2)=w}

for any sequence ¢, such that £(g,) = w since u is observation-based.

= Y S s (Ao, wd)) - pl@sa)(7)

{a'1£(q)=0} v€l

=Y Y@ (Bulmo,wa)) - (@) ()
{a'[£(q)=0} vET
(by the induction hypothesis)

= Yo D d @ Y Aumdd)  m@d) ()
{¢'|£(¢") =0} 7€T {621£(2)=w}

= A,(m,w'.q)

Remark 4 - Infinite memory may be necessary. Consider the example in
Figure 3 showing a 4-states LMDP P with one nondeterministic choice in state 2,
and a 6-states LMC M. A scheduler for this LMDP should give the value A(w)
of the parameter \ for each sequence of observations w € ¥* ending with symbols
BC. We claim that a scheduler needs infinite memory for witnessing the relation
MEP (fOI":E():y():].).

Lemma 2 There exists an LMDP P and an LMC M such that M and P(X\) are
equivalent for some scheduler X\, but there is mo scheduler X' with finite memory
such that M and P(N') are equivalent.

Intuitively, whenever we observe two consecutive ‘C”, we know for sure that we
have to simulate the ys, y4, ys-component of the LMC, and so we play A = % On
the other hand, if we observe only ‘BC’ sequences, we cannot surely discriminate
between the y1,ys-component and the s, y4, ys-component. However, when the
number n of ‘BC’ sequences increases, it becomes more likely that we should simu-
late the y;, y3-component. Therefore, we should increase the probability of playing
as in the x1, z3-component, that is take A — 0 when n — oco. More precisely,

e if w contains two consecutive ‘C”, then play A(w) = %;

e otherwise, let n be the number of occurrences of the sequence ‘BC” in w. Play
Aw) = ﬁ;

We show that there exists no finite memory scheduler A such that M and
P(A) are equivalent. To reach a contradiction, assume that such a finite mem-
ory scheduler exists, defined by M, my € M, update and p. Consider the sequence
m; = update(mo, zo(w122)") for i = 1,2,.... Since M is finite, there must ex-
ist n1 < ng such that m,, = my,,. Let \; be the probability given by u(m;)
to jump from x5 to x3, and let p; = H?;;l 1 — \; be the probability to observe
the sequence A(BC)™, and let ps = an*l 1— X\, If pop = 1, then the word

i:nl
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Y1 1 Y3

Figure 3: Infinite memory is required for the LMDP (above) to be equivalent to the
LMC (below).

A(BC)™ C has probability 0 in P()\), and probability zvr;m # 0 in M. Therefore
p2 < 1. Now, consider the infinite word” w = A(BC)“. We have Pyq(w) = 3, while
Ppyy(w) = limy, .o p1.p5 = 0. Hence the finite memory scheduler A cannot exist.

Finally, notice that if we allow randomization in the memory update, that is
update : M x Q — D(M), then a finite memory scheduler exists: initially, we take
m € {0, 1} uniformly at random. Next, we play A\ = 0 forever if m = 0, and A\ = %
if m = 1. We do not know if finite randomized memory is sufficient in general.

5. Conclusion

We gave a new algorithm to decide in polynomial time the equivalence of la-
beled Markov chains. The algorithm is based on the computation of bisimilar state
distributions. The refinement and equivalence problems for LMDPs remains open.
Another important open problem about labeled Markov chains is the question of
minimization, that is, to find an efficient procedure to construct an LMC with the
minimal number of states which is equivalent to a given LMC. The question of the
existence of a unique minimal labeled Markov chain (up to isomorphism) is also
open.

PGiven a function f : £* — [0, 1], we write f(w) = a for w € X¢ if Ve > 0-3n : |f(wp)) —al <e
where w[,) is the prefix of w of length n.
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